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Preface

Numerous papers have been written concerning ultradistribution

spaces (see [127], [7], [8], [82]-[86], [87], [56], [44], [11] and references

therein). Such spaces are related to the solvability and the regularity prob-

lems of partial differential equations. Because of this relation, the study of

the structural problems as well as problems of various operations and inte-

gral transformations in this setting is interesting in itself. The unpublished

book of Komatsu [86] and in general papers of Komatsu are the basis for

our approach. Important results in the framework of ultradistribution and

hyperfunction spaces (see [129]-[130], [77]) which will not be included in this

book were obtained by D. Kim, S. Y. Chung and their collaborators (see

[38]-[40], [41]-[42], [79]), Matsuzawa (see [98]-[100]), Vogt, Meise, Taylor,

Petzsche and their collaborators (see [104], [105], [110], [111]), the Italian

school with Rodino, Gramchev (see [124], [54]) and many others. A list of

papers with results on various problems within ultradistribution spaces is

given in the references which is, however, far from being complete.

This book is intended to be an analysis of various spaces of ultradis-

tributions considered as boundary values of analytic functions having ap-

propriate growth estimates, and deals, in particular, with the Cauchy and

Poisson integrals in the ultradistribution spaces D′(∗, Ls), with the convo-

lution of ultradistributions and tempered ultradistributions, and with the

integral transforms of tempered ultradistributions.

The problems of characterizing analytic functions whose boundary val-

ues are elements of the spaces of distributions, ultradistributions, hyper-

functions, infra-hyperfunctions and, conversely, of finding boundary value

representations of elements of the quoted spaces of generalized functions

by analytic functions have a long history; for references see e.g. [88]-[89],

[139]-[140], [147], [6], [152], [27] and references therein.

v
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Carmichael and his co-workers ([16]-[27], [33]-[35]) have studied the

Cauchy and Poisson kernels in appropriate tube domains. By considering

the Cauchy and Poisson integrals of distributions in appropriate subspaces

of the Schwartz space D′, they obtained characterizations of these sub-

spaces by the a priori estimates of the corresponding analytic or harmonic

functions in tube domains.

Boundary value characterizations for the spaces D′((Mp),Ω),

D′({Mp}),Ω) of ultradistributions and the spaces E ′((Mp),Ω),

E ′({Mp},Ω) of infra-hyperfunctions, related to a non-quasianalytic and

quasianalytic sequence (Mp), respectively, are given in [127], [82], [111],

[125].

The spaces D′((Mp), L
s) and D′(({Mp}), Ls) for s ≥ 1 related to a

non-quasianalytic sequence (Mp) are studied in papers by Carmichael and

Pilipović. In this book, we investigate classes of analytic functions having

boundary values in these spaces. For the analysis of Hardy type spaces of

analytic functions, with bounds given by appropriate associated functions

corresponding to the sequences (Mp), we apply the Cauchy and Poisson

integrals as well as the Fourier transforms. The geometry of tube domains

also is considered in this book. A complete boundary value characterization

for the spaces D′(∗, Ls) on R
n, with s ∈ (1,∞), is given by means of almost

analytic extensions, while in the cases s =∞ and s = 1 only partial results

are obtained.

One of the most important operations in the theory of generalized func-

tions (Schwartz distributions, ultradistributions of Beurling and Roumieu

type, hyperfunctions, Mikusiński operators) is the convolution. In the lit-

erature, the convolution of two generalized functions is usually defined and

considered only in the case where one of them is of compact support and

the definition has many applications. For instance, this definition of the

convolution was used in the study of convolution equations in the space

of ultradistributions by various authors. However, such a definition is not

sufficient in many situations where the convolution of generalized functions

should be defined without any restrictions on the supports of the general-

ized functions involved.

General definitions of the convolution of this kind for distributions

(and tempered distributions) were considered by many authors (see

[36, 132, 57, 156, 135, 149, 151, 2, 45, 69]), and it appeared that most

of the definitions are equivalent (see [135, 45, 69]). Similar general def-

initions of the convolution for ultradistributions were first introduced in

[119]. Then other analogues of the definitions of the convolution of distrib-
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utions and tempered distributions were discussed for ultradistributions and

tempered ultradistributions in [92, 70, 72, 73], and their equivalence was

proved in [70] and in [73], respectively. Moreover, various sufficient condi-

tions for the existence of the convolution of ultradistributions were studied

in [71] in terms of the supports of ultradistributions involved (so-called

compatibility conditions) and in terms of the weighted ultradistributional

D′(Mp)
Lq spaces. The results of the quoted papers are collected and improved

in the book.

The book is organized as follows.

In this Preface we give historical comments below to the material pre-

sented in the book.

In Chapter 1 we define some notions connected with cones in Rn as well

as the Cauchy and Poisson kernels corresponding to tube domains. We

present there results which will be used later in proving boundary value

representations.

Chapter 2 contains the definitions and main properties of the spaces of

ultradifferentiable test functions of Beurling and Roumieu type as well as of

the corresponding spaces of ultradistributions. We are mainly interested in

the spaces D(∗, Ls) and S∗ and their strong duals. After presenting basic

properties of the sequences (Mp) and ultradifferential operators generat-

ing the respective ultradistribution spaces, we prove structural theorems

for these spaces. We also give the definitions of the Fourier and Laplace

transforms.

Chapter 3 is devoted to characterizations of bounded sets in the spaces

D′(∗, Lt) of Lt ultradistributions of Beurling and Roumieu type for t ∈
[1,∞] and in the spaces S ′∗ of tempered ultradistributions of Beurling and

Roumieu type. The characterizations are given in terms of representations

of elements of these sets in the form of infinite series of derivatives of certain

functions of the class Lt (of the class L2) whose norms satisfy the respective

estimates as well as in terms of images of ultradifferentiable operators of

bounded sets in the respective spaces of functions.

In Chapter 4, the Cauchy and Poisson kernels are studied as elements

of the ultradifferentiable spaces D(∗, Lr) (Section 4.1). The Cauchy and

Poisson integrals of ultradistributions inD′(∗, Ls) are defined in Sections 4.2

and 4.3. For s ≥ 2 the use of Cauchy integrals gives a complete boundary

value characterization of elements in D′(∗, Ls). Notice that the Poisson

integral of an element of the space D′(∗, Ls), s > 1, converges to this

element in the corresponding general ultradistribution space.

In Chapter 5, we deal with the boundary values of analytic functions
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in appropriate tube domains. Section 5.1 concerns the Fourier transform

and suitable generalizations of Hardy spaces within ultradistribution classes

for r ∈ (1, 2]. In Section 5.2, we show that elements of such spaces have

boundary values in D′((Mp), L
1); while appropriate Ls bounds for s ≥ 2

lead to boundary values in D′((Mp), L
r) for r ∈ (1, 2]. The extension of the

results of Section 5.2 to the case r > 2 is given in Section 5.3 for appro-

priate cones. By means of almost analytic extensions and Stokes’ theorem,

we give in Section 5.4 the complete boundary value characterization for

the spaces D′((Mp), L
s) and D′({Mp}, Ls) with s > 1. The results given

in Section 5.4 for ultradistributions on the real line are true also in the

multidimensional case. In Section 5.5 the cases s = ∞ and s = 1 are

considered. Due to the method of Komatsu (see [82]) appropriate L∞ and

L1 estimates are obtained for the corresponding boundary values in the

respective ultradistribution spaces.

In Chapter 6, we develop the theory of convolution of ultradistributions

and tempered ultradistributions. Various general definitions of the convo-

lution in the spaces of ultradistributions and tempered ultradistributions

of Beurling type are considered in an analogous way to the classical defini-

tions of the convolution in the theory of distributions given by Schwartz in

[132], Chevalley in [36], Vladimirov in [149], Dierolf and Voigt in [45], and

Kamiński in [69]. As in the case of distributions, the respective definitions

of the convolution of ultradistributions are equivalent both in D′(Mp)
and

S ′(Mp)
, although the proofs of the equivalence require new methods. Also

various sufficient conditions for the existence of convolution of two ultradis-

tributions are given: in terms of their supports (appropriate compatibility

conditions) and in terms of various subspaces of ultradistributions on which

the convolution is defined as a bilinear mapping. In particular, the weighted

ultradistributional D′(Mp)
Lq spaces are studied.

In Chapter 7, different types of integral transforms in the spaces of

tempered ultradistributions of Beurling and Roumieu type are defined and

discussed. Various characterizations concerning the Fourier and Laplace

transforms, Bargmann transform, the Wigner distribution and the Hilbert

transform of tempered ultradistributions are given. Singular integral oper-

ators are studied in the spaces of tempered ultradistributions of Beurling

and Roumieu type. Moreover, the Hermite expansions of elements of the

spaces of test functions and their duals can be considered as a generalized

integral transform.

Historically, the representation of distributions and other generalized

functions as boundary values of analytic functions has its direct foundations
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in the two papers [88] and [89] by G. Köthe.

Motivated by suggestions of Köthe, H.-G. Tillmann obtained in [139]

extensions and generalizations of the work of Köthe and did so with the

analysis being in n dimensions. Namely, Tillmann gave in [139] a character-

ization of the analytic functions which have the distributions with compact

support as boundary values and extended in [142] these results to vector

valued distributions. In 1961, Tillmann published two additional classical

papers, [140] and [141], in which the analytic functions with distributional

boundary values in D′
Lp and S ′, respectively, were characterized. When

stated in one dimension, the principal characterization results of [140] and

[141] can be described in the following way.

Theorem 1. (see [140]) Every distribution U ∈ D′
Lp , 1 < p < ∞, is the

boundary value of an analytic function f of variable z = x+iy with Im z 6= 0

for which

(a) |f(z)| ≤M max{|y|−(p−1)/p, |y|−m+1/p}, y = Im z 6= 0;

(b) gε = f(·+iε)−f(·−iε) ∈ D′
Lp for ε > 0 and the set {gε : ε > 0}

is bounded in D′
Lp ;

(c) gε → U as ε→ 0+ in the strong topology of D′
Lp .

Conversely, every analytic function f of variable z with Im z 6= 0 which

satisfies conditions (a) and (b) has an element U ∈ D′
Lp as boundary value

in the sense of (c).

The analytic function constructed from U ∈ D′
Lp in the proof of the

sufficiency of Theorem 1 is the “indicatrix”of U or the Cauchy integral of

U . In [96], Z.  Luszczki and Z. Zieleźny obtained results similar to those of

[140] at about the same time. G. Bengel has extended in [6] the results for

D′
Lp to vector valued distributions.

Theorem 2. (see [141]) Every distribution U ∈ S ′ is the boundary value

of an analytic function f of variable z = x+ iy with Im z 6= 0 for which

(a) |f(z)| ≤M(1 + |z|2)m|y|−1/2−r, y = Im z 6= 0;

(b) gε = f(·+ iε)− f(· − iε) ∈ S ′, ε > 0;

(c) gε → U as ε→ 0+ in the strong topology of S ′.

Conversely, every analytic function f of variable z with Im z 6= 0 which

satisfies conditions (a) and (b) has as boundary value an element U ∈ S ′

in the sense of (c).
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Associates of Tillmann, such as R. Meise (see [101], [102]), H. J. Petzsche

(see [110], [111]), and D. Vogt (see [152]), have extended Theorem 2 and

the related results. Several authors have continued the investigation of

representing distributions and generalized functions as boundary values of

analytic functions and associated analysis, such as recovery of the analytic

functions from integrals of the boundary values. We mention the books of E.

J. Beltrami and M. R. Wohlers [4], H. J. Bremermann [12], and B. W. Ross

[126]. V. S. Vladimirov has extended much of the boundary value analysis

to functions analytic in tube domains in n dimensional complex space and

has discussed applications of this analysis to mathematical physics; we refer

in particular to the two important books [147] and [151].

A more recent survey of distributional boundary value analysis and ap-

plications has been given in the book of R. D. Carmichael and D. Mitrović

[30]. Here the analytic representation of distributions in E ′ and O′
α in one

dimension is given. Distributional Plemelj relations and representations of

half plane analytic and meromorphic functions are obtained. The distribu-

tional boundary value results are applied to yield applications to boundary

value problems and singular convolution equations. Analytic functions in

tube domains in n dimensional complex space, as considered by Vladimirov,

are studied with results being used to obtain the analytic representation of

E ′ distributions, both in the scalar and vector valued case, O′
α distributions,

and D′
Lp distributions in terms of functions analytic in tube domains. Im-

portant in this analysis is the construction and properties of the Cauchy

and Poisson kernel functions corresponding to tubes. Motivated by analy-

sis of J. Sebastiõ e Silva (see [133], [134]) and H.-G. Tillmann (see [141]),

the Cauchy integral of S ′ distributions is constructed and analyzed in n

dimensions. The Hardy Hp functions in tubes are characterized in terms

of the form of the boundary value as a subspace of those analytic functions

which have S ′ boundary values.

A principal motivation of the present book is to present research con-

cerning the representation of ultradistributions as boundary values of an-

alytic functions and related topics that will aid in this study as the books

[4], [12], [126], [147], [151], and [30] have done for distributions. In par-

ticular, the book [30] can be considered to be a companion book to the

present one with the analysis there being for distributions as opposed to

ultradistributions here.
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Chapter 1

Cones in R
n and Kernels

1.1 Notation

We present the n-dimensional notation which will be used throughout. For

the origin in Rn, the n-dimensional Euclidean space, we use the standard

symbol 0 and it follows easily from the context if 0 denotes the number

or the vector. Thus 0 = (0, . . . , 0) ∈ Rn. The operations on vectors in

Rn (in particular, in Nn and Nn0 ) and inequalities between them are meant

coordinatewise which, in particular, simplifies summation symbols involving

indices α = (α1, . . . , αn) and β = (β1, . . . , βn) in N
n
0 :

∑

0≤β≤α
aβ :=

α1∑

β1=1

. . .

αn∑

βn=1

aβ1,...,βn .

Let α = (α1, . . . , αn) be an n-tuple of arbitrary reals (in particular,

arbitrary integers). If t = (t1, . . . , tn) ∈ Rn, we define tα := tα1
1 . . . tαn

n ;

in particular, tα := tα1+...+αn for t ∈ R, whenever the symbols tαj make

sense. The symbol zα for z ∈ Cn is defined analogously. For α, β ∈ Nn0

with α ≤ β we define ᾱ := α1 + . . .+ αn, α! := α1! . . . αn! and
(
α

β

)
:=

(
α1

β1

)
. . .

(
α1

β1

)
.

Given two vectors t = (t1, . . . , tn) and y = (y1, . . . , yn) in Rn we use the

symbol 〈t, y〉 for their scalar product, i.e.,

〈t, y〉 := t1y1 + . . .+ tnyn.

A similar n-dimensional notation will be applied in the complex Eu-

clidean space Cn.

Let α denote an n-tuple of nonnegative integers, i.e.,

α := (α1, . . . , αn) ∈ Nn0 . The symbol Dα = Dα
t with t = (t1, . . . , tn) ∈ Rn

1
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denotes the differential operator given by

Dα = Dα1
1 . . . Dαn

n with D
αj

j := − 1

2πi

∂αj

∂t
αj

j

for j = 1, . . . , n.

(1.1)

On the other hand, the symbol ∂α = ∂α

∂tα with t ∈ Rn denotes the partial

differential operator defined analogously as in (1.1), but with the constant 1

instead of −(2πi)−1. We also write ϕ(α)(t) instead of ∂
αϕ(t)
∂tα for functions ϕ

on Rn. A similar convention is applied to the symbols Dα
z , ∂α

∂zα and ϕ(α)(z)

for z ∈ Cn and functions ϕ on Cn.

For z = (z1, . . . , zn) ∈ Cn and, in particular, for x = (x1, . . . , xn) ∈ Rn,

we denote

|z| :=
( n∑

j=1

|zj |2
)1/2

, |x| :=
( n∑

j=1

|xj |2
)1/2

,

i.e., |z| and |x| denote the Euclidean norms of z ∈ Cn and x ∈ Rn, respec-

tively.

Functions and ultradistributions considered in the book can be treated

as real- or complex-valued functions defined on (subsets of) Rn or Cn. In

general, we will try to distinguish a value of a function from the function

itself, e.g. the symbols ϕ(t), f(z) = f(x + iy) will mean the values of the

functions ϕ, f at the points t ∈ Rn, z = x+iy ∈ TC = Rn+iC ⊂ Cn, where

C ⊂ Rn; consequently, for a given function f : TC → C and a fixed y ∈ C,

the symbols f(· + iy), ‖f(· + iy)‖Ls will mean the function gy : Rn → C

defined as gy(x) := f(x+ iy) for x ∈ Rn and ‖gy‖Ls , respectively.

Sometimes, however, it will be convenient to use the same symbol f(x)

for the function f = f(·) and its value f(x) at the point x. For instance,

in case of the Cauchy and Poisson kernels the traditional symbols K(z− t)
and Q(z; t) will denote the values of the functions K and Q for concreate

z and t, where z = x + iy ∈ TC = Rn + iC, for a given cone C in Rn,

and t ∈ R
n, as well as the functions K and Q themselves. Similarly, if

α = (α1, . . . , αn) ∈ N
n
0 , then the symbol xα will mean both the power

function which assigns to each x = (x1, . . . , xn) ∈ Rn the number xα =

xα1

1 · . . . · xαn
n and its value at the given point x. Moreover, for arbitrary

β = (β1, . . . , βn) ∈ Nn0 , we denote by < x >β both the function on Rn and

its value at the point x = (x1, . . . , xn) ∈ Rn defined by the formula:

< x >β :=

n∏

j=1

[1 + (xj)
2]βj/2. (1.2)
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We shall apply the following very convenient notation for exponents

with two variables z, ζ ∈ Cn:

Ez(ζ) := exp [2πi〈z, ζ〉], z ∈ C
n, ζ ∈ C

n. (1.3)

We also denote

ey(t) := exp [−2π〈y, t〉], y ∈ R
n, t ∈ R

n, (1.4)

i.e., we have Eiy = ey for y ∈ Rn. In particular, ey(t) = exp(−2πyt) for

y, t ∈ R. The symbols g̃ and T̃ for a given real- or complex-valued function

g and ultradistribution T in Rn are meant as follows:

g̃(x) := g(−x), x ∈ R
n, (1.5)

and

〈T̃ , ϕ〉 := 〈T, ϕ̃〉 (1.6)

for every function ϕ from the respective space of test functions (see Section

2.3), where ϕ̃ is defined in (1.5).

The Fourier transform of a real- or complex-valued L1 function ϕ, de-

noted by F [ϕ] or by ϕ̂, is defined by (and used in Chapters 1-5)

F [ϕ](x) = ϕ̂(x) :=

∫

Rn

ϕ(t)e2πi〈x,t〉 dt =

∫

Rn

ϕ(t)Ex(t) dt (1.7)

and the inverse Fourier transform of an L1 function ϕ, denoted by F−1[ϕ]

or by ϕ̌ is defined by

F−1[ϕ](x) = ϕ̌(x) :=

∫

Rn

ϕ(t)e−2πi〈x,t〉 dt =

∫

Rn

ϕ(t)E−x(t) dt. (1.8)

In Chapter 7, another version of the Fourier and inverse Fourier transforms,

F0 and F−1
0 , will be convenient to be considered instead of F and F−1 de-

fined in (1.7) and (1.8). This will not cause any misinterpretation, because

both versions of the definitions differ from each other by constants, and all

results remain true in both cases.

We assume familiarity on the part of the reader with properties of the

Fourier transform on Lr, 1 ≤ r ≤ 2, the corresponding inverse Fourier

transform, and the associated Plancherel theory for the Fourier transform.

The inclusion of two sets will be denoted by means of the symbol A ⊆ B
and the proper inclusion by the symbol A ⊂ B. The closure of the set

A ⊆ Rn (in the sense of the Euclidean topology) will be denoted by Ā.

By the support of 1◦ a given function in Rn; 2◦ a given ultradistribution

T in Rn, denoted by 1◦ supp g, 2◦ suppT we will mean 1◦ the set

supp g := {t ∈ Rn : g(t) 6= 0}; (1.9)

2◦ the smallest closed set A ⊆ Rn such that 〈T, ϕ〉 = 0 for all functions ϕ

from the respective space of test functions such that suppϕ ⊆ Ac.
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1.2 Cones in Rn

We introduce the definitions and notation associated with cones in Rn and

tubes in Cn (cf. [147], [151]).

A set C ⊆ Rn is a cone (with vertex at zero) if y ∈ C implies λy ∈ C
for all positive reals λ. The intersection of the cone C with the unit sphere

{y ∈ Rn : |y| = 1} is called the projection of C and is denoted by pr(C). If

C1 and C2 are cones such that pr(C1) ⊂ pr(C2), the cone C1 will be called

a compact subcone of C2 and we will write then C1 ⊂⊂ C2. An open convex

cone C such that C does not contain any entire straight line will be called

a regular cone. The set

C∗ := {t ∈ R
n : 〈t, y〉 ≥ 0 for all y ∈ C}

is the dual cone of the cone C. A cone is called self dual if C∗ = C. For

every cone C, the dual cone C∗ is closed and convex. We have C∗ = C
∗

=

(O(C))∗ and C∗∗ = O(C), where O(C) denotes the convex hull of C. The

function uC defined by

uC(t) := sup
y∈pr(C)

(−〈t, y〉), t ∈ R
n

is said to be the indicatrix of the cone C.

We have C∗ = {t ∈ Rn : uC(t) ≤ 0}. Moreover, uC(t) ≤ uO(C)(t) for

all t ∈ Rn and uC(t) = uO(C)(t) for t ∈ C∗.

Given a cone C, put C∗ := Rn \ C∗. The number

ρC := sup
t∈C∗

uO(C)(t)/uC(t)

characterizes the convexity of C. Notice that a cone C is convex if and

only if ρC = 1. Further, if a cone is open and consists of a finite number of

components, then ρC < +∞.

We give some examples of cones and their dual cones. If C = (0,∞),

then C∗ = [0,∞), uC(t) = −t and ρC = 1. The case C = (−∞, 0) is

analogous. If C = Rn, then C∗ = {0}, uC(t) = |t| and ρC = 1.

Let Θ be the set of all n-tuples whose entries are −1 or 1, i.e.,

Θ := {u = (u1, . . . , un) ∈ R
n : uj ∈ {−1, 1} for j = 1, . . . , n}. (1.10)

Fix u = (u1, . . . , un) ∈ Θ, an arbitrary element of the 2n elements of Θ.

Then

Cu := {y ∈ R
n : ujyj > 0 for j = 1, . . . , n} (1.11)

is a self dual cone in Rn for every u ∈ Θ. Each of the 2n sets Cu with u ∈ Θ

will be called an n-rant in Rn.
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Each n-rant Cu in Rn (u ∈ Θ) defined in (1.11) is an example of a

regular cone. The forward and backward light cones, defined by

Γ+ := {y ∈ R
n : y1 > (y2

2 + . . .+ y2
n)1/2},

Γ− := {y ∈ R
n : y1 < −(y2

2 + . . .+ y2
n)1/2},

respectively, are important self dual cones in mathematical physics.

For an arbitrary cone C in Rn the set

TC := R
n + iC = {z = x+ iy : x ∈ R

n, y ∈ C}

will be called a tube in Cn. The set {z = x + iy : x ∈ Rn, y = 0} is

called the distinguished boundary of the tube TC , while Rn + i∂C, with ∂C

denoting the boundary of C, is the topological boundary of TC .

We now present two important lemmas concerning cones and dual cones

which will be of particular use in the construction and analysis of the

Cauchy and Poisson kernel functions below. The lemmas are proved in

[147], Section 25; we give here a separate proof of the second lemma.

Lemma 1.2.1. Let C be an open connected cone in Rn. The closure O(C)

of O(C) contains an entire straight line if and only if the dual cone C∗ lies

in some (n− 1)-dimensional plane.

Lemma 1.2.2. Let C be an open (not necessarily connected) cone in Rn.

For every y ∈ O(C) there exists a positive δ (depending on y) such that

〈y, t〉 ≥ δ |y| |t|, t ∈ C∗. (1.12)

Further, if C ′ is an arbitrary compact subcone of O(C), then there exists a

δ > 0 (depending only on C ′ and not on y ∈ C ′) such that (1.12) holds for

all y ∈ C ′ and all t ∈ C∗.

Proof. Since uC(t) = uO(C)(t) for t ∈ C∗, we have 〈y, t〉 ≥ 0 for all

y ∈ O(C) and all t ∈ C∗. For an arbitrary y ∈ O(C), we have

ỹ := y/|y| ∈ pr(O(C)) ⊂ O(C),

since O(C) is a cone. Moreover, O(C) is open, because C is open. Thus

there exists a δ = δy > 0 such that

N(ỹ, 2δ) := {y′ : |y′ − ỹ| < 2δ} ⊂ O(C).

Hence

ỹ − (t/|t|) δ ∈ N(ỹ, 2δ) ⊂ O(C)
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and thus

〈ỹ − (t/|t|) δ, t〉 ≥ 0

for every t ∈ C∗, but this implies (1.12). Now, let C ′ be an arbitrary com-

pact subcone of O(C). Let d be the distance from pr(C ′) to the complement

of O(C) in Rn, that is,

d := inf{|y1 − y2| : y1 ∈ pr(C ′), y2 6∈ O(C)}.
Obviously, d is positive and depends only on C ′ and not on y ∈ C ′. Define

now δ = d/2. The preceding considerations show that (1.12) holds for all

y ∈ C ′ and t ∈ C∗. The proof is complete. �

For C being an open connected cone in R
n, we denote the distance from

y ∈ C to the topological boundary ∂C of C by

d(y) := inf{|y − y1| : y1 ∈ ∂C}.
It has been shown in [151], p. 159, that

d(y) = inf
t∈pr(C∗)

〈t, y〉, y ∈ C. (1.13)

Let C ′ be an arbitrary compact subcone of C. It follows from Lemma 1.2.2

and (1.13) that there exists a δ = δ(C ′) > 0, depending only on C ′ and not

on y ∈ C ′, such that

0 < δ|y| ≤ d(y) ≤ |y|, y ∈ C ′ ⊂⊂ C. (1.14)

Let C be an open connected cone in R
n. We make the following con-

vention concerning the notation y → 0, y ∈ C, which normally means that

y varies arbitrarily within C while y → 0. But frequently the above symbol

will mean that y → 0, y ∈ C ′ for every compact subcone C ′ of C. We shall

distinguish between these two convergences only when necessary; in most

relevant situations the analysis clearly shows which of the interpretations

of the symbol y → 0, y ∈ C, is used in a given case.

Let V be an ultradistribution and let f be a function of the variable

z = x+ iy ∈ TC for a given cone C. By f(·+ iy)→ V in the weak topology

of the ultradistribution space as y → 0, y ∈ C, we mean the convergence

〈f(·+ iy), ϕ〉 → 〈V, ϕ〉
as y → 0, y ∈ C, for each fixed element ϕ in the corresponding test function

space. By f(· + iy) → V in the strong topology of the ultradistribution

space as y → 0, y ∈ C, we mean

〈f(·+ iy), ϕ〉 → 〈V, ϕ〉
as y → 0, y ∈ C, where the convergence is uniform for an arbitrary bounded

set of functions ϕ in the corresponding test function space. Then V is called

the weak or strong, respectively, ultradistributional boundary value of f and

is defined on the distinguished boundary of the tube TC .
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1.3 Cauchy and Poisson kernels

Let C be a regular cone in Rn, that is C is an open convex cone such that C

does not contain any entire straight line. The Cauchy kernel corresponding

to the tube TC , denoted traditionally by K(z− t), is defined as a function

of variables z = x+ iy ∈ TC and t ∈ Rn by the formula

K(z − t) :=

∫

C∗

Ez−t(u) du=

∫

C∗

exp [2πi〈z − t, u〉] du, z ∈ TC , t ∈ R
n.

(1.15)

Note that the Cauchy kernel K(z − t) is well defined for z = x + iy ∈ TC
and t ∈ Rn, because 〈y, u〉 ≥ 0 for y ∈ C and u ∈ C∗ and

|Ez−t(u)| = | exp [2πi〈x− t, u〉] exp [−2π〈y, u〉]| = exp [−2π〈y, u〉].
Moreover, denoting by IC∗ the characteristic function of C∗ and using the

definition (1.8) of the inverse Fourier transform F−1, we can write formula

(1.15) in the form:

K(z − t) :=

∫

C∗

exp [−2πit]Ez(u) du=F−1[IC∗Ez](t), z ∈ TC , t ∈ R
n.

(1.16)

In case C = Cu is any of the 2n n-rants in Rn, the Cauchy kernel

K(z − t) = Ku(z − t) takes the classical form

K(z − t) :=
(−1)u

(2πi)n

n∏

j=1

(tj − zj)−1, z ∈ R
n + iCu, t ∈ R

n,

since C∗
u = Cu in this case.

The Poisson kernel Q corresponding to the tube TC is the function of

variables z ∈ TC and t ∈ Rn given by

Q(z; t) :=
K(z − t)K(z − t)

K(2iy)
, z = x+ iy ∈ TC, t ∈ R

n. (1.17)

In case C = Cu is any of the n-rants, the Poisson kernel Q(z; t) =

Qu(z; t) reduces to the classical form

Q(z; t) =
(−1)u

πn

n∏

j=1

yj
(tj − xj)2 + y2

j

, z = x+ iy ∈ R
n + iCu, t ∈ R

n.

If the cone C above had been assumed to be open and connected but

not necessarily convex, we would have defined the kernels K(z − t) and

Q(z; t) for z ∈ TO(C) and would obtain all the properties concerning the
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kernels for z ∈ TO(C). Thus we have assumed that C is convex without loss

of generality. From Lemma 1.2.1, the dual cone C∗ will lie in an (n − 1)-

dimensional plane if C contains an entire straight line. In this case the

Lebesgue measure of C∗ would be zero. Hence the Cauchy kernel K(z− t)
would be zero and the Poisson kernel Q(z; t) would be undefined. To avoid

this situation we have to assume that C does not contain any entire straight

line. Therefore we consider regular cones unless explicitly stated otherwise.

We conclude this section with several technical lemmas which will be

used in our analysis concerning the Cauchy and Poisson kernels.

Lemma 1.3.1. Let C be an open connected cone in Rn.

I. Fix arbitrarily z ∈ TC = Rn+iC and denote by IC∗ the characteristic

function of C∗. Then EzIC∗ ∈ Lp for all p, 1 ≤ p ≤∞.

II. Assume that g is a continuous function on R
n with support in C∗

such that, for arbitrary m > 0 and compact subcone C ′ of C,

|g(t)| ≤M(C ′,m) exp[2π(〈w, t〉+ σ|w|)], t ∈ R
n, (1.18)

whenever σ > 0 and w ∈ C ′ \ (C ′ ∩N (0,m))), where N(0,m) is the closure

of the ball with center at 0 and radius m and M(C ′,m) is a constant. Then,

for an arbitrary y in C, y 6= 0, we have eyg ∈ Lp, whenever 1 ≤ p <∞.

Proof. To prove part I fix z in TC and let y = Im z. Applying Lemma

1.2.2, we find a δ = δy > 0 such that

|Ez(t)| IC∗(t) = ey(t) IC∗(t) ≤ eδ |y|(|t|) IC∗(t) ≤ 1 (1.19)

for all z = x + iy ∈ TC and all t ∈ Rn, since IC∗(t) = 0 for t 6∈ C∗. Part

I of the lemma for p = ∞ follows from (1.19). For 1 ≤ p < ∞, we use

(1.19) and integration by parts n − 1 times (or the gamma function after

the change of variable for v = 2πδp|y|r)) to get
∫

Rn

|Ez(t)IC∗(t)|p dt ≤
∫

Rn

epδ|y|(|t|) dt

= Ωn

∞∫

0

rn−1epδ|y|(r) dr = (n− 1)! Ωn(2πδp|y|)−n, (1.20)

where Ωn is the surface area of the unit sphere in Rn. The estimate in

(1.20) proves part I of the lemma for 1 ≤ p <∞.

To prove part II fix a point y in C. Since C is open, there exists a

compact subcone C ′ of C and a m > 0 such that y ∈ C ′ \ (C ′ ∩N(0,m)).

Since y 6∈ N(0,m)), we have |y| > m. Choose w := λy, where λ is an
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arbitrary number such that m/|y| < λ < 1. Since C ′ is a cone, y ∈ C ′ and

λ|y| > m, we have w = λy ∈ C ′ \ (C ′∩N(0,m)), i.e., the estimate given by

(1.18) is true for w just chosen. Since C ′ ⊂⊂ C, it follows from Lemma 1.2.2

that there is a δ = δ(C ′) > 0, not depending on y ∈ C ′, such that (1.12)

holds for all t ∈ C∗. Hence, denoting A(σ, λ, y) := M(C ′,m) exp[2πσλ|y|],
we have

|ey(t)g(t)| ≤ A(σ, λ, y)e(1−λ)y(t) ≤ A(σ, λ, y)e(1−λ)δ|y|(|t|)
for t ∈ C∗. Integrating by parts (or using the gamma function) yields

∫

Rn

|Eiy(t)g(t)|p dt ≤
∫

C∗

ep(1−λ)δ|y|(|t|) dt

= Ωn[A(σ, λ, y)]p
∞∫

0

rn−1ep(1−λ)δ|y|(r) dr

= (n− 1)! Ωn[A(σ, λ, y)]p[2πp(1− λ)δ|y|]−n <∞,
since supp g ⊆ C∗. This completes the proof of part II and the lemma. �

Lemma 1.3.2. Let C be a regular cone. The Cauchy kernel K(z− t) is an

analytic function of the variable z ∈ TC for each fixed t ∈ Rn.

Proof. Let IC∗ denote the characteristic function of C∗. By the proof

of Lemma 1.3.1, IC∗Ez−t ∈ L1 for fixed z ∈ TC and t ∈ Rn. Let K be

an arbitrary compact subset of TC and let z ∈ K ⊂ TC . There exists

a compact subcone C ′ of C such that y = Im z ∈ C ′ and y has positive

distance (say k) from 0. By Lemma 1.2.2, there is a δ = δ(C ′) > 0,

depending only on C ′, such that

|IC∗(u)Ez−t(u)| = IC∗(u) exp [−2π〈y, u〉] ≤ IC∗(u) exp [−2πδk|u|] (1.21)

for t ∈ R
n and u ∈ C∗. The right side of (1.21) is an L1 function of variable

u ∈ Rn for arbitrary z ∈ K and t ∈ Rn, according to the proof of Lemma

1.3.1, and the function z 7→ IC∗(u)Ez−t(u) is analytic in z ∈ TC for each

fixed t ∈ Rn and u ∈ Rn. To conclude the assertion it remains to use a well

known theorem concerning integrals involving a parameter (see e.g. [15],

pp. 295-296). �

Lemma 1.3.3. Let C be a regular cone and fix w = u + iv ∈ TC. The

function

K(z + w) :=

∫

C∗

Ez+w(u) du, z ∈ TC ,
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is analytic in z ∈ TC and

|K(z + w)| ≤Mv <∞, z ∈ TC ,
where Mv is a constant which depends only on v = Imw.

Proof. The proof that K(z +w) is analytic in z ∈ TC is the same as in

the proof of Lemma 1.3.2. We have 〈y, u〉 ≥ 0 for y ∈ C and u ∈ C∗. By

Lemma 1.2.2, there is a δ = δv > 0 such that 〈v, u〉 ≥ δ|v||u| for v ∈ C and

u ∈ C∗. The assertion now follows by similar analysis as in (1.20). �

Lemma 1.3.4. Let h ∈ Lp, 1 ≤ p ≤ 2 and let g := F−1[h] in the sense of

the space Lp. Assume that gEz ∈ L1 for z ∈ TC and supp g ⊆ C∗ almost

everywhere. We have∫

C∗

g(u)Ez(u) du =

∫

Rn

h(t)K(z − t) dt, z ∈ TC . (1.22)

Proof. Let z ∈ TC. Let 1 ≤ p ≤ 2 and 1/p + 1/q = 1. As a result

of the remarks below, K(z − t) as a function of t ∈ Rn belongs to Lq, i.e.

K(z − ·) ∈ Lq , for every z ∈ TC . Therefore the integral on the right side

of (1.22) is well defined. First consider p = 1. By Lemma 1.3.3, Fubini’s

theorem and definition (1.8) of the inverse Fourier transform F−1[h] of h,

we have ∫

Rn

h(t)K(z − t) dt =

∫

Rn

h(t) dt

∫

C∗

e2πi<z−t,u> du

=

∫

C∗

e2πi<z,u> du

∫

Rn

h(t)E−u(t) dt =

∫

C∗

g(u)Ez(u) du, (1.23)

which proves (1.22) for p = 1. In case 1 < p ≤ 2, the function g is the limit

in the Lq norm of the sequence (gk) of the functions

gk(u) :=

∫

|t|≤k

h(t)E−u(t) dt (k ∈ N)

and so, by Hölder’s inequality,∫

C∗

|gEz − gkEz | du ≤ ‖g − gk‖Lq‖ey‖Lp → 0

as k → ∞ for every z ∈ TC (i.e. y ∈ C). Consequently, applying Fubini’s

theorem, we conclude from (1.23) that∫

C∗

g(u)Ez(u) du = lim
k→∞

∫

C∗

gk(u)Ez(u) du

= lim
k→∞

∫

|t|≤k

h(t) dt

∫

C∗

Ez−t(u) du =

∫

Rn

h(t)K(z − t) dt
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for z ∈ TC , which shows (1.22) in the cases 1 < p ≤ 2 and Lemma 1.3.4 is

thus proved. �

The Poisson kernel defined in (1.17) has been known for some time to be

an approximate identity. We state this in the following lemma (see [137],

p. 105):

Lemma 1.3.5. Let C be a regular cone, let z ∈ TC and t ∈ Rn. The

Poisson kernel Q(z; t) has the following properties:

(i) Q(z; t) ≥ 0, z ∈ TC , t ∈ Rn;

(ii)
∫

Rn

Q(z; t) dt = 1, z ∈ TC ;

(iii) lim
z→t0,z∈TC

∫
|t−t0|>δ

Q(z; t) dt = 0, δ > 0

uniformly for all t0 ∈ Rn.

We shall prove later that the Cauchy and Poisson kernels are in certain

ultradifferentiable function spaces.



May 14, 2007 15:29 World Scientific Book - 9in x 6in Newbook

This page intentionally left blankThis page intentionally left blank



May 14, 2007 15:29 World Scientific Book - 9in x 6in Newbook

Chapter 2

Ultradifferentiable Functions and

Ultradistributions

2.1 Sequences (Mp)

We define subspaces of some of the Schwartz test spaces through the use

of sequences of positive real numbers which satisfy certain conditions.

The corresponding dual spaces then contain the generalized functions of

Schwartz.

By (Mp) = (Mp)p∈N0 we will denote a sequence of positive numbers

which satisfies some of the following conditions:

(M.1) M2
p ≤Mp−1Mp+1, p ∈ N;

(M.2) there are positive constants A and H such that

Mp ≤ AHp min
0≤q≤p

MqMp−q, p ∈ N0;

(M.3) there is a constant A > 0 such that

∞∑

q=p+1

Mq−1/Mq ≤ ApMp/Mp+1, p ∈ N.

Sometimes (M.2) and (M.3) will be replaced by the following weaker

conditions:

(M.2′) there are constants A and H such that

Mp+1 ≤ AHpMp, p ∈ N0;

(M.3′)
∑∞

p=1Mp−1/Mp <∞ .

13
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It is worth noting that constants A and H in conditions (M.2), (M.2′)
and (M.3) can be assumed to be greater than 1 and condition (M.2) has

the following equivalent symmetric form:

(M.2) there are positive (greater than 1) constants A and H such that

Mp+q ≤ AHp+qMpMq, p, q ∈ N0. (2.1)

In Lemma 2.1.1 below, we will show that condition (M.1) implies

MpMq ≤M0Mp+q , p, q ∈ N0; (2.2)

that is, the inequality (2.2) is in the converse order of that in (2.1) (with

M0 assuming the role of the constant A and the constant 1 assuming the

role of H in (2.1)). Conversely, the inequality (2.2) together with condition

(M.2) imply the following weaker version of condition (M.1):

(M.1′) there are positive (greater than 1) constants A and H such that

M2
p ≤ AHpMp−1Mp+1, p ∈ N.

Sequences (Mp) satisfying some or all of these properties are the basis for

the ultradistributions to be studied here. The paper of Komatsu [82] serves

as a basic reference for these sequences. If s > 1, the Gevrey sequences

(Mp) given by Mp = (p!)s, Mp = pps and Mp = Γ(1 +ps), where Γ denotes

the gamma function, are basic examples of sequences satisfying some of the

above stated conditions.

We will prove some properties of sequences (Mp). It will be convenient

to consider together with a given sequence (Mp) also its multi-dimensional

variant Mα with multi-indices α = (α1, . . . , αn) ∈ N
n
0 defined by

Mα := Mα1+...+αn , α = (α1, . . . , αn) ∈ N
n
0 .

Lemma 2.1.1. Let (Mp) be an arbitrary sequence of positive numbers.

(i) If the sequence (Mp) satisfies condition (M.1), then

MpMq ≤M0Mp+q, p, q ∈ N0. (2.3)

(ii) If the sequence (Mp) satisfies condition (M.2), then

Mp ≥
Mp+q

(AM1)qHp+1 . . . Hp+q
, p ∈ N0, q ∈ N, (2.4)

where the positive constants A and H are from (M.2), and

Mα ≤ BEαMα1 . . .Mαn (2.5)

for every α = (α1, . . . , αn) ∈ Nn0 , where B and E are positive constants.
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Proof. Applying (M.1) repeatedly, we get

Mp

Mp+1
≤ Mp−1

Mp
≤ . . . ≤ M0

M1
.

Using this and similar arguments, we have

Mp

Mp+q
=

Mp

Mp+1

Mp+1

Mp+2
. . .

Mp+q−1

Mp+q
≤ M0

M1

M1

M2
. . .

Mq−1

Mq
=
M0

Mq
,

from which (2.3) follows. Inequalities (2.4) and (2.5) follow by repeated

applications of (M.2). �

Let (Mp) and (Np) be sequences of positive numbers which satisfy

(M.1). Following Komatsu [82], Definition 3.1, p. 52, we write

Mp ⊂ Np
if there exist constants L > 0 and B > 0, independent of p, such that

Mp ≤ BLpNp, p ∈ N0. (2.6)

Following [82], Definition 3.9, p. 53, we write

Mp ≺ Np (2.7)

if for each L > 0 there is a constant B > 0, independent of p, such that

(2.6) holds.

Komatsu has proved in [82], p. 74, that p! ≺Mp for every sequence (Mp)

satisfying (M.1) and (M.3′). This and Stirling’s formula imply pp ≺ Mp

(with the convention 00 = 1 and the assumption M0 = 1), as noticed by

Pilipović in [113], p. 209. Moreover, Γ(s+ p) ≺Mp, s > 0, by Lemma 4.1

in [82], p. 56, and analysis as in [82], p. 74. We summarize these facts in

the following lemma.

Lemma 2.1.2. Let the sequence (Mp) satisfy conditions (M.1) and (M.3′).
We have p! ≺Mp, pp ≺Mp and Γ(s+ p) ≺Mp for s > 0.

For a sequence (Mp) the associated functions M and M∗ of Komatsu,

are defined by

M(ρ) := sup
p∈N0

log+(ρpM0/Mp), 0 < ρ <∞; (2.8)

M∗(ρ) := sup
p∈N0

log+(ρpp!M0/Mp), 0 < ρ <∞, (2.9)

where log+ ρ := max (log ρ, 0). Some properties of the associated function

M are collected in the following lemma.
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Lemma 2.1.3. If the sequence (Mp) satisfies (M.1), then

M(

k∑

j=1

ρj) ≤
k∑

j=1

M(kρj), ρ1 > 0, . . . , ρk > 0, (2.10)

for arbitrary k ∈ N. If the sequence (Mp) satisfies (M.1) and (M.2), then

2M(ρ) ≤M(Hρ) + log+(AM0), ρ > 0, (2.11)

where A and H are the constants in (M.2); if L ≥ 1, then there is a constant

K > 0 such that

M(Lρ) ≤ (3/2)LM(ρ) +K, ρ > 0; (2.12)

if L ≥ 1, then there is a constant B > 0 and a constant EL > 0 depending

on L such that

LM(ρ) ≤M(BL−1ρ) +EL, ρ > 0. (2.13)

Proof. Inequality (2.10) for k = 2 was proved by Petzsche in [111],

p. 142 (Lemma 1.10), under the assumption that (Mp) satisfies (M.1).

However, we will need inequality (2.10) in the general form for arbitrary

k ∈ N (see (5.89) in the proof of Lemma 5.2.9). Therefore we give here the

proof of the general case. Since log+ is a nondecreasing function on (0,∞),

we have

log+

(
∑k
j=1 tj)

pM0

Mp
≤ log+

(kmax1≤j≤k tj)pM0

Mp
≤

k∑

j=1

log+

(ktj)
pM0

Mp

≤
k∑

j=1

sup
q∈N0

log+

(ktj)
qM0

Mq
≤

k∑

j=1

M(ktj)

for arbitrary t1, . . . , tk ∈ (0,∞) and p ∈ N. Hence

M(

k∑

j=1

tj) = sup
p∈N0

log+

(
∑k

j=1 tj)
pM0

Mp
≤

k∑

j=1

M(ktj).

Inequality (2.11) is shown by Komatsu in [82], p. 51 (Proposition 3.6)

and by Petzsche in [111], p. 138 (Lemma 1.4), under conditions (M.1) and

(M.2) on the sequence (Mp).

Inequalities (2.12) and (2.13) are proved in [111], Lemma 1.7, p. 140.

�
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2.2 Ultradifferential operators

We denote by R the family of all sequences (rp) of positive numbers which

increase (not necessarily strictly) to infinity. This set is partially ordered

and directed by the relation (rp) � (sp), which means that there exists p0

such that rp ≤ sp for every p > p0.

An operator of the form P (D) =
∑
α∈Nn

0
cαD

α, cα ∈ C, is called an

ultradifferential operator of class (Mp) (respectively, of class {Mp}) if there

are constants A > 0, h > 0 (respectively, for every h > 0 there is an A > 0)

such that

|cα| ≤
Ahα

Mα
, α ∈ N

n
0 . (2.14)

Special classes of entire functions will be needed. We recall some facts

from [82], [86].

Let r > 0 and mp := Mp/Mp−1 for p ∈ N and let n′ be a fixed integer

greater than n/2. Put

Pr(ζ) := (1+ζ2
1 + . . .+ζ2

n)n
′

∞∏

j=1

(
1 +

ζ2
1 + . . .+ ζ2

n

r2m2
j

)
, ζ ∈ C

n, (2.15)

where ζ = (ζ1, . . . , ζn) and n′ is a fixed integer greater than n/2. If con-

ditions (M.1), (M.2) and (M.3) hold, then Pr(D) is an ultradifferential

operator of class (Mp); it maps D((Mp),R
n) (cf. the next paragraph) into

itself and

F [Pr(D)φ](ξ) = Pr(ξ)ϕ̂(ξ), ξ ∈ R
n, (2.16)

for ϕ ∈ D((Mp),R
n). Put, for a given (rp),

P(rp)(ζ) := (1 + ζ2
1 + . . .+ ζ2

n)n
′

∞∏

j=1

(
1 +

ζ2
1 + . . .+ ζ2

n

r2jm
2
j

)
, ζ ∈ C

n.

(2.17)

If conditions (M.1), (M.2) and (M.3) are satisfied, the function P(rp)

is of class {Mp}. For elements of D({Mp},Rn) and the ultradifferential

operator P(rp)(D) equation (2.16) holds as well.

For a given sequence (Mp) and (rp) ∈ R we consider the corresponding

sequence (Np), defined by

Np := Mp

p∏

j=1

rj , p ∈ N.

If the associated function corresponding to the sequence (Mp), given by

(2.8), is denoted by M , then the associated function corresponding to the
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sequence (Np) defined above is denoted by N and, according to the defini-

tion in (2.8), is given by the formula

N(ρ) = sup{log+(ρpN0/Np) : p ∈ N0}, ρ > 0.

If an element of R is denoted by (r̃p), the corresponding associated function

is denoted by Ñ . It follows from the definition that for every (rp) ∈ R and

constants C > 0 and c > 0 there are (r̃p) ∈ R, and ρ0 > 0 such that

CN(cρ) ≤ Ñ(ρ), ρ > ρ0. (2.18)

Assume the conditions (M.1), (M.2) and (M.3) are satisfied. From [82],

Proposition 4.5 and p. 91, it follows that there exist constants D > 0 and

c > 0 such that

D exp [−N(c|ξ|)] ≤ |1/P(rp)(ξ)| ≤ exp [−N(ξ)], ξ ∈ R
n. (2.19)

Using the Cauchy formula

∂k(1/P(rp)(ξ)) =
k!

(2πi)n

∫

Γ1

. . .

∫

Γn

[1/P(rp)(ζ)] dζ1 . . . dζn

(ζ1 − ξ1)k1+1 . . . (ζn − ξn)kn+1
,

for k ∈ Nn0 and ξ ∈ Rn, where Γj := {ζj : |ζj − ξj | = d} with d > 0 for

j = 1, . . . , n, we see that there exists a C > 0 such that

|∂k(1/P(rp)(ξ))| ≤ Ck!d−k exp [−N(ξ)/C], ξ ∈ R
n. (2.20)

The two-dimensional version of Lemma 3.4 from [86] will be needed.

Lemma 2.2.1. Let ap,q > 0 for p, q ∈ N0.

(i) There exists a constant h > 0 such that

sup { ap,q
hp+q

: p, q ∈ N0} <∞ (2.21)

if and only if

sup { ap,q
RpSq

: p, q ∈ N0} <∞ (2.22)

for arbitrary sequences (rj), (sj) in R, where

R0 = S0 = 1, Rp :=

p∏

j=1

rj , Sq :=

q∏

j=1

sj , p, q ∈ N. (2.23)

(ii) There exist sequences (rj), (sj) ∈ R such that

sup {RpSq ap,q : p, q ∈ N0} <∞, (2.24)

where Rp and Sq are given by (2.23), if and only if

sup {hp+q ap,q : p, q ∈ N0} <∞ (2.25)

for every h > 0.
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Proof. One has only to prove the if parts.

(i) Assume that (2.22) holds for arbitrary (rj), (sj) ∈ R, but (2.21) does

not hold for any h > 0, i.e. there exists a sequence (pk, qk) in N2
0 such that

pk+1 + qk+1 > pk + qk, h−(pk+qk)apk,qk
> k (k ∈ N0).

According as the sequences (pk), (qk) are bounded or not, the following

cases may appear:

(a) there is a j0 ∈ N0 and a subsequence (q̄m), q̄m := qkm , of (qk) such

that (pj0 , q̄m) is a subsequence of (pk, qk) and (q̄m) is strictly increasing;

(b) the symmetric case to the previous one;

(c) there are subsequences (p̄m), p̄m := pkm , and (q̄m), q̄m := qkm , of

(pk) and (qk) such that (p̄m, q̄m) is a subsequence of the sequence (pk, qk)

and both (p̄m) and (q̄m) are strictly increasing sequences.

Assume (c) and let (hk) be a sequence strictly increasing to ∞. Define

rj := h1, 1 ≤ j ≤ p̄1, rj := (hp̄m
m h

−p̄m−1

m−1 )1/(p̄m−p̄m−1), p̄m−1 < j ≤ p̄m;

sj := h1, 1 ≤ j ≤ q̄1, sj := (hq̄m
m h

−q̄m−1

m−1 )1/(q̄m−q̄m−1), q̄m−1 < j < q̄m,

where m = 2, 3, . . .. The constructed sequences (rj) and (sj) increase to

∞, i.e. are elements of R, but they do not satisfy (2.22), since if we put

i := p̄k, j := q̄k for arbitrary k ∈ N, we have

Ri = Rp̄k
= hp̄11

k∏

j=2

h
p̄j

j h
−p̄j−1

j−1 = hp̄k

k ; Sj = Sq̄k
= hq̄k

k ,

i.e.
ai,j
RiSj

=
ap̄k ,q̄k

hp̄k+q̄k

k

> k,

which contradicts the assumption in case (c). The proof in cases (a) and

(b) is similar.

(ii) Let us assume now that condition (2.25) is satisfied for every h > 0.

Denote Nk := {(p, q) : p, q ∈ N0, p+ q = k} and

bk := sup {ap,q : (p, q) ∈ Nk}; Ch,k :=sup {hkap,q : (p, q) ∈ Nk}; (2.26)

C̃h := sup {hkbk : k ∈ N0}; Ch :=sup {hp+qap,q : p, q ∈ N0} (2.27)

for k ∈ N0 and h > 0. Obviously, C1,k = bk and Ch,k = hkbk. Moreover let

Hk := sup {hkC−1
h : h ≥ 1}, k ∈ N0. (2.28)
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By assumption, Ch < ∞ for every h > 0. According to (2.26) and

(2.27),

Ch,k ≤ Ch, h > 0, k ∈ N0, (2.29)

which implies that bk = C1,k <∞ for k ∈ N0. Since

hp+qap,q ≤ Ch,k = hkbk ≤ C̃h (2.30)

for any fixed p, q ∈ N0 with k := p+ q, we see that Ch ≤ C̃h, by definition

of Ch in (2.27). As a matter of fact, we have C̃h = Ch, because

C̃h = sup {Ch,k : k ∈ N0} ≤ Ch,
by definition of C̃h in (2.27), equality in (2.30) and inequality (2.29). Hence

Hp+qap,q ≤ sup

{
hkap,q
Ch

: h ≥ 1

}
≤ sup

{
Ch,k
Ch

: h ≥ 1

}
≤ 1 (2.31)

for arbitrary p, q ∈ N0, where k := p+ q, due to (2.28), (2.26) and (2.29).

Put rj = sj := Hj/Hj−1 for j ∈ N. Since
(
hj

Ch

)2

≤ Hj−1Hj+1

for every h ≥ 1, we get Hj/Hj−1 ≤ Hj+1/Hj for j ∈ N, i.e. the sequences

(rj) and (sj) are increasing. Moreover, for every h > 0, we have

Hj

hj
≥ C−1

h0

(
h0

h

)j
→∞ as j →∞,

where h0 is fixed so that h0 > max(h, 1). Hence it follows that the sequences

(rj) and (sj) are unbounded and so increase to infinity, i.e. (rj), (sj) ∈ R.

Since the sequence (sj) is increasing, we have

RpSq ap,q =

p∏

j=1

rj

q∏

j=1

sj ap,q ≤
p+q∏

j=1

rj ap,q = Hp+q ap,q ≤ 1,

in view of (2.31), i.e. condition (2.25) holds for the sequences (rj), (sj),

constructed above, so the assertion is proved. �

2.3 Functions and ultradistributions of

Beurling and Roumieu type

In this section, we introduce ultradifferentiable functions and various types

of spaces of test functions and ultradistributions meant as elements of the

respective dual spaces.
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Let (Mp), p ∈ N0, be a sequence of positive numbers. We define

D((Mp), Ω) (respectively, D({Mp},Ω)), where Ω is an open set in Rn,

to be the set of all complex valued infinitely differentiable functions ϕ with

compact support in Ω such that there exists an N > 0 for which

sup
t∈Rn

|∂αϕ(t)| ≤ NhαMα, α ∈ N
n
0 , (2.32)

for all h > 0 (respectively, for some h > 0). Here the positive constants

N and h depend only on ϕ; they do not depend on α. The topologies of

D((Mp),Ω) and D({Mp},Ω) are given in Komatsu [82], p. 44, which is a

good source of information concerning these spaces. Let D(h,K) denote the

space of smooth functions supported by a compact set K for which (2.32)

holds and D((Mp),K) and D({Mp},K) denote subspaces of D((Mp),Ω)

andD({Mp},Ω) consisting of elements supported byK, respectively. Recall

that

D(Mp)(Ω) = D((Mp),Ω) := ind lim
K ⊂⊂ Ω

proj lim
h → 0

D(h,K)

= ind lim
K ⊂⊂ Ω

D((Mp),K);

D{Mp}(Ω)=D({Mp},Ω) := ind lim
K ⊂⊂ Ω

ind lim
h → 0

D(h,K)

= ind lim
K ⊂⊂ Ω

D({Mp},K).

The notation D(Mp)
K := D((Mp),K) and D{Mp}

K := D({Mp},K) is also used.

The strong duals of the above spaces, denoted by D′(Mp)(Ω) = D′((Mp),Ω)

and D′{Mp}(Ω) = D′({Mp},Ω) are called the spaces of Beurling and

Roumieu ultradistributions, respectively.

In case Ω = Rn, we shall use simpler symbols D(Mp), D′(Mp)
and D{Mp},

D′{Mp} instead of D(Mp)(Rn) = D((Mp),R
n), D′(Mp)

(Rn) = D′((Mp),R
n)

and D{Mp}(Rn) = D({Mp},Rn), D′{Mp}(Rn) = D′({Mp},Rn), respec-

tively.

The spaces of test functions and ultradistributions which correspond to

the spaces DLs = DLs((Rn) and D′
Ls = D′

Ls((Rn) of L. Schwartz (see

[131], pp. 199-205) will be basic for our work. The space D((Mp), L
s)

(respectively, D({Mp}, Ls)), 1 ≤ s ≤ ∞, is defined to be the set of all

complex valued infinitely differentiable functions ϕ such that there is a

constant N > 0 for which

‖∂αϕ‖Ls ≤ NhαMα, α ∈ N
n
0 (2.33)

for all h > 0 (respectively, for some h > 0). We have

D((Mp), L
s) ⊂ D({Mp}, Ls), 1 ≤ s ≤∞.



May 14, 2007 15:29 World Scientific Book - 9in x 6in Newbook

22 Boundary Values and Convolution in Ultradistribution Spaces

Further,

D(Mp) ⊂ D((Mp), L
s), 1 ≤ s ≤ ∞,

and

D{Mp} ⊂ D({Mp}, Ls), 1 ≤ s ≤ ∞.
A natural topology is defined on D((Mp), L

s), 1 ≤ s ≤∞, as follows.

First put

‖ϕ‖s,h := sup
α

‖∂αϕ‖Ls

hαMα
, h > 0, (2.34)

and

D((Mp), h, L
s) := {ϕ ∈ C∞ : ‖ϕ‖s,h <∞}, h > 0. (2.35)

Now, since D((Mp), h1, L
s) ⊂ D((Mp), h2, L

s), whenever 0 < h1 < h2, we

may equip the set D((Mp), L
s) with the projective limit topology by putting

D((Mp), L
s) := proj lim

h → 0
D((Mp), h, L

s). (2.36)

A net (ϕλ) of elements of D((Mp), L
s) converges to ϕ ∈ D((Mp), L

s) as

λ → ∞ in this topology, and we write ϕλ → ϕ in D((Mp), L
s) as λ → ∞,

if

lim
λ→∞

‖∂α(ϕλ − ϕ)‖Ls = 0, α ∈ N
n
0 , (2.37)

and, in addition, there is a constant N > 0, independent of λ, such that

‖∂α(ϕλ − ϕ)‖Ls ≤ NhαMα, α ∈ N
n
0 , (2.38)

for all h > 0.

In D({Mp}, Ls), 1 ≤ s ≤ ∞, we define the inductive limit topology in

the following way:

D({Mp}, Ls) := ind lim
h → ∞

D((Mp), h, L
s),

where the spaces D((Mp), h, L
s) are defined in (2.35) with the topology

given by the family of norms defined in (2.34). In this topology a net (ϕλ)

of elements of D({Mp}, Ls) converges to ϕ ∈ D({Mp}, Ls) as λ → ∞, and

we write ϕλ → ϕ in D({Mp}, Ls) as λ→∞, if (2.37) holds and, in addition,

there are constants N > 0 and h > 0, independent of λ and α, such that

(2.38) holds.

Throughout we assume that the sequence (Mp) will satisfy at least con-

ditions (M.1) and (M.3′) so that D((Mp), L
s) and D({Mp}, Ls) contain

sufficiently many functions (see Komatsu [82], p. 26).
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Note that the spaces D((Mp), L
s) defined above in (2.36) and the spaces

D(Mp)
Ls (Rn), defined by Pilipović in [112], §3, coincide for 1 ≤ s ≤ ∞;

it is easy to verify that the norms in (2.34) are equivalent to the norms

γs,h(ϕ) in the sense of [112], §3. Various important properties of the spaces

D((Mp), L
s) are proved in [112], §3; among them the fact that D(Mp) is

dense in D((Mp), L
s), whenever 1 ≤ s ≤ ∞. An additional function space

is Ḃ(∗,Rn), corresponding to the Schwartz space Ḃ. The space Ḃ(∗,Rn)

is defined to be the completion of D(∗,Rn) in D(∗, L∞). We denote by

D′((Mp), L
s) and D′({Mp}, Ls) the spaces of continuous linear forms on

D((Mp), L
s) and D({Mp}, Ls), respectively. Following several authors, we

call D′((Mp), L
s) (respectively, D′({Mp}, Ls)) the space of ultradistribu-

tions of class (Mp) or of Beurling type (respectively, of class {Mp} or of

Roumieu type). Following Komatsu (see [82], pp. 47 and 61), we use the

notation D(∗, Ls) and D′(∗, Ls), where ∗ is the common notation for the

symbols (Mp) and {Mp}
We now present characterization results for D′(∗, Ls). We prove the

result for D′({Mp}, Ls) here. The proof for D′((Mp), L
s) is similar and can

be found in Pilipović [112] (Theorem 5).

Theorem 2.3.1. Let 1 ≤ s <∞. Let {gα}α∈Nn
0

be a sequence of functions

in Lr, 1/r + 1/s = 1, such that for all k > 0

‖gα‖Lr = O
( 1

kαMα

)
as |α| → ∞. (2.39)

Then

V =
∑

α∈Nn
0

∂αgα (2.40)

is an element of D′({Mp}, Ls). Conversely, if V ∈ D′({Mp}, Ls), then

V has the form (2.40) where {gα}α∈Nn
0

is a sequence of functions in Lr

satisfying (2.39) for all k > 0.

Proof. Let ϕ ∈ D({Mp}, Ls) and let V be given by (2.40) with {gα}
satisfying (2.39).

First we shall show that the series
∑

α∈Nn
0

∫

Rn

gα(t)∂αϕ(t) dt (2.41)

converges absolutely and 〈V, ϕ〉 is a well defined complex number. Indeed,

by the definition of D({Mp}, Ls), there exist constants N > 0 and H > 0
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such that
∑

α∈Nn
0

∣∣∣
∫

Rn

gα(t)∂αϕ(t) dt
∣∣∣ ≤

∑

α∈Nn
0

‖gα‖Lr‖∂αϕ‖Ls

≤
∑

α∈Nn
0

NHαMα‖gα‖Lr . (2.42)

By (2.39), there exist a > 0 and α0 ∈ Nn0 such that

‖gα‖Lr ≤ a/(kαMα), α 6∈ A0,

for all k > 0, where A0 := {β ∈ Nn0 : β ≤ α0}.
Choosing k := 2H we have

∑

α6∈A0

HαMα‖gα‖Lr ≤ a
∑

α6∈A0

(1/2)α <∞, (2.43)

which proves that the series on the right of (2.42) converges and the series

in (2.41) converges absolutely.

Let (ϕj) be a sequence in D({Mp}, Ls) such that ϕj → 0 in D({Mp}, Ls)
as j →∞. We have

|〈V, ϕj〉| ≤
∑

α∈Nn
0

‖gα‖Lr‖∂αϕj‖Ls . (2.44)

From the convergence in D({Mp}, Lr) it follows that there exist N > 0 and

H > 0, which are independent of α and j, such that

‖∂αϕj‖Ls ≤ NHαMα, α ∈ N
n
0 .

This together with (2.43) and (2.39) shows that the series on the right

of (2.44) converges uniformly in j. This in turn yields |〈V, ϕj〉| → 0 as

j → ∞, since ϕj → 0 in D({Mp}, Ls) as j → ∞. This proves that V is

continuous on D({Mp}, Ls). The linearity of V on D({Mp}, Ls) is obvious.

Consequently, V ∈ D′({Mp}, Ls).
We now prove the converse. In the Roumieu case we put F := Ls and

consider the space E(Ls, {Mp}) of Roumieu (see [127], p. 43). Put

Φ({Mp}, Ls) := {{(−1)α∂αϕ}α∈N0
n : ϕ ∈ D({Mp}, Ls)},

where 1 ≤ s <∞. From the defining properties of D({Mp}, Ls) we conclude

Φ({Mp}, Ls) ⊂ E(Ls, {Mp}), 1 ≤ s <∞,
and the topology of the subspace Φ({Mp}, Ls) is induced by the topology

of E(Ls, {Mp}). Let V ∈ D′({Mp}, Ls). We define now an element V1 ∈
Φ′({Mp}, Ls), corresponding to V , by

〈V1, {(−1)α∂αϕ}α∈N0
n〉 := 〈V, ϕ〉, ϕ ∈ D({Mp}, Ls). (2.45)
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By the Hahn - Banach theorem there is an element V2 ∈ E′(Ls, {Mp})
such that V1 = V2 on Φ({Mp}, Ls). Thus, by the characterization of

E′(Ls, {Mp}) given in Roumieu (see [127], Proposition 3, p. 45), we can

find a sequence {gα}α∈Nn
0

such that gα ∈ Lr with 1/r+ 1/s = 1 for α ∈ Nn0

and (2.39) holds for all k > 0 such that

〈V1, {(−1)α∂αϕ}α∈N0
n〉 =

∑

α∈Nn
0

〈gα, (−1)α∂αϕ〉 (2.46)

for ϕ ∈ D({Mp}, Ls). Notice that (2.45) and (2.46) yield (2.40). The proof

is thus complete. �

As previously noted, a similar characterization result is true for

D′((Mp), L
s) and we now present it. The proof is similar to that of Theorem

2.3.1 and can be found in Pilipović [112] (Theorem 5).

Theorem 2.3.2. Let 1 < s <∞. Let {gα}α∈N0
n be a sequence of functions

in Lr with 1/r + 1/s = 1 such that, for some k > 0,

‖gα‖Lr = O
( 1

kαMα

)
as |α| → ∞. (2.47)

Then

V =
∑

α∈Nn
0

∂αgα (2.48)

is an element of D′((Mp), L
s). Conversely, if V ∈ D′((Mp), L

s), then V has

the form (2.48), where {gα}α∈N0
n is a sequence of functions in Lr satisfying

(2.47) for some k > 0.

Condition (2.47) on the sequence {gα} is equivalent to

sup
α

(kαMα‖gα‖Lr) <∞ (2.49)

for some k > 0. The derivatives in (2.40) and (2.48) are to be taken in the

usual ultradistribution sense.

Notice that D′((Mp), L
s) and D′({Mp}, Ls) are not distribution spaces

in the sense of Schwartz but are ultradistribution spaces in the sense of

Komatsu and Roumieu. These spaces are generalizations of the Schwartz

spaces D′
Ls . Theorems 2.3.1 and 2.3.2 show the difference between dis-

tributions in D′
Ls which are finite sums of distributional derivatives of Lr

functions and ultradistributions in D′(∗, Ls) which are infinite sums of ul-

tradistribution derivatives of Lr functions satisfying conditions (2.39) or

(2.47), respectively.
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2.4 Fourier transform on D(∗, Ls) and D
′(∗, Ls)

We now consider the Fourier transform acting on D(∗, Ls) and study the

resulting spaces. Using this analysis we are able to define an inverse Fourier

transform on the dual spaces of these Fourier transform spaces which will

map the dual spaces to D′(∗, Ls). We use these results in some of our

ultradistributional boundary value analysis presented later.

Consider the spaces D(∗, Lr), 1 ≤ r ≤ 2, where ∗ is either (Mp) or

{Mp}. Put

FD(∗, Lr) := {ϕ̂ : ϕ ∈ D(∗, Lr)}, 1 ≤ r ≤ 2,

where ϕ̂ = F [ϕ] denotes the Fourier transform of the function ϕ defined by

formula (1.7). We have

FD(∗, Lr) ⊂ Ls, 1/r + 1/s = 1,

and the Fourier transform is a one-to-one mapping of D(∗, Lr) onto

FD(∗, Lr). To determine a topology on FD(∗, Lr) let ϕ ∈ D(∗, Lr) and

recall from the Fourier transform theory that

F [Dαϕ] = xαϕ̂ ∈ Ls

with 1/r + 1/s = 1 for every n-tuple α of nonnegative integers.

For an arbitrary ϕ ∈ D((Mp), L
r) (respectively, ϕ ∈ D({Mp}, Lr)) and

ψ = ϕ̂ ∈ FD((Mp), L
r), (respectively, ψ = ϕ̂ ∈ D({Mp}, Lr)), we have

sup
α

‖xαψ‖Ls

hαMα
= sup

α

‖F [Dαϕ]‖Ls

hαMα
≤ sup

α

‖Dαϕ‖Lr

hαMα
<∞ (2.50)

for all (respectively, for some) h > 0, in view of the Parseval inequality and

(2.16).

On the space FD((Mp), L
r) (respectively, on the space FD({Mp}, Lr))

define the family {τ sh}h>0 of norms as follows:

τsh(ψ) := sup
α

‖xαψ‖Ls

hαMα
(2.51)

for all ψ ∈ FD((Mp), L
r) (respectively, for all ψ ∈ FD({Mp}, Lr)). We en-

dow the space FD((Mp), L
r) (respectively, the space FD({Mp}, Lr)) with

the projective (respectively, inductive) limit topology with respect to this

family of norms.

A net (ψλ) of functions in FD((Mp), L
r) (respectively, in

FD({Mp}, Lr)) converges to zero as λ → ∞ in this topology in

FD((Mp), L
r) (respectively, in FD({Mp}, Lr)) if

lim
λ→∞

‖xαψλ‖Ls = 0
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for all n-tuples α of nonnegative integers and for every h > 0 there is a

constant N > 0 which is independent of α and λ (respectively, there are

constants N > 0 and h > 0 which are independent of α and λ) such that

sup
α

‖xαψλ‖Ls

hαMα
≤ N

for all h > 0 (respectively, for the given h > 0).

Using this meaning of convergence, we have the following lemma.

Lemma 2.4.1. The Fourier transform is an isomorphism from

D(∗, Lr) onto FD(∗, Lr) for 1 ≤ r ≤ 2.

Proof. We have previously noted that the Fourier transform is a one-

to-one mapping of D(∗, Lr) onto FD(∗, Lr), 1 ≤ r ≤ 2. Now let (ϕλ) be a

net in D(∗, Lr) which converges to zero in D(∗, Lr) as λ→∞. Since

F [Dαϕ] = xαϕ̂ ∈ Ls,
with 1/r + 1/s = 1, for every ϕ ∈ D(∗, Lr) and α ∈ Nn0 , we conclude

from the Parseval inequality, (2.50), and the definition of convergence in

D(∗, Lr), given in Section 2.3, that ψλ = ϕ̂λ converges to zero in FD(∗, Lr)
as λ → ∞. Consequently, the Fourier transform is a continuous mapping

from D(∗, Lr) to FD(∗, Lr). The proof of Lemma 2.4.1 is complete. �

Let F ′D(∗, Lr) for 1 ≤ r ≤ 2 denote the space of all continuous linear

forms on FD(∗, Lr). We now define the inverse Fourier transform F−1 on

the space F ′D(∗, Lr) in case 1 ≤ r ≤ 2.

For V ∈ F ′D(∗, Lr), we define F−1[V ] =: V̌ by the Parseval formula:

〈F−1[V ], ϕ〉 = 〈V̌ , ϕ〉 := 〈V, ˜̂ϕ〉, ϕ ∈ D(∗, Lr), (2.52)

where φ̂ = F [φ] denotes the Fourier transform of φ defined by formula

(1.7) and φ̃(x) := φ(−x) for x ∈ Rn according to the notation introduced

in (1.5). If we denote v := F−1[V ] and ψ := ϕ̂, the definition (2.52) of

F−1[V ] can be written in the form:

〈v, ϕ〉 := 〈V, ψ̃〉, ϕ ∈ D(∗, Lr), ψ = ϕ̂ ∈ FD(∗, Lr).
For V ∈ F ′D(∗, Lr), we have U = F−1[V ] ∈ D′(∗, Lr), i.e., U is a con-

tinuous linear form on D(∗, Lr). Linearity is obvious and continuity of U

on D(∗, Lr) follows, because the convergence of a given net (ϕλ) to zero

in D(∗, Lr) implies the convergence of the respective net (ψλ) to zero in

FD(∗, Lr), according to the inequality in (2.50). In this way, we have

proved the following assertion:

Lemma 2.4.2. The inverse Fourier transform defined on F ′D(∗, Lr) by

formula (2.52) maps F ′D(∗, Lr) to D′(∗, Lr) for 1 ≤ r ≤ 2.
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We shall use the construction (2.52) in boundary value results subse-

quently.

2.5 Ultradifferentiable functions of ultrapolynomial growth

We assume that (M.1) and (M.3′) hold. The spaces of Gelfand-Shilov

type S whose elements are ultradifferentiable functions of ultrapolynomial

growth are the test spaces for spaces of tempered ultradistributions. These

spaces are studied in [56], [115], [92], [70], [38], [39], and many other papers.

Here we follow the preprint [75].

Definition 2.5.1. Let m > 0 and r ∈ [1,∞) be given. Denote by

S(Mp),m
r = S(Mp),m

r (Rn) the space of smooth functions ϕ on Rn such that

σm,r(ϕ) :=



∑

α,β∈Nn
0

∫

Rn

| m
α+β

MαMβ
< x >β ϕ(α)(x) |r dx




1/r

<∞,

that is,

σm,r(ϕ) :=


 ∑

α,β∈Nn
0

(
mα+β

MαMβ
‖ < x >β ϕ(α)‖Lr

)r


1/r

<∞. (2.53)

Denote by S(Mp),m
∞ = S(Mp),m

∞ (Rn) the space of smooth functions ϕ on R
n

such that

σm,∞(ϕ) := sup
α,β∈Nn

0

mα+β

MαMβ
‖ < x >β ϕ(α) ‖L∞ <∞. (2.54)

The spaces S(Mp),m
r and S(Mp),m

∞ are equipped with the topologies induced

by the norms σm,r and σm,∞, respectively.

The spaces S
(Mp),m
r are Banach spaces for r ∈ [1,∞]. In particular, the

space S
(Mp),m
2 is a Hilbert space with the scalar product defined by

(ϕ, ψ) :=
∑

α,β∈N0

( mα+β

MαMβ

)2
∫

Rn

〈x〉2βϕ(α)(x)ψ(α)(x) dx,

for ϕ, ψ ∈ S(Mp),m
2 .

Now we give the fundamental definition for our considerations of the

spaces S(Mp) and S{Mp} and the dual spaces S ′(Mp) and S ′{Mp} of tempered

ultradistributions of Beurling and Roumieu type, respectively.
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Definition 2.5.2. Let

S(Mp) = S(Mp) (Rn) := proj lim
m → ∞

S(Mp),m
2 (Rn) (2.55)

and

S{Mp} = S{Mp}(Rn) := ind lim
m → ∞

S(Mp),m
2 (Rn) (2.56)

The structure of the test spaces is described in the following two theorems.

A simple consequence will be, if (M.2′) is satisfied, that S(Mp) and S{Mp}

are the projective (as m → ∞) and the inductive (as m → 0) limits not

only of the spaces of the spaces S(Mp),m
2 but also of the spaces S(Mp),m

r

respectively, where r ∈ [1,∞].

In the theorem below and further on we shall use a convention, analogous

to that applied for the one-dimensional case in (2.23), which will simplify

the notation of products of subsequent elements of sequences belonging to

the familyR described in Section 2.2. Namely for a given sequence (ap) ∈ R
and α = (α1, . . . , αn) ∈ N0 we define the associated sequence (Aα)α∈Nn

0
of

products of subsequent elements of (ap) as follows:

A0 = 1; Aα :=

ᾱ∏

j=1

aj , α ∈ N
n
0 , α 6= 0, (2.57)

where ᾱ := α1 + . . . + αn. Analogous products of subsequent elements

of sequences (bj), (rj), (sj) etc. in R will be denoted by Bα, Rα, Sα etc.,

respectively, for a given α ∈ N0.

Theorem 2.5.1. Let (Mp) satisfy (M.1) and (M.3′). Then

S{Mp} = proj lim
(aj), (bj) ∈ R

S(Mp)

(aj),(bj)
,

where S(Mp)

(aj ),(bj)
is the space of functions ϕ ∈ C∞ such that

σ(aj ),(bj),2(ϕ) := sup

{‖ < x >β ϕ(α)‖L2

MαAαMβBβ
: α, β ∈ N

n
0

}
<∞,

where < x >β means the function given by < x >β= (1 + |x2|)β/2 (see

(1.2)).

Proof. From Lemma 2.2.1 it follows that ϕ ∈ C∞(Rn) belongs to S{Mp}

if and only if σ(aj),(bj),2(ϕ) <∞ for arbitrary (aj), (bj) ∈ R.

Every norm σ(aj),(bj),2, where (aj), (bj) ∈ R, is continuous on the space

S(Mp)
h , h > 0, and so on the space S{Mp}.
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Since S{Mp} is reflexive, every continuous seminorm p is bounded by

the seminorm pB , where B is a bounded set in S ′{Mp}, defined by

pB(ϕ) := sup{| < f, ϕ > | : f ∈ B}.

We have

pB(ϕ) ≤ sup
f∈B

∑

α,β∈Nn
0

‖ < x >β ϕ(α)‖L2 .

By Lemma 2.2.1, it follows that there exist (aj) and (bj) from R such that

for some C > 0 we have

pB(ϕ) ≤ Cσ(aj ),(bj)(ϕ).

The proof of Theorem 2.5.1 is completed. �

Definition 2.5.3. Let (ap), (bp) ∈ R and let S(Mp)

(ap),(bp),∞ be the space of

smooth functions ϕ on Rn such that

σ(ap),(bp),∞(ϕ) := sup
α,β∈Nn

0

‖〈x〉βϕ(α)‖L∞

MαAαMβBβ
<∞, (2.58)

equipped with the topology induced by the norm σ(ap),(bp),∞.

In addition, consider in S(Mp)

(ap),(bp),∞ the norms σm,r(m > 0, r ∈ [1,∞])

defined in (2.53) and (2.54) as well as the following ones:

σ′
m,r(ϕ) :=

∑

α,β∈N0

mα+β

MαMβ
‖xβϕ(α)‖Lr ; (2.59)

σ′
m,∞(ϕ) := sup

α,β∈N0

mα+β

MαMβ
‖xβϕ(α)‖L∞, ; (2.60)

τm,r(ϕ) := sup
α∈N0

mα

Mα
‖ϕ(α) exp [M(m| · |)]‖Lr ; (2.61)

τm,∞(ϕ) := sup
α∈N0

mα

Mα
‖ϕ(α) exp [M(m| · |)]‖L∞ ; (2.62)
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for arbitrary m > 0 and r ∈ [1,∞) and

σ(ap),(bp),r(ϕ) :=
∑

α,β∈N0

‖ < x >β ϕ(α)‖Lr

MαAαMβBβ
; (2.63)

σ′
(ap),(bp),r(ϕ) :=

∑

α,β∈N0

‖xβϕ(α)‖Lr

MαAαMβBβ
; (2.64)

σ′
(ap),(bp),∞(ϕ) := sup

α,β∈N0

‖xβϕ(α)‖L∞

MαAαMβBβ
; (2.65)

τ(ap),(bp),r(ϕ) := sup
α,β∈N0

‖ϕ(α) exp [N(bp)(| · |)]‖Lr

MαAα
; (2.66)

τ(ap),(bp),∞(ϕ) := sup
α,β∈N0

‖ϕ(α) exp [N(bp)(| · |)]‖L∞

MαAα
; (2.67)

for arbitrary (ap), (bp) ∈ R and r ∈ [1,∞).

Definition 2.5.4. It will be convenient to denote various families of norms

in the following way:

Sr := {σm,r : m > 0}, S̃r := {σ(ap),(bp),r : (ap), (bp) ∈ R},
S′
r := {σ′

m,r : m > 0}, S̃′
r := {σ′

(ap),(bp),r : (ap), (bp) ∈ R},
Tr := {τm,r : m > 0}, T̃r := {τ(ap),(bp),r : (ap), (bp) ∈ R}

for r ∈ [1,∞].

From the theorem below it follows that the space S(Mp)

(ap),(bp),∞ endowed with

the topology of any of the above families of norms coincides with the space

S{Mp}. In Section 7.2 we will consider additional families of norms in this

space.

Theorem 2.5.2. The above defined families of norms have the following

properties:

(1) The families S∞ and S′
∞ (respectively, S̃∞ and S̃′

∞) of norms in the

space S(Mp) (respectively, S{Mp}) are equivalent;

(2) If condition (M.2′) holds, then for every r ∈ [1,∞] the families Sr,

S′
r and S (respectively, S̃r, S̃′

r and S̃) of norms in the space S(Mp)

(respectively, S{Mp}) are equivalent.

Proof. For the sake of simplicity we will prove the assertions in the case

n = 1. Parts of respective assertions given in parentheses can be proved in

a similar way.
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Proof of Part (1). Obviously, σ′
m,∞(ϕ) ≤ σm,∞(ϕ) for every smooth

function ϕ and m > 0. Condition (M.3′) implies that, for every m > 0,

mkk!

Mk
−→ 0 as k →∞ (2.68)

(see [82], (4.8)), so there is a constant Cm ≥ 1 such that mk/Mk ≤ Cm for

all k ∈ N0. Since

〈x〉β ≤ 2β/2 max
(
1, |x|β

)
≤ 2β max

(
1, |x|β

)
, x ∈ R, β ∈ N0,

for every m > 0 there exists a Cm > 0 such that, for every smooth function

ϕ and α, β ∈ N0, we have

mα+β

MαMβ
‖〈x〉βϕ(α)‖L∞ ≤ mα+β

MαMβ
2β max

(
‖ϕ(α)‖L∞ , ‖xβϕ(α)‖L∞

)

≤ max

(
Cm

(2m)α

Mα
‖ϕ(α)‖L∞ ,

(2m)α+β

MαMβ
‖xβϕ(α)‖L∞

)

≤ Cm sup
β∈N0

(2m)α+β

MαMβ
‖xβϕ(α)‖L∞ = Cmσ

′
2m,∞(ϕ).

Therefore, for every m > 0 there exists a Cm > 0 such that σm,∞(ϕ) ≤
Cmσ

′
2m,∞(ϕ) for every smooth function ϕ. Thus the families S∞ and S′

∞
of norms are equivalent. The equivalence of the families S̃∞ and S̃′

∞ of

norms follows, by Lemma 2.2.1.

Proof of Part (2). We start by introducing additional notation for arbi-

trary t ∈ [1,∞]. For a given function ψ denote by ‖ψ‖′Lt , ‖ψ‖′′Lt and ‖ψ‖Lt

its Lt norms on the sets [−1, 1], R \ [−1, 1] and R, respectively.

Let α, β, γ ∈ N0 and t ∈ [1,∞). For a given smooth function ϕ denote

aα,β(ϕ) := ‖xβϕ(α)‖′L∞ ; bα,β(ϕ) := ‖xβϕ(α)‖′′L∞ ;

cα,β(ϕ) := ‖xβϕ(α)‖L∞ ;

Atα,β(ϕ) := ‖xβϕ(α)‖′Lt ;Btα,β(ϕ) := ‖xβϕ(α)‖′′Lt ;

Ctα,β(ϕ) := ‖xβϕ(α)‖Lt .

Moreover, denote by Iγ,t the Lt norm of the function τ(x) = x−γ on R \
[−1, 1] and R.

Due to (M.2′), for every m > 0 there exists a constant D > 0 such that
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σ′
m,t(ϕ) ≤

∑

α,β∈N0

mα+β

MαMβ
[aα,β(ϕ) + bα,β+γ(ϕ)Iγ,1]

≤
∑

α,β∈N0

mα+β

MαMβ
cα,β(ϕ) +D

∑

α,β∈N0

mα+βHσβ

MαMβ+γ
cα,β+γ(ϕ)

≤ Dσ′
m(1+Hγ ),∞(ϕ) (2.69)

for every smooth function ϕ.

Clearly,

|xβϕ(α)(x)| ≤ βCα,β,1(ϕ) + Cα+1,β,1(ϕ)

for α, β ∈ N0 and x ∈ R. Hence, by condition (M.2′), for every m > 0

there exists a D > 0 such that

σ′
m,∞(ϕ) ≤ D sup

α,β∈N0

Hαmα+β

Mα+1Mβ
(2βCα,β,1(ϕ) +Hmα+2Cα+1,β,1(ϕ))

≤ Dσ′
2m(1+H),1(ϕ) (2.70)

for every smooth function ϕ.

Now let t ∈ (1,∞), q := t/(t − 1) and γ := [1/q] + 1. The Hölder

inequality, (2.68) and (M.2′) imply that for every m > 0 there exists a

D > 0 such that, for every smooth function ϕ,

σ′
m,1(ϕ) =

∑

α,β∈N0

mα+β

MαMβ
(Aα,0,1(ϕ) +Bα,β,1(ϕ))

≤
∑

α,β∈N0

mα+β

MαMβ
[DAα,0,t(ϕ) +Bα,β+γ,t(ϕ)Iγ,q ]

≤ D
∑

α,β∈N0

mα+β

MαMβ

(
‖ϕ(α)‖Lt + ‖xβ+γϕ(α)‖Lt

)

≤ D[
∑

α∈N0

mα

Mα
‖ϕ(α)‖Lt +

∑

α,β∈N0

mα+βHγβ

MαMβ+γ
‖xβ+γϕ(α)‖Lt ]

≤ Cσ′
m(1+Hγ ),t(ϕ). (2.71)

The equivalence of the families {σ′
m,r : m > 0} and {σ′

m,p : m > 0} for

r, p ∈ [1,∞] follows from (2.69), (2.70) and (2.71).

The proof of the equivalence of {σm,p : m > 0} and {σm,r : m > 0},
where r, p ∈ [1,∞], is analogous.
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Condition (M.2′) implies that for every ϕ ∈ S(Mp) and every m > 0

there exists D > 0 such that for every α, β ∈ N0 and |x| > k > 1, we have

mα+β

MαMβ
|xβϕ(α)(x)| ≤ D

mα(mH)β+1

MαMβ+1
|xβϕ(α)(x)|

≤ D

k

mα(mH)β+1

MαMβ+1
|xβ+1ϕ(α)(x)| ≤ C

k
.

Therefore, for every m > 0 and ϕ ∈ S(Mp),

mα+β

MαMβ
|xβϕ(α)(x)| → 0 (2.72)

as |x| → ∞ uniformly in α, β ∈ N0. From the definition of the space S(Mp)

it follows that, for every m > 0, the convergence to zero in (2.72) is uniform

in x ∈ R as α+ β →∞.

Hence, for a given element ϕ of S(Mp) and every m > 0 there are

α0, β0 ∈ N0 and x0 ∈ R such that

sup
α,β∈N0

mα+β

MαMβ
‖xβϕ(α)‖L∞ =

mα0+β0

Mβ0Mα0

|xβ0

0 ϕ(α0)(x0)|

=
∥∥ sup
β∈N0

[
sup
α∈N0

mα+β

MαMβ
|xβϕ(α)|

]∥∥
L∞

=
∥∥ sup
α∈N0

[
sup
β∈N0

mα+β

MαMβ
|xβϕ(α)|

]∥∥
L∞

= sup
α∈N0

[∥∥ sup
β∈N0

mα+β

MαMβ
|xβϕ(α)|

∥∥
L∞

]

= sup
α∈N0

(mα

Mα
‖ϕ(α) exp [M(m| · |)]‖L∞

)
.

The proof of Theorem 2.5.2 is completed. �

Remark 2.5.1. It is easy to verify that the proofs of the theorems of this

section hold in the n-dimensional case. In particular, if (M.2) holds, they

can be presented in the same way.

Corollary 2.5.1. S{Mp} = proj lim
(ap), (bp) ∈ R

S(Mp)

(ap),(bp),∞.
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Using an analogous idea as in the proof of Theorem 1 in [50] (p. 29,

Satz 1), one can prove the following assertion:

Theorem 2.5.3. A set B is relatively compact in S(Mp),m
2 if and only if

(i) the set Bαβ := {〈x〉βϕ(α) : ϕ ∈ B} is a relatively compact subset

of L2 for each α, β ∈ N0 and

(ii) the series
∑

α,β∈N0

∫
R

∣∣∣ m
α+β

MαMβ
〈x〉βϕ(α)(x)

∣∣∣
2

dx converges uniformly

for ϕ ∈ B.

Proof. We give the proof in the case n = 1.

We are going to prove that B fulfills (i) by checking that the set Bα
β :

α, β ∈ N0, fulfills the assumptions of Kolmogorov’s theorem (see [50]). It

is obvious that for each α, β ∈ N0 the set Bαβ = {〈x〉βϕ(α), ϕ ∈ B} is

bounded in the space L2. Applying the Cauchy-Schwarz inequality and the

Fubini-Tonelli theorem we see that, for arbitrary ϕ ∈ B and α, β ∈ N0,∫

R

∣∣∣〈x+ h〉βϕ(α)(x+ h)− 〈x〉βϕ(α)(x)
∣∣∣
2

dx

≤
∫

R

( 1∫

0

∣∣∣ d
dt

(〈x+ th〉βϕ(α)(x+ th))
∣∣∣ dt
)2

dx

≤
∫

R

( 1∫

0

∣∣∣ d
dt

[〈x+ th〉βϕ(α)(x+ th)]
∣∣∣
2

dt
)
dx

≤ β2h2

1∫

0

(∫

R

∣∣∣〈x + th〉βϕ(α)(x+ th)
∣∣∣
2

dx
)
dt

+h2

1∫

0

(∫

R

∣∣∣〈x+ th〉βϕ(α+1)(x + th)
∣∣∣
2

dx
)
dt

= β2h2
(∫

R

∣∣∣〈ξ〉βϕ(α)(ξ)
∣∣∣
2

dξ
)

+ h2
(∫

R

∣∣∣〈ξ〉βϕ(α+1)(ξ)
∣∣∣
2

dξ
)

≤ h2
(
β2MαMβ

m̃α+β
+
Mα+1Mβ

m̃α+β+1

)
.

Hence, the integral∫

R

|〈x+ h〉βϕ(α)(x+ h)− 〈x〉βϕ(α)(x)|2 dx
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converges to zero as h→ 0 uniformly for ϕ ∈ B.

For each ϕ ∈ B and k > 0

〈k〉2
∫

R\[−k,k]

|〈x〉βϕ(α)(x)|2 dx ≤
∫

R\[−k,k]

|〈x〉β+1ϕ(α)(x)|2 dx

≤ MαMβ+1

m̃α+β+1
.

Therefore
∫

R\[−k,k]

|〈x〉βϕ(α)(x)|2 dx ≤ 〈k〉−2MαMβ+1

m̃α+β+1
, ϕ ∈ B.

According to the theorem of Kolmogorov, it follows that the set

Bβα, α, β ∈ N0, is relatively compact in L2.

Let us prove that B fulfills condition (ii). For each ε > 0 there exists

µ ∈ N0 such that mα ≤ εm̃α for all α ≥ µ. Hence

∑

α≥µ
β∈N0

∫

R

∣∣∣ m
α+β

MαMβ
〈x〉βϕ(α)(x)

∣∣∣
2

dx ≤ ε2
∑

α≥µ
β∈N0

∫

R

∣∣∣ m̃
α+β

MαMβ
〈x〉βϕ(α)(x)

∣∣∣
2

dx

≤ ε2

for each ϕ ∈ B and the proof of assertion (ii) and the whole theorem is

completed. �

Now we are in a position to prove the following theorem:

Theorem 2.5.4.

1. The spaces S(Mp) and S{Mp} are (F S̃) and (LS) spaces, respectively.

2. If (M.2′) is satisfied, then

D∗ ↪→ S∗ ↪→ E∗, S∗ ↪→ S;

E ′∗ ↪→ S ′∗ ↪→ D′∗, S ′ ↪→ S ′∗.

Proof. Again, we give the proof for the case n = 1. Recall that a locally

convex topological vector space is a (FS) space (respectively, a (LS) space)

if it is a projective limit (respectively, an inductive limit) of a countable,

compact specter of spaces. If the mentioned specter is also nuclear, the

space is called a (FN) space (respectively, a (LN) space); for more details

see [50].
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1. In order to prove the first part of the assertion it is enough to show

that the inclusion mapping

i : S(Mp),m̃
2 → S(Mp),m

2 , m < m̃,

is compact. Since S(Mp),m̃
2 and S(Mp),m

2 are Banach spaces, it suffices to

prove that the unit ball B := {ϕ : σm̄,2(ϕ) ≤ 1} of the space S(Mp),m̃
2 is a

relatively compact set in S(Mp),m
2 , where σm̄,2(ϕ) is defined in (2.53). But

this follows from Theorem 2.5.3 and the proof of assertion 1 is completed.

2. Since the proofs of the second assertion in the Beurling case ∗ =

(Mp) and the Roumieu case ∗ = {Mp} are analogous, we will prove the

assertion only in the first case. Let ϕ ∈ D(Mp) and suppϕ ⊂ [−k, k], k > 1.

Condition (M.3′) implies that for each m > 0 there exists C > 0 such that

sup
α,β∈N0

mα+β

MαMβ
‖〈x〉βϕ(α)‖∞ = sup

α,β∈N0

(mk)βmα

MβMα
‖ϕ(α)‖∞

≤ C sup
α∈N0

mα

Mα
‖ϕ(α)‖∞.

It follows that the inclusion mapping i : D(Mp) → S(Mp) is continuous.

The sequence (ϕj) with ϕj(x) := ρ(x/j)ϕ(x), j ∈ N, where ρ is a func-

tion of the class D(Mα) such that ρ = 1 in a neighborhood of 0, converges

to ϕ in the space S(Mα), since
mα+β

MαMβ
|xβϕ(α)(x)| converges uniformly in

α, β ∈ N0 as |x| tends to infinity for arbitrary fixed ϕ ∈ S(Mp) and m > 0.

It follows that D(Mp) is dense in S(Mp) and the assertion of Theorem 2.5.4

is proved. �

2.6 Tempered ultradistributions

A non-trivial example, in case n = 1, of an element of the space S ′∗ is

〈f, ϕ〉 =

∫

R

fϕ dx, ϕ ∈ S∗,

where f is a locally integrable function in R of ultrapolynomial growth of

the class ∗, that is

|f(x)| ≤ P (x), x ∈ R,

where P is an ultrapolynomial of the class ∗. Note that if (M.2′) is sat-

isfied, then the function f is of ultrapolynomial growth of the class (Mp)
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(respectively, {Mp}) if and only if there exists an m > 0 and there exists a

C > 0 (respectively, for every m > 0 there exists a C > 0) such that

|f(x)| ≤ C exp [M(m|x|)], x ∈ R.

Let us now give the structure theorems for the space S ′∗.

Theorem 2.6.1. Assume that condition (M.2′) holds, r ∈ (1,∞] and f ∈
D′(Mp) (respectively, f ∈ D′{Mp}). Then

1. f ∈ S ′(Mp)
(respectively, f ∈ S ′{Mp}) if and only if f is of the form

f =
∑

α,β∈N0

(〈x〉βFα,β)(α), (2.73)

in the sense of convergence in S ′(Mp)
(respectively, S ′{Mp}), where

(Fα,β)α,β∈N0 is a sequence of elements of Lr such that for some

(respectively, each) m > 0 we have

( ∑

α,β∈N0

∫

R

∣∣∣MαMβ

mα+β
Fα,β(x)

∣∣∣
r

dx
)1/r

<∞, (2.74)

in case r ∈ (1,∞), and

sup
α,β∈N0

x∈R

(MαMβ

mα+β
|Fα,β(x)|

)
<∞, (2.75)

in case r =∞.

2. Let (M.2) and (M.3) be satisfied. Then f ∈ S ′∗ if and only if f is of

the form

f = P (D)F, (2.76)

where P is an ultradifferentiable operator of the class ∗ and F is a contin-

uous function of R of ultrapolynomial growth of the class ∗.

Proof. First notice that the weak and the strong sequential convergence

are equivalent in S ′∗.

1. In the Beurling case ∗ = (Mp), the proof of assertion 1 is quite

analogous to the proof given in [115]. In the Roumieu case ∗ = {Mp}, it

follows easily that (2.73) determines an element of S ′{Mp}. To prove the

converse we will use the dual Mittag-Leffler lemma (see [82], Lemma 1.4)

similarly as in the proof of [82], Proposition 8.6.

Denote

Xm := S(Mp),m
q , Ym := {(ϕα,β)α,β∈N0 : ‖(ϕα,β)‖Ym <∞},
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where q = r/(r − 1) and

‖(ϕα,β)‖Ym := sup
α,β∈N0

mα+β

MαMβ
‖ϕα,β‖q.

The space Ym is a reflexive Banach space. According to Alaoglu’s theorem,

a bounded set in Ym is weakly compact in Ym. Therefore the inclusion

mapping i : Ym′ → Ym, m′ > m is weakly compact. We will identify Xm

with a closed subspace of Ym in which Xm is mapped by

〈x〉βDα : Xm 3 ϕ 7→ (〈x〉βϕ(α))α,β ∈ Ym.

Clearly (Xm) and (Ym) are injective sequences of Banach spaces and if

m′ > m, then Xm′ ∩ Ym = Xm. It follows that the quotient space Zm =

Ym/Xm (with the quotient topology) is also an injective weakly compact

sequence of Banach spaces. It follows from the dual Mittag-Leffler lemma

that

{0} ←− ( ind lim
m → 0

Xm)′
∑

(−1)αDα〈x〉β

←− ( ind lim
m → 0

Ym)′

is topologically exact (see [82]). The above fact together with the identities:

proj lim
m→ 0

X ′
m = ( ind lim

m → 0
Xm)′

and

proj lim
m → 0

Y ′
m = ( ind lim

m → 0
Ym)′

imply that the space lim indm→0Xm has the same strong dual as the closed

subspace lim indm→0Xm of lim indm→0Ym. Since Y ′
m is the Banach space

of all F = (Fα,β), Fα,β ∈ Lr, with

‖f‖Y ′
m

:=





( ∑
α,β∈N0

∫
R

∣∣∣MαMβ

mα+β
Fα,β(x)

∣∣∣
r

dx
)1/r

<∞, r ∈ (1,∞),

sup
α,β∈N0

x∈R

(MαMβ

mα+β
|Fα,β(x)|

)
<∞, r =∞,

the assertion is proved. �

In [75], the spaces S∗ are characterized in terms of Hermite expansions.

The following theorem is based on these expansions.

Theorem 2.6.2. If condition (M.2) is satisfied, then S(Mp), S ′{Mp} are

(FN) spaces and S{Mp}, S ′(Mp)
are (LN) spaces, respectively.
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2.7 Laplace transform

Suppose that conditions (M.1), (M.2) and (M.3′) are satisfied.

We will give the definition of the Laplace transform based on (1.7) in

the case n = 1. For n > 1 the definitions can be extended easily.

Denote by S ′∗+(R) the subspace of S ′∗ consisting of elements supported

by [0,∞). Let g ∈ S ′∗+. For fixed y > 0, we define g exp [−2πy ·] as an

element of S ′∗ by

〈g exp (−2πy ·), ϕ〉 := 〈g, % exp (−2πy ·)ϕ〉, ϕ ∈ S∗(R),

where % is an element of E∗(R) such that, for some ε > 0, %(x) := 1 if

x ∈ (−ε,∞) and %(x) := 0 if x ∈ (−∞,−2ε). It is easy to see that the

definition does not depend on the choice of %.

An example of such a function is % := f ∗ ω, where f is a function

such that f(x) := 1 for x ≥ −3ε/2 and f(x) := 0 for x < −3ε/2, and ω

is a function in D∗ such that
∫
ω = 1 and suppω ⊂ [−ε/2, ε/2]; for the

existence of such a function ω see [82], Theorem 4.2. Clearly, the function

% so defined belongs to E∗.

As in the case of S ′+ (see e.g. [151]), we define the Laplace transform of

g ∈ S ′∗+ by

(Lg)(ζ) := F [g exp (−2πy·)](x), ζ = x+ iy ∈ C+.

Clearly, if y > 0 is fixed, Lg is an element of S ′∗.

Let

G(ζ) := 〈g, η exp (2πiζ ·)〉, ζ = x+ iy ∈ C+,

where η is as chosen above. The function G is analytic on C+, and its

definition does not depend on η.
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Chapter 3

Boundedness

3.1 Boundedness in D
′(∗, Ls)

Denote by C0 the space of continuous functions f on Rn vanishing at ∞,

i.e., such that lim|x|→∞ f(x) = 0, equipped with the norm ‖ · ‖L∞ . Its dual

space, the space of measures, is denoted by M1 as in [60]. We denote the

dual norm inM1 by ‖·‖M1 . Note that, under conditions (M.1) and (M.3′),
the space D∗ is dense in C0.

Theorem 3.1.1. If (Mp) satisfies conditions (M.1) and (M.3′), then

(i) a set B ⊂ D′((Mp), L
t), t ∈ (1,∞], is bounded if and only if every

f ∈ B can be represented in the form

f =

∞∑

α=0

∂αfα, fα ∈ Lt, α ∈ N
n,

and, moreover, there exist d > 0 and C > 0, independent of f ∈ B, such

that
∞∑

α=0

dαMα‖fα‖Lt < C; (3.1)

(ii) a set B ⊂ D′((Mp), L
1) is bounded if and only if the representation

of f in (i) holds with fα ∈ M1 and the condition in (i) holds with the norm

‖fα‖M1 ;

(iii) an element f of D′{Mp} belongs to D′({Mp}, Lt) for t ∈ [1,∞] if

and only if f is of the form

f =
∑

α∈N0

∂αfα,

where fα ∈ Lt if t ∈ (1,∞] and fα ∈ M1 if t = 1 for α ∈ N
n
0 , moreover,

for every d > 0, we have∑

α∈N0

dαMα‖fα‖Lt <∞ in case t ∈ (1,∞];

41
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∑

α∈N0

dαMα‖fα‖M1 <∞ in case t = 1.

Proof. Clearly, the conditions given in (i) - (iii) are sufficient. We will

prove that they are necessary.

(i) Notice that D((Mp), L
s) with s = t/(t−1) ∈ [1,∞) is barrelled , the

set B is equicontinuous in D′((Mp), L
t) and, for some d > 0 and C > 0,

|〈f, ϕ〉| ≤ C‖ϕ‖Ls,d, f ∈ B, ϕ ∈ D((Mp), L
s).

Hence, by the Hahn-Banach theorem, elements of B can be extended to

constitute an equicontinuous set B1 on D(Mp)
Ls,d . Let Ys,d be the space of all

sequences (ϕα) in Ls such that

‖(ϕα)‖Ls,d = sup

{‖ϕα‖Ls

dαMα
: α ∈ N

n
0

}
<∞

equipped with this norm. Again by the Hahn-Banach theorem, elements

of B1 can be extended to constitute an equicontinuous set B2 on Ys,d. An

equicontinuous set on Ys,d consists of all sequences (fα) from Lt for which

(3.1) holds and this implies assertion (i).

(ii) Let X∞,h be the space of all smooth functions ϕ such that ϕ(α) ∈ C0
and ‖ϕ‖L∞,h <∞ for every α ∈ Nn0 , equipped with the norm ‖ · ‖L∞,h. We

have

Ḃ(Mp) = proj lim
h→ 0

X∞,h,

which implies that Ḃ(Mp) is barrelled. Thus, using the same reasoning as

in (i), the proof of (ii) follows.

(iii) Let Ys,h with s ∈ [1,∞] and h > 0 be the space of all sequences

(ϕα) = (ϕα)α∈Nn
0

in Ls, for s ∈ [1,∞), and in C0, for s =∞, such that

‖(ϕα)‖Ls,h = sup

{‖ϕα‖Ls

hαMα
: α ∈ N

n
0

}
<∞,

equipped with the above norm.

For a given h > 0, let Xs,h = D((Mp), h, L
s), for s ∈ [1,∞), and X∞,h

be as in the proof of (ii). We identify Xs,h with the corresponding subspace

of Ys,h, for s ∈ [1,∞] and h > 0 via the mapping ϕ→ (ϕ(α)). Notice that

Ḃ{Mp} = ind lim
h→ ∞

Xs,h.

According to this identification, we have

D({Mp}, Ls) ⊂ Ys = ind lim
h → ∞

Ys,h, s ∈ [1,∞),
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and

Ḃ{Mp} ⊂ Y∞ = ind lim
h → ∞

Y∞,h.

Since the inclusion mappings are continuous, every continuous linear func-

tional on D({Mp}, Ls) or on Ḃ{Mp} is continuous on this space, equipped

with the induced topology from Ys for s ∈ [1,∞]. Thus the Hahn-Banach

theorem implies the assertion (iii), because

( ind lim
h→ ∞

Ys,h)′ = proj lim
h → ∞

Y ′
s,h, s ∈ [1,∞],

in the set theoretical sense, which completes the proof of the last assertion

of Theorem 3.1.1. �

Remark 3.1.1. With the notation as in (iii) for s ∈ (1,∞), the sequence

(Ys,h)h∈Nn is weakly compact. This implies that the sequences (Xs,h)h∈Nn

and (Zs,h)h∈Nn , where Zs,h := Ys,h/Xs,h, are weakly compact, as well.

Thus the dual Mittag - Leffler lemma (see [82], Lemma 1.4) implies that

the sequence

{0} ←− proj lim
h → ∞

X ′
s,h ←− proj lim

h → ∞
Y ′
s,h

is exact, where

proj lim
h→ ∞

X ′
s,h = X ′

s = ( ind lim
h → ∞

Xs,h)′

and

proj lim
h → ∞

Y ′
s,h = Y ′

s = ( ind lim
h → ∞

Ys,h)′

in the topological sense. This implies that D({Mp}, Ls) and Xs, equipped

with the induced topology from Ys, have the same strong duals (see [82],

Lemma 1.4, (iii)). We do not know whether the space Xs with the induced

topology is quasi-barrelled and, consequently, we do not have a characteri-

zation of bounded sets in D′({Mp}, Lt) for t ∈ (1,∞).

Denote by D({Mp}, (ap), Ls), with (ap) ∈ R and s ∈ [1,∞], the space

of all smooth functions ϕ such that

‖ϕ‖Ls,(ap) = sup{ ‖∂αϕ‖Ls

Mα(
∏α
j=1 aj)

: α ∈ N
n
0} <∞,

equipped with the above norm, and let

D̃({Mp}, Ls) = proj lim
(ap) ∈ R

D({Mp}, (ap), Ls).
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For the completion of D{Mp} in the space D̃({Mp}, L∞) we use

the symbol Ḃ{Mp}. The corresponding dual spaces are denoted by

D̃′({Mp}, Lt) for t = s/(s− 1) ∈ (1,∞] and by D̃′({Mp}, L1), respectively.

Theorem 3.1.2. If (Mp) satisfies (M.1) and (M.3′), then

(i) D̃({Mp}, Ls) = D({Mp}, Ls) for s ∈ [1,∞) in the set theoretical

sense; the same is true for Ḃ{Mp} and ˙̃B
{Mp}

;

(ii) the inclusion mappings i1 : D({Mp}, Ls) → D̃({Mp}, Ls) for s ∈
[1,∞) and i2 : Ḃ{Mp} → ˙̃B

{Mp}
are continuous.

Proof. Note that

˙̃B
{Mp}

= proj lim
(ap) ∈ R

X∞,(ap),

where X∞,(ap) is the space of all smooth functions ϕ such that ϕ(α) ∈ C0
for α ∈ N

n
0 and ‖ϕ‖L∞,(ap) <∞, equipped with this norm.

The set theoretical equalities in (i) follow from Lemma 3.4 in [82]. The

continuity of the inclusion mappings i1 and i2 in (ii) follows from the in-

equality

‖ϕ‖Ls,(ap) ≤ C(ap),h‖ϕ‖Ls,h, ϕ ∈ D({Mp}, h, Ls),
where (ap) ∈ R, h > 0 and C(ap),h > 0 is a suitable constant. The proof of

Theorem 3.1.2 is thus completed. �

From here to the end of this section we shall assume that conditions

(M.1), (M.2) and (M.3) are satisfied.

The following assertion of Komatsu will be used. Note that the first

part of this assertion is also proved in [43].

Lemma 3.1.1. (see [84]) Let K be a compact neighborhood of zero, r > 0

and (ap) ∈ R. Then

(i) there are a u ∈ D((Mp), r/2,K) and ψ ∈ D((Mp),K) such that

Pr(D)u = δ + ψ, (3.2)

where Pr is of the form (2.15).

(ii) there are a u ∈ C∞ and ψ ∈ D({Mp},K) such that

P(ap)(D)u = δ + ψ, suppu ⊂ K (3.3)

and

sup
x∈K

|u(α)(x)|
AαMα

→ 0, as α→∞, (3.4)

where P(ap) is of the form (2.17).
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Theorem 3.1.3. If A ⊂ D′∗, then

(i) A is a bounded subset of D′((Mp), L
t) for t ∈ [1,∞] if and only if

there are an r > 0 and bounded sets A1 and A2 in Lt such that every f ∈ A
is of the form

f = Pr(D)F1 + F2, F1 ∈ A1, F2 ∈ A2;

(ii) A is an equicontinuos subset of D̃′({Mp}, Lt) for t ∈ [1,∞] if and

only if there are an (ap) ∈ R and bounded sets A1 and A2 in Lt such that

every f ∈ A is of the form

f = P(ap)(D)F1 + F2, F1 ∈ A1, F2 ∈ A2. (3.5)

Proof. Notice that we do not know whether the basic space is quasi-

barrelled and therefore we assume in (ii) that A is equicontinuous. We

shall prove only assertion (ii), because it is more complicated. Since P(ap)

maps continuously the spaces D({Mp}, Ls), s ∈ [1,∞) and Ḃ{Mp} into

themselves, (3.5) implies that A is bounded in D′({Mp}, Lt).
We shall now prove the converse for t = s/(s− 1) with s ≥ 1. For t = 1

(i.e. s = ∞) the proof is similar. Let Ω be a bounded open set in Rn

containing zero, K = Ω̄ and ϕ ∈ D({Mp},K).

First we show that, for every f ∈ A, the functional T defined by T (ϕ) =

f ∗ ϕ is a continuous linear functional on the space D{Mp} endowed with

the topology of Ls. Since A is equicontinuous, there are a constant C > 0

(which does not depend on f ∈ A) and an (ap) ∈ R such that

| < f ∗ ϕ, ψ > | = | < f, ϕ̃ ∗ ψ > | ≤ C‖ϕ̃ ∗ ψ‖Ls,(ap)

≤ C‖ϕ‖K,(ap)‖ψ‖Ls ≤ C1‖ψ‖Ls, (3.6)

for every ψ ∈ D{Mp}, where ϕ̃(−x) = ϕ(x).

Since D{Mp} is dense in Ls, it follows that {f ∗ ϕ : f ∈ A} is a set of

(continuous) functions bounded in Lt. Moreover, (3.6) implies that

sup{‖f ∗ ϕ‖Lt : f ∈ A} ≤ C‖ϕ‖K,(ap).

Consequently, if B is a bounded set of D({Mp},K) then

sup{‖f ∗ ϕ‖Lt : f ∈ A, ϕ ∈ B} <∞.

Next, we show that there is (another) (ap) ∈ R such that {f ∗θ : f ∈ A}
is a bounded set in Lt for every θ ∈ D({Mp}, (ap),Ω). Let B1 be the unit

ball in Ls and B be a bounded subset of D({Mp},K).
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We have

| < f ∗ ψ̌, ϕ̌ > | = | < f ∗ ϕ, ψ > | ≤ ‖f ∗ ϕ‖Lt‖ψ‖Ls = ‖f ∗ ϕ‖Lt

≤ D <∞
for all f ∈ A, ψ ∈ B1 ∩ D{Mp} and ϕ ∈ B, where D does not depend on ϕ

and f . This implies that the set

{f ∗ ψ̌ : f ∈ A, ψ ∈ B1 ∩ D{Mp}}
is bounded in D′({Mp},K). Since D({Mp},K) is barrelled, this family is

equicontinuous in D′({Mp},K). This implies that there exists a neighbor-

hood V(ap)(ε) of zero in D({Mp},K) of the form:

V(ap)(ε) = {θ ∈ D({Mp},K) : ‖θ‖K,(ap) ≤ ε}
with ε > 0, such that θ ∈ V(ap)(ε) implies that

| < f ∗ ψ̌, θ̌ > | = | < f ∗ θ, ψ > | ≤ 1,

for f ∈ A and ψ ∈ B1 ∩D{Mp}. The same is true for the closure of V(ap)(ε)

in D({Mp}, (ap),K).

Let now δk(t) = kω(kt) for t ∈ R and k ∈ N, where ω ∈ D{Mp},

0 ≤ ω ≤ 1 and ∫

R

ω(t) dt = 1,

and let δk(x) = δk(x1) · . . . · δk(xn) for x ∈ Rn and k ∈ N.

One can easily prove that, for every µ ∈ D({Mp}, (ap),Ω), the se-

quence (µ ∗ δk) of elements of D({Mp},K) converges to µ in the norm

‖ · ‖K,(ap). For an arbitrary θ ∈ D({Mp}, (ap),Ω), there is an N > 0

such that ‖θ/N‖K,(ap) < ε and there exists a sequence in V(ap)(ε) which

converges to θ/N in the norm ‖ · ‖K,(ap). This implies that, for every

θ ∈ D({Mp}, (ap),Ω), there is a constant C > 0 such that

| < f ∗ ψ̌, θ̌ > | = | < f ∗ θ, ψ > | ≤ C,
for f ∈ A and ψ ∈ B1 ∩ D{Mp}. Consequently,

| < f ∗ θ, ψ > | ≤ C‖ψ‖Ls

for f ∈ A and ψ ∈ D{Mp}. This proves that {f ∗ θ : f ∈ A} is a bounded

set in Lt for every θ ∈ D({Mp}, (ap),Ω).

Lemma 3.1.1 implies that there exist functions u ∈ D({Mp}, (ap),Ω)

and ψ ∈ D({Mp},Ω) such that

f = P(ap)(u ∗ f)− ψ ∗ f
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for every f ∈ A. Since {u ∗ f : f ∈ A} and {ψ ∗ f : f ∈ A} are bounded

sets in Lt, the proof is completed. �

Let r > 0 (respectively, (ap) ∈ R) be given. There is a r̃ > 0 (re-

spectively, (ãp) ∈ R) such that the function Prϕ (respectively, P(ap)ϕ) is

continuous for ϕ ∈ D((Mp), r̃/2,K) (respectively, ϕ ∈ D({Mp}, (ãp),K)).

Hence Theorems 3.1.2 and 3.1.3 imply the following corollary:

Corollary 3.1.1. Suppose that f ∈ D′∗. An ultradistribution f is an ele-

ment of the space D′((Mp), L
t) (respectively, D′({Mp}, Lt)) for t ∈ [1,∞]

if and only if for every compact set K there is an r > 0 (respectively,

(ap) ∈ R) such that f ∗ϕ ∈ Lt for every ϕ ∈ D((Mp), r/2,K) (respectively,

ϕ ∈ D({Mp}, (ap),K)).

3.2 Boundedness in S
′∗

The following structural theorem is true for tempered ultradistributions.

Theorem 3.2.1. Let (Mp) satisfy conditions (M.1) and (M.3′). A set

B ⊂ S ′(Mp)
(respectively, B ⊂ S ′{Mp}) is bounded if and only if every

f ∈ B can be represented in the form

f =
∑

α,β∈Nn
0

∂α[< x >β fα,β],

where fα,β ∈ L2 for α, β ∈ Nn0 are functions with the following property: for

some d > 0 (respectively, for every d > 0) there exists a D > 0, independent

of f ∈ B, such that
∑

α,β∈Nn
0

dα+βMαMβ‖fα,β‖L2 < D.

Proof. We shall prove the assertion only in the more difficult Roumieu

case ∗ = {Mp}.
Note that the space S{Mp} is barrelled and thus B is an equicontinuous

subset of S ′{Mp}.

Let Wh, h > 0, be the space of all sequences (ϕα,β) = (ϕα,β)α,β∈Nn
0

in

L2 such that

‖(ϕα,β)‖L2,h = sup{ ‖ϕα,β‖L2

hα+βMαMβ
: α, β ∈ N

n
0} <∞,
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equipped with the above defined norm. We identify S(Mp)
h with the cor-

responding subspace of Wh. Since the inductive sequences (Wh)h∈N and

(S(Mp)
h )h∈N are weakly compact and compact, respectively, it follows from

Lemma 1.4, (iii) in [82] that the sequence

{0} ← proj lim
h → ∞

(S(Mp)
h )′ ← proj lim

h→ ∞
W ′
h

is exact, where

proj lim
h → ∞

(S(Mp)
h )′ = S ′{Mp} = ( ind lim

h → ∞
S(Mp)
h )′

and

proj lim
h → ∞

W ′
h = W ′ = ( ind lim

h → ∞
Wh)′.

Since the space S{Mp} is Montel, by Lemma 1.4, (v) in [82], it is a closed

subspace of W ; and, by the Hahn-Banach theorem, the equicontinuous set

B ⊂ S ′{Mp} can be extended to the equicontinuous set B̃ in W ′. Thus B̃

consists of all sequences (fα,β) = (fα,β)α,β∈Nn
0
∈ L2 from L2 such that for

every d ∈ N there is a constant C > 0, independent of the elements of B̃,

such that ∑

α,β∈Nn
0

dα+βMαMβ‖fα,β‖L2 < C.

The mapping T given by

T : g 7→
∑

α,β∈Nn
0

(−1)α∂α[< x >β g]

maps W ′ onto S ′{Mp} and

B ⊂ T (B̃),

which implies the assertion. �

Theorem 3.2.2. Assume that the sequence (Mp) satisfies conditions

(M.1), (M.2) and (M.3). Let B ⊂ D′(Mp)
(respectively, B ⊂ D′{Mp}). The

set B is a bounded subset of S ′(Mp) (respectively, B is a bounded subset of

S′{Mp} ) if and only if every f ∈ B is of the form

f = P (D)F, F ∈ B1, (3.7)

where P is an operator of class (Mp) (respectively, of class {Mp}) and B1

is the set of all continuous functions on Rn such that for some k > 0 and

some C > 0 (respectively, for every k > 0 there is a C > 0)

|F (x)| ≤ C exp [M(k|x|)], x ∈ R
n. (3.8)

for all F ∈ B1.
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Proof. We shall prove again the Roumieu case ∗ = {Mp}, since the idea

of the proof is similar in both cases and this case is more complicated.

Clearly, (3.8) implies that the set of all elements f of the form given by

(3.7) is a bounded set in S ′{Mp}.

Let B be a bounded set in S′{Mp}. For the Fourier transform f̂ of the

ultradistribution f ∈ B there are (aj), (bj) ∈ R and a constant A > 0

(which do not depend on f ∈ B) such that

| < f̂, ϕ > | < Aγ(aj),(bj)(ϕ), ϕ ∈ S{Mp}. (3.9)

To simplify the notation, for given sequences (aj), (bj) ∈ R and a given

α = (α1, . . . , αn) ∈ Nn0 , denote

Aα =

ᾱ∏

j=1

aj , Bα =

ᾱ∏

j=1

bj , S′
α =

ᾱ∏

j=1

aj/2,

where ᾱ = α1 + . . .+ α. For some D > 0 and c > 0, we have

sup
α∈Nn

0

(1 + |x|2)α/2

MαAα
≤ D exp [N(c|x|)], x ∈ R

n. (3.10)

Let (ãp) and ρ0 correspond to (ap), c and C in (2.18), where C is given by

(2.20) and c by (3.10). If ϕ ∈ D{Mp}, it follows from (2.18) - (2.20) that

γ(aj),(bj)(ϕ/P(ãp))

≤ sup
α,β∈Nn

0

‖(1 + |x|2)α/2
∑

0≤k≤β
(
β
k

)
∂β−kϕ∂k(1/P(ãp))‖L2

MαAαMβ−kBβ−kMkBk

≤ sup
k,β∈Nn

0
k≤β

∥∥∥∥∥∥
sup
α∈N0

(1 + |x|2)α/2

2βMαAα

∑

0≤k≤β

(
β

k

)
sup

0≤k≤β

|∂k(1/P(ãp))∂
β−kϕ|

MkS′
kMk−βS′

k−β

∥∥∥∥∥∥
L2

≤ D sup
k,β∈Nn

0
k≤β

sup
0≤k≤β

k!d−k

2βMkS′
k

∥∥∥∥∥∥
eN(c|·|)−N(|·|)/C

∑

0≤k≤β

(
β

k

) |∂β−kϕ|
Mβ−kS′

β−k

∥∥∥∥∥∥
L2

≤ C1 sup
k,β∈Nn

0
k≤β

2−β
∑

0≤k≤β

(
β

k

)‖∂β−kϕ‖L2

Mβ−kS′
β−k

≤ C1‖ϕ‖L2,(bj/2)

for a certain constant C1 > 0. Thus, (3.9) implies that

|〈f̂/P(ãp), ϕ〉| = |〈f̂ , ϕ/P(ãp)〉| ≤ C1‖ϕ‖L2,(bp/2)
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for a suitable constant C1 > 0, all f ∈ B and all ϕ ∈ D({Mp}, L2). This

implies that the set {f̂/P(ãp) : f ∈ B} is equicontinuous in D̃′({Mp}, L2).

Hence, by Theorem 3.1.3, every f̂ for f ∈ B is of the form

f̂(ξ) = P(ãp)(ξ)[P(
˜
r̃p)

(D)F̃1(ξ) + F̃2(ξ)], F̃1 ∈ B̃1, F̃2 ∈ B̃2,

where B̃1 and B̃2 are bounded subsets of L2. Using the inverse Fourier

transform, we obtain

f(x) = P(ãp)(D)[P
(
˜
r̃p)

(x)F1(x) + F2(x)], F1 ∈ B1, F2 ∈ B2,

where B1 and B2 are bounded subsets of L2. Put

F (x) =

∫ x1

0

. . .

∫ xn

0

[P
(
˜
r̃p)

(t)F1(t) + F2(t)] dt1 . . . dtn,

where x = (x1, . . . , xn) ∈ Rn and t = (t1, . . . , tn) ∈ Rn, with F1 ∈ B1 and

F2 ∈ B2 and

P (D) = P(ãp)(D)
∂n

∂x1 . . . ∂xn
.

From (2.16) it follows that

|F (x)| ≤ C exp [ ˜̃N(|x|)](1 + |x|2)n
∫ x

0

|F1(t) + F2(t)|
(1 + |t|2)n

dt

≤ C(‖F1‖L2 + ‖F2‖L2) exp [ ˜̃N(|x|)]
for x ∈ Rn. Now, for every k > 0 there is a ρk > 0 such that

˜̃N(|x|) ≤M(k|x|),
whenever |x| > ρk (see [82], 3.8); and the theorem is proved. �
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Chapter 4

Cauchy and Poisson Integrals

4.1 Cauchy and Poisson kernels as ultradifferentiable func-

tions

The first authors who have studied the representations of the Schwartz

distributions D′
Lr as boundary values of analytic functions were Tillmann

[140] and  Luszczki and Zieleźny [96]. The one-dimensional case of functions

analytic in half planes was studied in [96]. In [140], the n-dimensional case

was analyzed for functions analytic in the 2n tubes of the form TCu :=

R
n + iCu, where Cu is any of the 2n n-rants in R

n defined in (1.11) by

Cu := {y = (y1, . . . , yn) ∈ R
n : ujyj > 0, j = 1, . . . , n} (4.1)

for an arbitrary u ∈ Θ, where

Θ := {u = (u1, . . . , un) ∈ R
n : uj = ±1, j = 1, . . . , n}. (4.2)

The values of r considered in these papers were 1 < r <∞ and fundamen-

tal to the analysis was the property that the Cauchy kernel function corre-

sponding to half planes or tubes Rn+iCu is an element of DLs , 1 < s <∞.

In [16], Carmichael noticed that the Cauchy kernel for tubes Rn + iCu is

also an element of Ḃ ∩ DL∞ .

In this section we will prove that the general Cauchy kernel defined in

Section 1.3 corresponding to a regular cone C is an element of D(∗, Ls), 1 <

s ≤ ∞, where ∗ is both (Mp) and {Mp}, and hence is in DLs , 1 < s ≤ ∞.

Additionally, we will prove that the Poisson kernel corresponding to the

tube Rn + iC is in D(∗, Ls), 1 ≤ s ≤ ∞, and hence is in DLs , 1 ≤ s ≤ ∞.

In later sections we will use the Cauchy and Poisson kernels to construct

the Cauchy and Poisson integrals of ultradistributions in the corresponding

spaces D′(∗, Ls), and we will prove some results about these integrals. We

will conclude that an analysis similar to that of Tillmann and of  Luszczki

51
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and Zieleźny can be obtained in the more general tube setting of Rn + iC

for all values of r, 1 < r <∞, for which their results were obtained in the

special cases of Rn + iCu and half planes, respectively.

Let C be a regular cone in R
n. We shall consider now the Cauchy and

Poisson kernels, corresponding to R
n + iC, defined in Section 1.3.

Theorem 4.1.1. Let the sequence (Mp) of positive numbers satisfy condi-

tions (M.1) and (M.3′). We have K(z − ·) ∈ D(∗, Ls), 1 < s ≤ ∞, for

z ∈ TC, where the symbol ∗ means either (Mp) or {Mp}.

Proof of Theorem 4.1.1 for dimension n = 1. First let C be the cone

C = (0,∞) in R1. We have C∗ = [0,∞) and K(z − t) = 1/2πi(t − z) as

usual for z = x + iy ∈ R1 + i(0,∞) and t ∈ R1. Let α be a nonnegative

integer. We have

dαK(z − t)
dtα

= (−1)αK(α)(z − t) = (2πi)−1(−1)αα!(t− z)−α−1.

For 1 < s <∞, we have

∥∥∥K(α)(z − ·)
∥∥∥
Ls

=
( ∞∫

−∞

|α!/2πi(t− z)α+1|s dt
)1/s

≤ (α!/2πyα)(

∫ ∞

−∞
((t− x)2 + y2)−s/2 dt)1/s

≤ K(s, x, y)(α!/yα), (4.3)

where K(s, x, y) is a constant depending on s, x, and y; we recall that y > 0

here. Let h > 0 be arbitrary and apply definition (2.7). Since (Mp) satisfies

(M.1) and (M.3′), we have

α! ≺Mα,

by Lemma 2.1.2. Thus for L := hy there is a constant B > 0 which is

independent of α such that (2.6) holds, i.e.,

α! ≤ B(hy)αMα, α ∈ N0. (4.4)

Applying (4.4) to (4.3), we obtain
∥∥∥K(α)(z − ·)

∥∥∥
Ls
≤ BK(s, x, y)hαMα, α ∈ N0, (4.5)

for all h > 0 which proves that K(z − ·) ∈ D((Mp), L
s), 1 < s < ∞, for

z ∈ R
1 + i(0,∞).

For s =∞, and z ∈ R1 + i(0,∞), we have
∣∣∣d
αK(z − t)
dtα

∣∣∣ ≤ α!

2π
((t− x)2 + y2)−(α+1)/2 ≤ α!

2πyα+1
.
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Again let h > 0 be arbitrary. Using (4.4) in the above inequality, we have
∣∣∣d
αK(z − t)
dtα

∣∣∣ ≤ (B/2πy)hαMα, α ∈ N0,

for all h > 0 which proves that K(z − ·) ∈ D((Mp), L
∞) and, combining

our results, we have K(z − ·) ∈ D((Mp), L
s), 1 < s ≤ ∞, for z ∈ R1 + iC

with C = (0,∞) ⊂ R1.

If C = (−∞, 0) ⊂ R1 then C∗ = (−∞, 0]; and K(z − ·) ∈
D((Mp), L

s), 1 < s ≤ ∞, as a function of t ∈ R1 for z = x + iy ∈ R1 +

i(−∞, 0) is proved like that for C = (0,∞) with |y| in place of y in the proof.

Since D((Mp), L
s) ⊂ D({Mp}, Ls) we thus have K(z − ·) ∈ D({Mp}, Ls)

also for both cases C = (0,∞) and C = (−∞, 0). This completes the proof

of Theorem 4.1.1 for dimension n = 1. �

Let u = (u1, u2, . . . , un) such that uj = ±1, j = 1, . . . , n. Each n−rant

Cu, u ∈ Θ, is a regular cone in Rn and C∗
u = C̄u. The Cauchy kernel

corresponding to the tube TCu = R
n + iCu takes the form

K(z − t) = (2πi)−n
n∏

j=1

sgn yj
tj − zj

, z = x+ iy ∈ TCu , t ∈ R
n, (4.6)

where

sgn yj =

{
1, yj > 0,

−1, yj < 0,

for j = 1, . . . , n. Thus for the tubes Rn + iCu in Cn, it is clear from the

form of K(z− t) that a proof like that in the one dimensional case will yield

the desired result of Theorem 4.1.1. This case for the tubes R
n + iCu also

follows as a special case of the general proof of Theorem 4.1.1 for dimension

n ≥ 2 given below.

Before giving the proof of Theorem 4.1.1 for dimension n ≥ 2 we first

adopt some notation and prove a needed lemma.

Let a > 0 be arbitrary but fixed. Let C be a regular cone in Rn and C∗

be its dual cone. Let x ∈ Rn and t ∈ Rn be arbitrary but fixed. Put

C∗
a := {η ∈ C∗ : |η| ≤ a}; (4.7)

C∗
a,x,t := {ζ : ζ = η + i|η|(x− t)η ∈ C∗

a}; (4.8)

J∗
a,x,t := {ζ : ζ = η + iau(x− t), η ∈ C∗, |η| = a, 0 ≤ u ≤ 1.}.

(4.9)

The differential form properties used in the following lemma can be

found in [1] and [49]. This lemma will be used in the proof of Theorem
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4.1.1 for dimension n ≥ 2 given below; in particular it will be used to

obtain equation (4.19) below.

In the sequel of this chapter, it will be convenient to use the notation

introduced for exponents in formulas (1.3) and (1.4) of Chapter 1, namely

Ez(ζ) := exp [2πi〈z, ζ〉], z, ζ ∈ C
n, (4.10)

and

ey(t) := exp [−2π〈y, t〉], y ∈ R
n, t ∈ R

n. (4.11)

Lemma 4.1.1. For every α ∈ Nn0 , we have

lim
a→+∞

∫

J∗
a,x,t

ζαEz−t(ζ) dζ = 0

for z = x+iy ∈ TC and t ∈ Rn, where the symbol Ez−t is defined in (4.10).

Proof. The form dη := dη1 . . . dηn with η = (η1, . . . , ηn) ∈ Rn is an

n-form and the set {η ∈ Rn : |η| = a} has dimension less than n for every

a > 0. Thus

dη1 . . . dηn = 0,

whenever |η| = a. Since du du = du ∧ du = 0, we have

dζ = dζ1 . . . dζn = ia

n∑

j=1

(xj − tj)dj ,

where

dj := dη1 . . . dηj−1 du dηj+1 . . . dηn.

Letting E(C∗, a) := {η ∈ C∗ : |η| = a}, we obtain

Ia =

∫

J∗
α,x,t

ζaEz−t(ζ) dζ = ia

∫

E(C∗,a)

1∫

0

(ζη(x− t))αEz−t(ζη(x− t))〈x− t, d〉,

(4.12)

where the symbol Ez(ζ) for z, ζ ∈ Cn is defined in (4.10), ζη(x) := η+ iaux

and 〈x, d〉 :=
∑n

j=1 xjdj for x = (x1, . . . , xn) ∈ Rn. From the last term in

(4.12), we have Ia = 0 for x = t and for every a > 0. Thus the remainder

of the proof proceeds under the assumption that x 6= t. For an arbitrary

a > 0, it follows from (4.12) that

|Ia| ≤ a
∫

E(C∗,a)

1∫

0

ea|x−t|2(u)ey(η)
n∏

j=1

(|ηj |+au|xj−tj |)αj 〈|x−t|, d〉, (4.13)
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where 〈|x− t|, d〉 :=
∑n
j=1 |xj − tj |dj and the symbol ey is defined in (4.11).

Let now y ∈ C be fixed. By Lemma 1.2.2, there exists a δ = δy > 0

depending on y such that

< y, η > ≥ δ|y||η|, η ∈ C∗. (4.14)

Using in (4.13) inequality (4.14) and the estimate
n∏

j=1

(|ηj |+ au|xj − tj |)αj ≤ (|η|+ au|x− t|)α,

we have

|Ia| ≤ a

∫

E(C∗,a)

∫ 1

0

(|η|+ au|x− t|)αea|x−t|2(u)eδ|y|(|η|)
n∑

j=1

|xj − tj |dj

= aα+1eδa(|y|)‖x− t‖
1∫

0

(1 + u|x− t|)αea|x−t|2(u) du · I(C∗, a)

≤ aα+1S(a)eδa(|y|)‖x− t‖
1∫

0

(1 + u|x− t|)αea|x−t|2(u) du, (4.15)

where

I(C∗, a) :=

∫

E(C∗,a)

1 dη1 . . . dηj−1 dηj+1 . . . dηn

and S(a) := (2πn/2an−1/Γ(n/2)) is the surface area of the sphere of radius

a > 0 in Rn. Since

(1 + u|x− t|)α ≤ (1 + |x− t|)α, 0 ≤ u ≤ 1,

we get from (4.15), for x 6= t, the inequality

|Ia| ≤ aα+1S(a)(1 + |x− t|)α‖x− t‖ exp [−2πδa|y|]
· (1− exp [−2πa|x− t|2])(2πa|x− t|2)−1 . (4.16)

For x 6= t, the right side of (4.16) approaches 0 as a → +∞. It suffices to

combine this with the previously noted fact that Ia = 0 for every a > 0

with x = t to complete the proof of Lemma 4.1.1. �

Proof of Theorem 4.1.1 for dimension n ≥ 2.

Let α be an arbitrary n-tuple of nonnegative integers. For fixed t ∈ Rn

and z = x+ iy ∈ TC , the function Ψz,t given by

Ψz,t(ζ) := ζα exp [2πi < z − t, ζ >]



May 14, 2007 15:29 World Scientific Book - 9in x 6in Newbook

56 Boundary Values and Convolution in Ultradistribution Spaces

is an entire analytic function of ζ in Cn. Thus by the discussion made in

[147] (Section IV.22.6, p. 198), the form

Ψz,t(ζ) dζ1 dζ2 . . . dζn

is a closed differential form; that is

d(ζα exp [2πi < z − t, ζ >] dζ1 dζ2 . . . dζn) = 0

and
∫

E∗
a,x,t

ζα exp [2πi < z − t, ζ >] dζ1 dζ2 . . . dζn = 0 (4.17)

for each a > 0, x ∈ Rn, and t ∈ Rn, where

E∗
a,x,t := C∗

a ∪ C∗
a,x,t ∪ J∗

a,x,t (4.18)

with C∗
a,x,t denoting C∗

a,x,t, as defined in (4.8), suitably oriented. Now recall

the definition of the Cauchy kernel function in (1.15), the sets defined in

(4.7)-(4.9), and Lemma 4.1.1. Using these we let a → +∞ in (4.17) and

obtain

K(α)(z − t) =

∫

C∗

ηαEz−t(η) dη =

∫

C∗
x,t

ζαEz−t(ζ) dζ, (4.19)

where the symbol Ez−t is defined in (4.10) and

C∗
x,t := {ζ : ζ = η + i|η|(x − t), η ∈ C∗}. (4.20)

Between dη = dη1 . . . dηn in the first integral and dζ = dζ1 . . . dζn in the

second integral in (4.19), we have the following relationship:

dζj = dηj + i(xj − tj)
(∂|η|
∂η1

dη1 + . . .+
∂|η|
∂ηn

dηn

)

= dηj + i(xj − tj)
( η1
|η|dη1 + . . .+

ηn
|η|dηn

)
. (4.21)

Using the following differential properties:

dηjdηk = dηj ∧ dηk = −dηk ∧ dηj = −dηkdηj , j 6= k,

dηjdηj = dηj ∧ dηj = 0

(see e.g. [1] or [49]), we obtain, exactly as in [60] (p. 359, the last line), the

relation

dζ =
(

1 + i
< x− t, η >

|η|
)
dη (4.22)
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from (4.21). Thus from (4.19) and (4.22) we get

K(α)(z − t) =

∫

C∗

(kx−t(η))αEz−t(kx−t(η))lx−t(η) dη, (4.23)

where

kx−t(η) := η + i|η|(x − t); lx−t(η) := 1 + i
< x− t, η >

|η| .

Now

|(kx−t(η))α| =
∣∣∣
n∏

j=1

(ηj + i|η|(xj − tj))αj

∣∣∣ ≤ |η|α(1 + |x− t|)α (4.24)

and

|lx−t(η)| ≤ 1 + |〈x − t, η〉|/|η| ≤ 1 + |x− t||η|/|η| = 1 + |x− t|. (4.25)

Using (4.14), (4.24) and (4.25) in (4.23), we have

|K(α)(z − t)| ≤ (1 + |x− t|)α+1

∫

C∗

|η|αeδ|y|+|x−t|2(|η|) dη, (4.26)

where the symbol ey is defined in (4.11). Letting pr(C∗) denote the pro-

jection of C∗, which is the intersection of C∗ with the unit sphere in Rn,

we change variables in the integral in (4.26) by letting ψ ∈ pr(C∗) and

0 < r <∞ and obtain

|Dα
t K(z − t)| ≤ (1 + |x− t|)α+1

∫

pr(C∗)

∞∫

0

eδ|y|+|x−t|2(r)rα+n−1 dr dψ

≤ SC∗(1 + |x− t|)α+1

∞∫

0

eδ|y|+|x−t|2(r)rα+n−1 dr, (4.27)

where SC∗ is the surface area of pr(C∗). It follows (see [33], p.93, (4.6) or

[34] p. 60, (3.5)) that

sup
r≥0

rα exp [−πr(δ|y|+ |x− t|2)] ≤ Bα,δ,y(|x− t|), (4.28)

where

Bα,δ,y(u) :=

{
1, α = 0,

(π(δ|y| + u2)/ᾱ)−α, α 6= 0,

and ᾱ := α1 + . . . + αn. Using (4.28) and integrating by parts, we obtain

from (4.27) the estimate

|Dα
t K(z − t)| ≤ SC∗Γ(n)(1 + |x− t|)α+1π−n−α

· (δ|y|+ |x− t|2)−n−αᾱα (4.29)
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with the convention that 00 := 1. Thus we have, for 1 < s <∞,
∫

Rn

|Dα
t K(z − t)|s dt ≤

(SC∗Γ(n)

πn

)s
π−sαᾱsα

·
∫

Rn

(1 + |x− t|)s(α+1)

(δ|y|+ |x− t|2)s(α+n)
dt. (4.30)

Here z + iy ∈ TC is arbitrary but fixed, δ = δy > 0 is fixed, and n ≥ 2.

Using (4.30), straightforward estimation shows
∫

Rn

|Dα
t K(z − t)|s dt ≤ (SC∗Γ(n)/πn)sπ−sαᾱsαMα(s, δ, y, n), (4.31)

where

Mα(s, δ, y, n) :=

{
M1(s, δ, y, n)( 2

δ|y|)
sα +M ′

1(s, n), if δ|y| ≥ 1,

M2(s, δ, y, n)( 2
δ|y|)

sα, if δ|y| < 1.

Here M1(s, δ, y, n),M ′
1(s, n), and M2(s, δ, y, n) are positive constants which

depend on the parameters listed.

Using (4.31), we get

‖K(α)(z − ·)‖Ls ≤ (SC∗Γ(n)/πn)π−αᾱαNα(s, δ, y, n), (4.32)

where

Nα(s, δ, y, n) :=

{
N1(s, δ, y, n)( 2

δ|y|)
α, if δ|y| ≤ 2,

N2(s, δ, y, n), if δ|y| > 2,

for 1 < s <∞. Since the sequence (Mp) satisfies (M.1) and (M.3′) we have

ᾱα ≺Mα, by Lemma 2.1.2.

Let h > 0 be arbitrary. For the fixed y = Im z ∈ C and δ = δy > 0

put L = (hπδ|y|/2) if δ|y| ≤ 2 or L = hπ if δ|y| > 2. From (2.6) and (4.32)

there is a constant B > 0 which is independent of α such that

‖K(α)(z − ·)‖Ls ≤ (SC∗Γ(n)/πn)R(s, δ, y, n)BhαMα (4.33)

for all h > 0, where R(s, δ, y, n) is a constant depending on the stated

parameters. Now (4.33) proves that K(z − ·) ∈ D((Mp), L
s), 1 < s < ∞,

for z ∈ TC and n ≥ 2.

For the case s =∞ and n ≥ 2 we return to (4.29) where z = x+iy ∈ TC
and δ = δy > 0 are fixed. We have

(1 + |x− t|)α+1

(δ|y|+ |x− t|2)α+n
≤ max

{ 2α+1

(δ|y|)α+n
, 2α+1

}
(4.34)
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for all t ∈ Rn and for fixed y ∈ C and δ = δy > 0. Let h > 0 be arbitrary

and put L = (hπδ|y|)/2 if δ|y| < 1 or L = hπ/2 if δ|y| ≥ 1. From (4.29),

(4.34) and the fact that ᾱα ≺Mα here, we obtain

|Dα
t K(z − t)| ≤ (SC∗Γ(n)/πn) max{2/(δ|y|)n, 2}BhαMα, (4.35)

where the constant B > 0 is independent of α, which proves that K(z−·) ∈
D((Mp), L

∞) for z ∈ TC and n ≥ 2.

Thus we have K(z − ·) ∈ D((Mp), L
s) ⊂ D({Mp}, Ls) for 1 < s ≤ ∞,

for z ∈ TC and for n ≥ 2. The proof is complete. �

We recall that K(z−·) cannot be in D(∗, L1) or DL1 since K(z−·) is not

in L1 for z ∈ TC . Theorem 4.1.1 additionally proves that K(z − ·) ∈ DLs

for 1 < s ≤ ∞ and for z ∈ TC , since D(∗, Ls) ⊂ DLs for 1 < s ≤ ∞.

For a regular cone C we now consider the Poisson kernel Q(z; t),

z ∈ TC = Rn + iC, t ∈ Rn, defined in equation (1.17).

Theorem 4.1.2. Let the sequence of positive real numbers (Mp), p =

0, 1, 2, . . ., satisfy (M.1) and (M.3′). We have Q(z; · ) ∈ D(∗, Ls), 1 ≤
s ≤ ∞ for z ∈ TC where ∗ is either (Mp) or {Mp}.

Proof. From (1.15) and Lemma 1.2.1 we first note that K(2iy) > 0, y ∈
C, in (1.17), and Lemma 1.3.5 holds since C is a regular cone by assumption.

Now let s = 1. Let z = x+ iy ∈ TC be arbitrary but fixed, and let α be an

arbitrary n-tuple of nonnegative integers. By the generalized Leibniz rule

Dα
t Q(z; t) =

1

K(2iy)

∑

β+γ=α

α!

β!γ!
Dβ
t K(z − t)Dγ

tK(z − t), (4.36)

and Q(z; t) is infinitely differentiable as a function of t ∈ R
n. Using (4.36)

and Hölder’s inequality we have
∫

Rn

|Dα
t Q(z; t)| dt

≤ 1

K(2iy)

∑

β+γ=α

α!

β!γ!

∫

Rn

|Dβ
t K(z − t)Dγ

tK(z − t)| dt

≤ 1

K(2iy)

∑

β+γ=α

α!

β!γ!
‖K(β)(z − ·)‖L2‖K(γ)

(z − ·)‖L2 (4.37)

for every n-tuple α of nonnegative integers. By the proof of Theorem 4.1.1,

K(z − ·) ∈ D(∗, Ls), 1 < s ≤ ∞, for z ∈ TC . Let h > 0 be arbitrary.
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Thus by Theorem 4.1.1 there exist constants N and N ′ which are both

independent of h and α such that

‖K(β)(z − ·)‖Ls ≤ NhβMβ , β ∈ N
n
0 , (4.38)

and

‖K(γ)
(z − ·)‖L2 ≤ N ′hγMγ , γ ∈ N

n
0 . (4.39)

Combining (4.37), (4.38) and (4.39) and using (2.3), we have
∫

Rn

|Dα
t Q(z; t)| dt ≤ 1

K(2iy)

∑

β+γ=α

α!

β!γ!
NN ′hβ+γMβMγ

≤ NN ′M0

K(2iy)

( ∑

β+γ=α

α!

β!γ!

)
hαMα (4.40)

for each α ∈ Nn0 . Thus

Q(z; ·) ∈ D((Mp), L
1) ⊂ D({Mp}, L1).

Now let 1 < s ≤ ∞ and let h > 0 be arbitrary. Let α be an arbitrary

n-tuple of nonnegative integers. By Theorem 4.1.1 (see (4.33) and (4.35))

there exist constants N and N ′ which are independent of h and of α ∈ N
n
0 ,

such that

|Dγ
tK(z − t)| ≤ NhγMγ , γ ∈ N

n
0 , (4.41)

and

‖Dβ
· K(z − ·)‖Ls ≤ N ′hβMβ, β ∈ N

n
0 , (4.42)

where β + γ = α. Using (4.36), (4.41), (4.42), and (2.3), we proceed as in

(4.40) to obtain

‖Dα
· Q(z; ·)‖Ls ≤ 1

K(2iy)

∑

β+γ=α

α!

β!γ!
‖K(β)(z − ·)K(γ)

(z − ·)‖Ls

≤ 1

K(2iy)

∑

β+γ=α

α!

β!γ!
(NhγMγ)‖K(β)(z − ·)‖Ls

≤ 1

K(2iy)

∑

β+γ=α

α!

β!γ!
(NhγMγ)(N ′hβMβ)

≤ NN ′M0

K(2iy)

( ∑

β+γ=α

α!

β!γ!

)
hαMα (4.43)

for each α ∈ Nn0 . Thus Q(z; ·) ∈ D((Mp), L
s) ⊂ D({Mp}, Ls) for 1 < s ≤

∞. The proof is complete. �
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For the n-rantCu, defined in the introduction to this section, the Cauchy

kernel takes the form

K(z − t) = (2πi)−n
n∏

j=1

sgn yj
tj − zj

for z = x+ iy ∈ TCu and t ∈ Rn, where

sgn yj :=

{
1, yj > 0,

−1, yj < 0,

for j = 1, . . . , n. From (1.17), the Poisson kernel takes the form

Q(z; t) = (π)−n
n∏

j=1

(sgn yj)yj
(tj − xj)2 + y2

j

for z = x+ iy ∈ TCu and t ∈ R
n, where sgn yj is as above. These forms of

K(z − t) and Q(z; t) are special cases to which Theorems 4.1.1 and 4.1.2,

respectively, are applicable.

4.2 Cauchy integral of ultradistributions

Let C be a regular cone in Rn, and let the sequence of positive real numbers

(Mp) satisfy (M.1) and (M.3′). Let U ∈ D′(∗, Ls), 1 < s ≤ ∞, where we

recall that ∗ means either (Mp) or {Mp}. Because of Theorem 4.1.1 we can

form

C(U ; z) = 〈U,K(z − ·)〉, z ∈ TC , (4.44)

which is the Cauchy integral of U . In this section we show that this Cauchy

integral is an analytic function in TC , has both pointwise and norm growth

properties, and has boundary value properties.

Theorem 4.2.1. Let C be a regular cone in Rn and let the sequence (Mp)

satisfy (M.1) and (M.3′). Let U ∈ D′(∗, Ls), 1 < s < ∞. The Cauchy

integral C(U ; z) is analytic in TC.

Proof. We first give the proof for D′((Mp), L
s). From Theorem 2.3.2

we have

C(U ; z) =
∑

α∈N0

(−1)α
∫

Rn

gα(t)Dα
t K(z − t) dt, z ∈ TC , (4.45)

where the gα ∈ Lr, 1/r + 1/s = 1, such that (2.47) holds for some k > 0.

Let Q be a compact subset of TC . From the proof of Theorem 4.1.1 (recall
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(4.5) and (4.33)) there is a constant B(s,Q, n) depending on s, the compact

set Q, and the dimension n such that

‖K(α)(z − ·)‖Ls ≤ B(s,Q, n)hαMα (4.46)

for all h > 0, where z ∈ Q ⊂ TC and α ∈ N
n
0 . For each gα in (4.45) we

see, from (4.46) and Hölder’s inequality, that
∫

Rn

|gα(t)Dα
t K(z − t)| dt ≤ ‖gα‖Lr‖K(α)(z − ·)‖Ls

≤ B(s,Q, n)hαMα‖gα‖Lr (4.47)

for all h > 0, where z ∈ Q ⊂ TC . Recall that (2.47) is equivalent to (2.49)

on the functions gα in (4.45). Using (4.47) and (2.49) and choosing the h in

(4.47) to be k/2 for the k in (2.49) we conclude that there exists a constant

D > 0 such that∫

Rn

|gα(t)Dα
t K(z − t)| dt ≤ B(s,Q, n)D(1/2)α

and, consequently,
∑

α∈N0

∫

Rn

|gα(t)Dα
t K(z − t)| dt ≤ B(s,Q, n)D

∑

α∈N0

(1/2)α <∞. (4.48)

The bound on the right of (4.48) is independent of z ∈ Q ⊂ TC . The

resulting uniform and absolute convergence of the series in (4.45) for z ∈
Q, where Q is an arbitrary compact subset of TC , proves that C(U ; z) is

analytic in TC .

Using Theorem 2.3.1, the result that C(U ; z) is analytic in TC for U ∈
D′({Mp}, Ls), 1 < s < ∞, can similarly be proved. This completes the

proof of Theorem 4.2.1. �

We obtain a pointwise growth estimate for the Cauchy integral after

proving a needed lemma.

Lemma 4.2.1. Let C be a regular cone in R
n. For every n-tuple α of

nonnegative integers,

hy,α ∈ Lr (4.49)

for all r, 1 ≤ r ≤ ∞, and for y ∈ C, where

hy,α(t) := tαIC∗(t)ey(t), t ∈ R
n,

with the symbol ey defined in (4.11), and IC∗ is the characteristic function

of the dual cone C∗ of C.
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Proof. Let y ∈ C. By Lemma 1.2.2 there is a δ = δy > 0 such that (1.12)

holds for t ∈ C∗. Let α be an arbitrary n-tuple of nonnegative integers.

For r =∞ we apply (1.12) and, using the notation from (4.11), obtain

|tαIC∗(t)ey(t)| ≤ sup
t∈C∗

|t|αe−2πδ|y||t| ≤ sup
ρ≥0,u∈pr(C∗)

|ρu|αeδρ|y|(|u|)

= sup
ρ≥0

ραe−2πδρ|y| (4.50)

for all t ∈ Rn and for y ∈ C. From the above calculations we conclude that

sup
ρ≥0

ραe−2πδρ|y| ≤





1, α = 0,

( ᾱ

2πδ|y|
)α
, α 6= 0.

(4.51)

From (4.50) and (4.51) we conclude (4.49) for r =∞, where y ∈ C.

Now, let 1 ≤ r <∞. From (1.12) and a calculation as in (1.20) we have∫

Rn

|tαIC∗(t)ey(t)|r dt ≤
∫

Rn

IC∗(t)|t|rαerδ|y|(|t|) dt

≤ Ωn

∞∫

0

wrα+n−1erδ|y|(w) dw = ΩnΓ(rα + n)(2πrδ|y|)−rα−n

(4.52)

for y ∈ C, where Ωn is the surface area of the unit sphere in Rn and the

change of variable for u = 2πrδw|y| was used to obtain the gamma function

Γ. Now (4.52) proves (4.49) for 1 ≤ r <∞. �

Theorem 4.2.2. Let the cone C and the sequence (Mp) satisfy the hy-

potheses of Theorem 4.2.1. If U ∈ D′((Mp), L
s), 2 ≤ s < ∞, for each

compact subcone C ′ ⊂⊂ C there are constants A = A(n,C ′, s) > 0 and

T = T (C ′) > 0 such that

|C(U ; z)| ≤ A|y|−n/r exp [M∗(T/|y|)], z = x+ iy ∈ R
n + iC ′, (4.53)

where n is the dimension, 1/r + 1/s = 1, and M ∗ is the function defined

in (2.9). If U ∈ D′({Mp}, Ls), 2 ≤ s < ∞, for each compact subcone

C ′ ⊂⊂ C and arbitrary constant T > 0, which is independent of C ′ ⊂⊂ C,

there is a constant A = A(n,C ′, s) > 0 such that (4.53) holds.

Proof. Let U ∈ D′((Mp), L
s), 2 ≤ s < ∞, and let C ′ be an arbitrary

compact subcone of C. From (4.45) we have

|C(U ; z)| ≤
∑

α∈N0

‖K(α)(z − ·)‖Ls‖gα‖Lr , z ∈ TC, (4.54)
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where gα ∈ Lr, 1/r + 1/s = 1, such that (2.47) holds for some k > 0. For

2 ≤ s <∞ we have 1 < r ≤ 2, 1/r + 1/s = 1. For these s and subsequent

r we apply Lemma 4.2.1 and so we can write, applying the notation from

(4.10),

Dα
t K(z − t) = F−1[IC∗xαEz](t), z ∈ TC , t ∈ R

n, (4.55)

where the inverse Fourier transform can be interpreted in both the L1 and

Lr sense. By the Plancherel theory of Fourier analysis and the analysis

of (4.50), (4.51), and (4.52), it follows from (4.55) that, for z = x + iy ∈
R
n + iC ′ and C ′ ⊂⊂ C,

‖K(α)(z − ·)‖Ls ≤
( ∫

C∗

|η|rαe−2πr〈y,η〉 dη
)1/r

≤ (Ωn)1/r
( ∞∫

0

wrα+n−1 exp [−2πδrw|y|] dw
)1/r

≤ (Ωn)1/r(sup
w≥0

(wrαe−πδrw|y|))1/r
( ∞∫

0

un−1e−πδrw|y| dw
)1/r

= (Ωn(n− 1)!)1/r(πδr|y|)−n/r sup
w≥0

(wαe−πδw|y|)

≤





(Ωn(n− 1)!)1/r(πδr|y|)−n/r , α = 0,

(Ωn(n− 1)!)1/r(πδr|y|)−n/r
( ᾱ

πδ|y|
)α
, α ∈ Nn.

(4.56)

Using (4.56) in (4.54) we have

|C(U ; z)| ≤ Ã(n,C ′, s)|y|−n/r
∑

α∈N0

( ᾱ

πδ|y|
)α
‖gα‖Lr (4.57)

for z = x+ iy ∈ TC′

= Rn + iC ′, where

Ã(n,C ′, s) = (Ωn(n− 1)!)1/r(πδr)−n/r

with 1/r + 1/s = 1, 2 ≤ s <∞. Using (2.49), the fact that

ᾱα ≤ eαᾱ!, ᾱ = 1, 2, 3, . . . , (4.58)

from the proof of Stirling’s formula, and our convention that ᾱα = 1 if

α = 0, and putting T = T (C ′) = (2e/kπδ) for the k in (2.49), we continue

(4.57) as

|C(U ; z)| ≤ BÃ(n,C ′, s)|y|−n/r
∑

α∈N0

(1

2

)α( T
|y|
)α ᾱ!

Mα
(4.59)
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for some B > 0. Recalling the definition of the associated function M ∗(ρ)

in (2.9), we have for each ᾱ = 1, 2, 3, . . . that( T
|y|
)α ᾱ!

Mα
=

1

M0

(( T
|y|
)α
ᾱ!
M0

Mα

)
=

1

M0
exp

[
log
(( T
|y|
)α
ᾱ!
M0

Mα

)]

≤ 1

M0
exp [M∗(T/|y|)]. (4.60)

The constant T = T (C ′) = (2e/kπδ) depends on C ′ ⊂⊂ C, because δ

depends on C ′ but not on y ∈ C ′. Using (4.60) in (4.59) and putting

A = A(n,C ′, s) = (B/M0)Ã(n,C ′, s)
∑

α∈N0

(1/2)α

the desired estimate (4.53) follows in case U ∈ D′((Mp), L
s), 2 ≤ s <∞.

For U ∈ D′({Mp}, Ls), 2 ≤ s < ∞, we use Theorem 2.3.1 and the

analysis of (4.54) and (4.56) to obtain the conclusion (4.53) for this case

similarly as we did for the case U ∈ D′((Mp), L
s) above. For the case of

D′({Mp}, Ls) the constant T > 0 in (4.53) is arbitrary and independent

of C ′ ⊂⊂ C, which is the consequence of the fact that relation (2.39) in

Theorem 2.3.1 is true for arbitrary k > 0 and does not depend on C ′ ⊂⊂ C.

The proof of Theorem 4.2.2 is completed. �

We now obtain a norm growth estimate for the Cauchy integral of ul-

tradistributions.

Theorem 4.2.3. Let the cone C and the sequence (Mp) satisfy the hy-

potheses of Theorem 4.2.1.

If U ∈ D′((Mp), L
s), 2 ≤ s <∞, then for each compact subcone C ′ ⊂⊂

C there exists a constant T = T (C ′) > 0 depending on C ′ such that, in case

s = 2,

‖C(U ; · + iy)‖Ls =
(∫

Rn

|C(U ;x+ iy)|s dx
)1/s

≤ K(U) exp [M∗(T/|y|)] (4.61)

for y ∈ C ′ ⊂⊂ C and, in case 2 < s <∞,

‖C(U ; · + iy)‖Ls ≤ K(U,C ′, s, r, n)|y|−n(s−r)/rs exp [M∗(T/|y|)] (4.62)

for y ∈ C ′ ⊂⊂ C with 1/r + 1/s = 1, where K(U) in (4.61), i.e., in case

s = 2, is a constant depending on U , and K(U,C ′, s, r, n) in (4.62), i.e. in

case 2 < s <∞, is a constant depending on U,C ′, s, r and n.

If U ∈ D′({Mp}, Ls), 2 ≤ s < ∞, then for each compact subcone

C ′ ⊂⊂ C and an arbitrary constant T > 0, which may or may not depend on

C ′ ⊂⊂ C, there is a constant K(U) if s = 2 or a constant K(U,C ′, s, r, n)

if 2 < s <∞ such that (4.61) and (4.62) hold, respectively.
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Proof. For U ∈ D′((Mp), L
s), 2 ≤ s < ∞, we use Theorem 2.3.2 and

Fubini’s theorem to obtain

C(U ; z) =
∑

α∈N0

〈g(α),K(z − ·)〉

=
∑

α∈N0

(−1)α〈gα,K(α)(z − ·)〉 =
∑

α∈N0

hα(z), (4.63)

where gα ∈ Lr for all α ∈ N0 (with 1/r+ 1/s = 1), IC∗ is the characteristic

function of C∗ and

hα(z) :=

∫

Rn

ηαe2πi〈z,η〉F−1[gα](η)IC∗(η) dη =

∫

C∗

ηα(EzF−1[gα])(η) dη

(4.64)

with the notation (4.10) used. Since gα ∈ Lr (1 < r ≤ 2), we have

F−1[gα] ∈ Ls if 2 ≤ s <∞ (since 1/r+ 1/s = 1) for each α. If s = 2, then

r = 2 and, by Lemma 4.2.1, the integrand in (4.64) is in L1 ∩ L2. In the

case s = 2, we use Parseval’s equality to get

‖hα(·+ iy)‖L2 = ‖F [ηαeyF−1[gα]IC∗ ] ‖L2 = ‖ηαeyF−1[gα]IC∗‖L2

≤ ‖ηαeyIC∗‖L∞‖F−1[gα] ‖L2 (4.65)

with the symbol ey meant as in (4.11). Now let s > 2 and note that by

Hölder’s inequality
∫

Rn

∣∣∣ηαey(η)F−1[gα](η)IC∗(η)
∣∣∣
r

dη

≤ (‖F−1[gα] ‖Ls)r‖ηαr(ey)rIC∗‖Ls/(s−r) <∞, (4.66)

since F−1[gα] ∈ Ls and because of Lemma 4.2.1. Thus, by (4.66) and

Lemma 4.2.1, each integrand in the last sum in (4.63) is in L1 ∩Lr for the

case s > 2, 1/r + 1/s = 1. By the Parseval inequality and by (4.66), we

have, in the case s > 2,

‖hα(·+ iy)‖Ls = ‖F [ηαeyF−1[gα]IC∗ ]‖Ls ≤ ‖ηαeyF−1[gα]IC∗‖Lr

≤ ‖F−1[gα]‖Ls‖ηαeyIC∗‖Lrs/(s−r) <∞. (4.67)

Due to Lemma 1.2.2, for a given compact subcone C ′ ⊂⊂ C there is a

δ = δ(C ′) > 0 such that (1.12) holds for all y ∈ C ′ and all t ∈ C∗. Hence,

using (1.12) and the estimates (4.50) and (4.51), we have

‖ηαeyIC∗‖L∞ ≤ sup
η∈C∗

|η|αe−2πδ|y||η| ≤





1, α = 0,

( ᾱ

2πδ|y|
)α
, α 6= 0,

(4.68)
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for y ∈ C ′ ⊂⊂ C and δ = δ(C ′) > 0.

For the case s = 2 we use (4.63), (4.65), (4.68), and the Parseval equality

to obtain, for y ∈ C ′ ⊂ C,

‖C(U ; z)‖L2 ≤
∑

α∈N0

‖hα(·+ iy)‖L2 ≤
∑

α∈N0

‖ηαeyIC∗‖L∞‖F−1[gα] ‖L2

≤
∑

α∈N0

( ᾱ

2πδ|y|
)α
‖gα‖L2 , (4.69)

where the convention ᾱα = 1 if α = 0 is used. For s > 2 and C ′ ⊂ C let

us write δ = δ(C ′) > 0 in (1.12) as δ = δ1 + δ2, where δ1 = δ1(C ′) > 0 and

δ2 = δ2(C ′) > 0.

Now using (4.63), (4.67), Parseval’s inequality, (1.12) with δ = δ1 + δ2,

(4.68) and applying the notation of (4.10) and (4.11), we have for y ∈ C ′ ⊂
C

‖C(U ; · + iy)‖Ls ≤
∑

α∈N0

∥∥∥F
[
IC∗ηαeyF−1[gα]

]∥∥∥
Ls

≤
∑

α∈N0

‖F−1[gα]‖Ls‖IC∗ηαey‖Lrs/(s−r)

≤
∑

α∈N0

‖gα‖Lr‖IC∗ηαeδ1|y|(| · |)‖L∞‖IC∗eδ2|y|(| · |)‖Lrs/(s−r) .

Denoting, as in (4.52), by Ωn the surface area of the unit sphere in Rn, we

have

‖C(U ; · + iy)‖Ls

≤ Ωn




∞∫

0

wn−1eδ2|y|(wrs/(s − r)) dw




s−r
rs ∑

α∈N0

‖gα‖Lr

(
ᾱ

2πδ1|y|

)α

= Ωn

(
(n− 1)!(s− r)n

(2πδ2|y|rs)n
)(s−r)/rs ∑

α∈N0

‖gα‖Lr

( ᾱ

2πδ1|y|
)α
. (4.70)

For the fixed k > 0 in the converse part of Theorem 2.3.2 we know that

(2.49) holds; that is

sup
α

(kαMα‖gα‖Lr) <∞, (4.71)

where 2 ≤ s <∞ and 1/r + 1/s = 1.
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For the case s = 2 and the fixed k > 0 we return to (4.69) to obtain

‖C(U ; · + iy)‖L2 ≤ sup
α

(kαMα‖gα‖L2)
∑

α∈N0

(
ᾱ

2kπδ|y|

)α
1

Mα
. (4.72)

Recall (4.58) and our convention that ᾱα = 1 if α = 0. Using this in (4.72)

and putting T := e/kπδ, we obtain from (4.72) the estimate

‖C(U ; · + iy)‖L2 ≤ sup
α

(kαMα‖gα‖L2)
∑

α∈N0

(1

2

)α( T
|y|
)α ᾱ!

Mα

≤ 2

M0
sup
α

(kαMα‖gα‖L2) exp [M∗(T/|y|)] (4.73)

for y ∈ C ′ ⊂ C, where the calculation from (4.60) was used. This proves

(4.61) in the case U ∈ D′((Mp), L
2), where

K(U) :=
2

M0
sup
α

(kαMα‖gα‖L2).

For s > 2 we return to (4.70) and proceed using (4.71) and (4.58) to

obtain (4.62) for the case U ∈ D′((Mp), L
s), 2 < s < ∞, similarly as we

did for the case U ∈ D′((Mp), L
2), where

K(U,C ′, s, r, n) :=
2Ωn
M0

(
(n− 1)!(s− r)n

(2πδ2rs)n

) s−r
rs

sup
α

(kαMα‖gα‖Lr)

and T := e/kπδ1.

Under the assumption that U ∈ D′({Mp}, Ls) with 2 ≤ s < ∞, the

conclusions in (4.61)-(4.62) are obtained due to the characterization given in

Theorem 2.3.1 and an analysis similar to that in the case U ∈ D′((Mp), L
s),

given previously in this proof. For U ∈ D′({Mp}, Ls), T > 0 in (4.61)-

(4.62) is an arbitrary constant, because it depends on arbitrary k > 0 in

(2.39), and T may or may not depend on C ′ depending on the choice of

the arbitrary k > 0. A complete proof of inequalities (4.61)-(4.62) for

U ∈ D′({Mp}, Ls), 2 ≤ s <∞, is given in [35]. The proof of Theorem 4.2.3

is complete. �

We desire to extend the growth results of Theorems 4.2.2 and 4.2.3 to

the case 1 < s < 2. The proofs of Theorems 4.2.2 and 4.2.3 given above

depend considerably on properties of the Fourier transform for elements in

Ls, 2 ≤ s <∞, properties which are not available in general for the cases

1 < s < 2. A detailed analysis of integrals, as in the proof of Theorem

4.1.1, may yield these growth results for 1 < s < 2. We consider this in

future research.
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Throughout the remainder of this section the sequence (Mp) will satisfy

(M.1), (M.2) and (M.3′).
We now proceed to investigate the boundary value properties of the

analytic function C(U ; z), z ∈ TC , for U ∈ D′(∗, Ls). We first define a

convolution which corresponds to that given in the definition in [82], p. 71.

Let U ∈ D′(∗, Ls) and ϕ ∈ D(∗, Ls), 1 < s <∞. Then the convolution of

U with ϕ is given by

(U ∗ ϕ)(x) := 〈U,ϕ(x− ·)〉, x ∈ R
n. (4.74)

Lemma 4.2.2. Let U ∈ D′(∗, Ls) and ϕ ∈ D(∗, Ls), where 1 < s < ∞.

We have (U ∗ ϕ) ∈ D(∗, L∞).

Proof. Let U ∈ D′((Mp), L
s) and ϕ ∈ D((Mp), L

s). By (4.74) and

Theorem 2.3.2, we have

(U ∗ ϕ)(x) =
∑

α∈N0

(−1)α
∫

Rn

gα(t)ϕ(α)(x− t) dt. (4.75)

Let β be an arbitrary n-tuple of nonnegative integers. The βth derivative

of the sum on the right of (4.75) can be taken under the summation and

the integral sign. Hence U ∗ ϕ ∈ C∞(Rn). With the aid of the chain rule

and the definition of D((Mp), L
s) we find a constant N > 0 such that

|(U ∗ϕ)(β)(x)| =
∣∣∣
∑

α∈N0

(−1)2α
∫

Rn

gα(t)ϕ(α+β)(x− t) dt
∣∣∣

≤
∑

α∈N0

‖gα‖Lr‖ϕ(α+β)‖Ls ≤ N
∑

α∈N0

hα+βMα+β‖gα‖Lr (4.76)

for every h > 0. Due to condition (M.2), there exist positive constants A

and H such that

Mα+β ≤ AHα+βMαMβ .

Taking this into account in (4.76), we obtain

|(U ∗ ϕ)(β)(x)| ≤ AN
∑

α∈N0

hα+βHα+βMαMβ‖gα‖Lr

and, consequently,

|(U ∗ ϕ)(β)(x)|
N(hH)βMβ

≤ A
∑

α∈N0

(jH)αMα‖gα‖Lr , (4.77)

where h > 0 and j > 0 are arbitrary and A and H are positive constants.

Note that we have renamed h to be j on the right side of (4.77). Recalling
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that the gα satisfy (2.47) or (2.49) for some k > 0, we can appropriately

choose the arbitrary j > 0 on the right of (4.77) to show, as in the proof of

Theorem 4.2.1, that the series on the right side of (4.77) converges. Since

h > 0 on the left of (4.77) is arbitrary, (4.77) proves the desired growth

for (U ∗ ϕ) to be in D((Mp), L
∞). The proof is therefore complete for the

Beurling case.

The proof for the Roumieu ∗ = {Mp} case is obtained by a similar

analysis with the use of (4.74) and Theorem 2.3.1. �

The following two results lead us directly to the calculation of the bound-

ary value of the Cauchy integral C(U ; z), z ∈ TC .

Theorem 4.2.4. Let C be a regular cone in Rn. Suppose that U ∈ D′(∗, Ls)
with 1 < s <∞ and ϕ ∈ D(∗, L1). For a fixed y = Im z ∈ C we have

〈C(U ; · + iy), ϕ〉 = 〈U,ψy〉, (4.78)

where

ψy(t) := 〈K(· + iy − t), ϕ〉, t ∈ R
n.

Proof. By Theorem 4.1.1, we have K(z − ·) ∈ D(∗, Ls) for all z ∈ TC
and s, 1 < s ≤ ∞. Put

Ky(x) := K(x+ iy) =

∫

C∗

exp [2πi〈x+ iy, η〉] dη, y ∈ C.

The proof of Theorem 4.1.1 can be adapted to show that Ky ∈ D(∗, Ls) for

all y ∈ C and s, 1 < s ≤ ∞. Since, by definition (4.74),

(U ∗Ky)(x) = 〈U,K(x− · + iy)〉, z ∈ TC ,
it follows from Lemma 4.2.2 that

U ∗Ky = C(U ; · + iy) ∈ D(∗, L∞)

for y ∈ C and 1 < s <∞ and thus

〈C(U; · + iy), ϕ〉 = 〈U ∗Ky, ϕ〉
is well defined for ϕ ∈ D(∗, L1) with y ∈ C. Using the representation of

U ∈ D′(∗, Ls) given in either Theorem 2.3.1 or Theorem 2.3.2 and Fubini’s

theorem, we have

〈C(U ; · + iy), ϕ〉 = 〈U ∗Ky, ϕ〉

=
∑

α∈N0

(−1)α
∫

Rn

[ ∫

Rn

gα(t)Dα
t K(z − t) dt

]
ϕ(x) dx

=
∑

α∈N0

(−1)α
∫

Rn

gα(t)
[ ∫

Rn

Dα
t K(z − t)ϕ(x) dx

]
dt

=
∑

α∈N0

(−1)α〈gα(t), Dαψy〉 = 〈U,ψy〉
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for y = Im z ∈ C. The proof is complete. �

We now show that the term 〈K(· + iy − t), ϕ〉, t ∈ R
n, converges

in the topology of D(∗, Ls), 2 ≤ s < ∞, to a certain limit function as

y → 0, y ∈ C. The choice of the space to which ϕ belongs depends on

whether ∗ is (Mp) or {Mp}. For D((Mp), L
s) we have the following result.

Theorem 4.2.5. Let C be a regular cone and let IC∗ be the characteristic

function of the dual cone C∗ of C. Let ϕ ∈ D((Mp),R
n). We have

lim
y→0,y∈C

〈K(· + iy − t), ϕ〉 = F−1[IC∗ϕ̂](t) (4.79)

in D((Mp), L
s), whenever 2 ≤ s <∞.

Proof. Recall the definition of convergence in D((Mp), L
s) from Section

2.3. If ϕ ∈ D(Mp), then ϕ̂ is an element of the Schwartz space S and hence

IC∗ϕ̂ ∈ Lr for all r, 1 ≤ r ≤ ∞. Thus F−1[IC∗ϕ̂] can be interpreted as

both the L1 and Lr inverse Fourier transform, 1 < r ≤ 2. For every n-tuple

α of nonnegative integers we have

Dα
t F−1[IC∗ϕ̂](t) = F−1[IC∗ηαϕ̂](t). (4.80)

Since ϕ̂(η) ∈ S, we have IC∗ηαϕ̂ ∈ Lr for all α and for all r, 1 ≤ r ≤ ∞.

The Parseval theory for the Fourier transform now yields that the left side

of (4.80) is an element of Ls, 1/r + 1/s = 1, 1 ≤ r ≤ 2, for all s and all

α. That the left side of (4.80) satisfies the required boundedness condition

for elements in D((Mp), L
s) for each α will follow from techniques that we

present later in this proof. The preceding points yield that the right side

of (4.79) is an element of D((Mp), L
s), 2 ≤ s < ∞. Similarly, details in

the remaining analysis in this proof will imply that for each y ∈ C,

〈K(·+ iy − t), ϕ〉 ∈ D((Mp), L
s), 2 ≤ s <∞,

as a function of t ∈ Rn.

We now prove the desired convergence in Ls in order to obtain (4.79).

Let z = x+ iy ∈ TC . By a change of order of integration

〈K(· +iy − t), ϕ〉
∫

Rn

[ ∫

C∗

e2πi〈x+iy−t,η〉dη
]
ϕ(x) dx

=

∫

Rn

IC∗(η)e−2πi〈t,η〉e−2π〈y,η〉[
∫

Rn

ϕ(x)e2πi〈x,η〉 dx
]
dη

=

∫

Rn

IC∗(η)ϕ̂(η)e−2π〈y,η〉e−2πi〈t,η〉 dη . (4.81)



May 14, 2007 15:29 World Scientific Book - 9in x 6in Newbook

72 Boundary Values and Convolution in Ultradistribution Spaces

For every n-tuple α of nonnegative integers we have

‖Dα
· Φy(·)‖Ls = ‖F−1[IC∗ηαϕ̂(ey − 1)]‖Ls , (4.82)

where

Φy(t) := 〈K(· + iy − t), ϕ〉 − F−1[IC∗ϕ̂](t)

and ey is defined in (4.11).

Since 〈y, η〉 ≥ 0 for y ∈ C and η ∈ C∗, we have

|IC∗(η)ηαϕ̂(η)(e−2π〈y,η〉 − 1)| ≤ 2|ηαϕ̂(η)|, y ∈ C. (4.83)

Hence, since ϕ̂(η) ∈ S, we conclude that

(IC∗(η)ηαϕ̂(η)(exp(−2π〈y, η〉) − 1)) ∈ Lr

for all r, 1 ≤ r ≤∞. Thus if 1 < r ≤ 2 and 1/r+ 1/s = 1, we have, by the

Parseval inequality,

‖F−1[IC∗ηαϕ̂(ey − 1)]‖Ls ≤ ‖IC∗ηαϕ̂(ey − 1)‖Lr . (4.84)

By (4.83) and the Lebesgue dominated convergence theorem, we have

lim
y→0,y∈C

∫

Rn

|IC∗(η)ηαϕ̂(η)(e−2π〈y,η〉 − 1)|r dη = 0 (4.85)

for 1 < r ≤ 2. Combining (4.82), (4.84), and (4.85), we have

lim
y→0,y∈C

‖DαΦy‖Ls = 0 (4.86)

for all n-tuples α of nonnegative integers and for 2 ≤ s <∞ as desired.

To complete the proof it remains to show that there is a constant N > 0,

which is independent of α and y ∈ C, such that for all h > 0

‖DαΦy‖Ls ≤ NhαMα (4.87)

for each α. As in (4.82), (4.83) and (4.84) we have, for y ∈ C,

‖ Dα
t 〈K(·+ iy − t), ϕ〉‖Ls

= ‖F−1[IC∗ηαϕ̂ey‖Ls ≤ ‖IC∗ηαϕ̂ey‖Lr ≤ ‖ηαϕ̂‖Lr (4.88)

for 1 < r ≤ 2 and 1/r + 1/s = 1. Recall the definition of D(Mp) in Section

2.3 and let ϕ ∈ D((Mp),R
n). Using known Fourier transform properties,

we have
∫

Rn

|ηαϕ̂(η)|r dη =

∫

Rn

∣∣∣ηα
(

1 +

n∑

j=1

η2n
j

)
ϕ̂(η)

/(
1 +

n∑

j=1

η2n
j

)∣∣∣
r

dη

=

∫

Rn

∣∣∣F
[((

1 +
n∑

j=1

D2n
j

)
(−1)αDα

)
ϕ
]
(η)
/(

1 +
n∑

j=1

η2n
j

)∣∣∣
r

dη.
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Putting

R :=

∫

Rn

∣∣∣1 +

n∑

j=1

η2n
j

∣∣∣
−r
dη, R′ :=

( ∫

suppϕ

1 dt
)r
,

we have
∫

Rn

|ηαϕ̂(η)|r dη ≤ R sup
η∈Rn

∣∣∣F
[((

1 +

n∑

j=1

D2n
j

)
(−1)αDα

)
ϕ
]
(η)
∣∣∣
r

≤ R
(∫

Rn

∣∣∣
((

1 +

n∑

j=1

D2n
j

)
(−1)αDα

)
ϕ(t)

∣∣∣ dt
)r

≤ R
(∫

Rn

(|Dαϕ(t)|+ |D2n
1 Dαϕ(t)|+ . . .+ |D2n

n Dαϕ(t)|) dt
)r

≤ RR′(BkαMα +Bkα+2nMα+2n + . . .+Bkα+2nMα+2n)r

≤ RR′(Bn)r(kαMα + kα+2nMα+2n)r

for all k > 0. By property (M.2) of the sequence (Mp), there are constants

A > 0 and H > 0 such that

Mα+2n ≤ AHα+2nMαM2n.

Putting H ′ := max{1, H}, we continue the preceding estimate as∫

Rn

|ηαϕ̂(η)|r dη ≤ RR′(Bn)r(kαMα +Akα+2nHα+2nMαM2n)r

≤ RR′(Bn)r((kH ′)αMα +A(kH ′)2n(kH ′)αMαM2n)r

≤ RR′(Bn)r(1 + (A(kH ′)2nM2n))r((kH ′)αMα)r. (4.89)

Thus, by (4.88) and (4.89), we have

‖DαΨy‖Ls ≤ (RR′)1/rBn(1 +A(kH)2nM2n)hαMα, (4.90)

for all h = (kH ′) > 0, where

Ψy(t) := 〈K(·+ iy − t), ϕ〉.
Recall that k > 0 is arbitrary and that H ′ > 0 is fixed. By the same

analysis as in (4.90), we get

‖DαF−1[IC∗ϕ̂]‖Ls = ‖F−1[IC∗ηαϕ̂]‖Ls ≤ ‖ηαϕ̂‖Lr

≤ (RR′)1/rBn(1 +A(kH ′)2nM2n)hαMα (4.91)

for all h > 0. Combining (4.90) and (4.91) and using the Minkowski in-

equality, we have (4.87) for each α, where N can be chosen to be

N = (RR′)1/rBn(1 +A(kH ′)2nM2n)
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and k > 0 can be chosen arbitrarily. The proof of Theorem 4.2.5 is complete.

�

Let us now consider the space S∞({Np}, {Mp}) ⊂ S(Mp) of Roumieu

[127] p. 70, where the sequences (Mp) and (Np) satisfy conditions (M.1),

(M.2) and (M.3′). Under these conditions, the sequences (Mp) and (Np)

satisfy the conditions of Gel’fand and Shilov in [51], (9), p. 245; thus the

space S∞({Np}, {Mp}) = S
(Mp)

(Np) has the Fourier transform property

F(S
(Np)

(Mp)) = S
(Np)

(Mp) ⊂ S(Mp) (4.92)

in the notation of Gel’fand and Shilov (see [51], (11), p. 254). Because of

the Fourier transform theory for the spaces S∞({Np}, {Mp}), we may take

ϕ ∈ S∞({Np}, {Mp}) in the following result which corresponds to Theorem

4.2.5.

Theorem 4.2.6. Let C be a regular cone and let IC∗(η) be the charac-

teristic function of the dual cone C∗ of C. Let ϕ ∈ S∞({Np}, {Mp}) (or

ϕ ∈ D({Mp},Rn)), where both sequences (Mp) and (Np) satisfy conditions

(M.1), (M.2) and (M.3′). We have

lim
y→0,y∈C

〈K(·+ iy − t), ϕ〉 = F−1[IC∗ϕ̂](t) (4.93)

in D({Mp}, Ls), 2 ≤ s <∞.

Proof. The proof of Theorem 4.2.6 is very similar to that of Theorem

4.2.5. The difference is in the technique to estimate the term on the right

side of (4.88) when we take ϕ ∈ S∞({Np}, {Mp}). We have
∫

Rn

|ηαϕ̂(η)|r dη =

∫

|η|≤1

|ηαϕ̂(η)|r dη +

∫

|η|>1

|ηα+2ϕ̂(η)|rη−2r dη,

where 2 is the n-tuple (2,2,. . . ,2). Now the boundedness condition for con-

vergence in D({Mp}, Ls) with 2 ≤ s < ∞ follows by using (4.92), the

defining growth of S∞({Np}, {Mp}) and (M.2). Of course, (4.93) in The-

orem 4.2.6 also holds for ϕ ∈ D({Mp},Rn) by similar reasoning as in the

proof of Theorem 4.2.5. �

Now let ϕ ∈ D(∗,Rn). Since D(∗,Rn) ⊂ D(∗, L1), we have (4.78) for

U ∈ D′(∗, Ls), 1 < s < ∞ and ϕ ∈ D(∗,Rn). This fact combined with

Theorem 4.2.4, Theorem 4.2.5 and the continuity of U prove the following

result.
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Corollary 4.2.1. Let C be a regular cone in Rn. Let U ∈ D′(∗, Ls),
2 ≤ s <∞. Let ϕ ∈ D(∗,Rn). We have

lim
y→0,y∈C

〈C(U ; ·+ iy), ϕ〉 = 〈U,F−1[IC∗ϕ̂]〉. (4.94)

Using Theorems 4.2.1, 4.2.2 and Corollary 4.2.1, we obtain an analytic

decomposition theorem ,for elements in D′(∗, Ls), 2 ≤ s <∞.

Theorem 4.2.7. Let m be a positive integer and let Cj , j = 1, . . . ,m, be

regular cones such that

R
n \ ∪mj=1C

∗
j and C∗

j ∩ C∗
k , j, k = 1, . . . ,m, j 6= k, (4.95)

are sets of Lebesgue measure zero. Let U ∈ D′(∗, Ls), 2 ≤ s < ∞, and

ϕ ∈ D(∗,Rn). There exist functions fj which are analytic in Rn+ iCj , j =

1, . . . ,m, such that

〈U,ϕ〉 =

m∑

j=1

lim
y→0,y∈Cj

〈fj(·+ iy), ϕ〉. (4.96)

If U ∈ D′((Mp), L
s), then for each j = 1, . . . ,m and for each compact

subcone C ′
j ⊂ Cj there are constants Aj = Aj(n,C

′
j , s) > 0 and Tj =

Tj(C
′
j) > 0 such that

|fj(x+iy)| ≤ Aj |y|−n/r exp [M∗(Tj/|y|)], z = x+iy ∈ R
n+iC ′

j , (4.97)

where n is the dimension, 1/r+ 1/s = 1 and M ∗ is the function defined in

(2.9).

If U ∈ D′({Mp}, Ls), then for each j = 1, . . . ,m, each compact subcone

C ′
j ⊂ Cj and arbitrary constant Tj > 0, which is independent of C ′

j ⊂ Cj ,

there is a constant Aj = Aj(n,C
′
j , s) > 0 such that (4.97) holds.

Proof. For each j = 1, . . . ,m put

fj(z) := 〈U,
∫

C∗
j

exp [2πi〈z − ·, η〉] dη〉, z = x+ iy ∈ R
n + iCj .

By Theorems 4.2.1 and 4.2.2 each fj is an analytic function of z ∈ Rn+ iCj
and satisfies the relevant version of (4.97) for ∗ being (Mp) or {Mp}. To

prove (4.96) first note that

lim
y→0,y∈Cj

〈fj(·+ iy), ϕ〉 = 〈U,F−1[IC∗
j
ϕ̂]〉, j = 1, . . . ,m, (4.98)
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by Corollary 4.2.1. Since ϕ ∈ D(∗,Rn) ⊂ S(Mp), we have ϕ̂ ∈ S(Mp) and

F−1[ϕ̂] = ϕ. We now use the linearity of U , the assumptions (4.95) on the

dual cones C∗
j , j = 1, . . . ,m, and (4.98) to obtain
m∑

j=1

lim
y→0,y∈Cj

〈fj(·+ iy), ϕ〉 =

m∑

j=1

〈U,F−1[IC∗
j
ϕ̂]〉

= 〈U,
m∑

j=1

F−1[IC∗
j
ϕ̂]〉 = 〈U,F−1[ϕ̂]〉 = 〈U,ϕ〉.

The proof is complete. �

The 2n n-rants in Rn are an example of a finite number of regular cones

for which (4.95) holds. Let u = (u1, . . . , un) be any of the 2n n-tuples whose

components are −1 or 1. The set Cu = {y ∈ Rn : ujyj > 0, j = 1, . . . , n}
is an n-rant in Rn and is a regular cone with the property that C∗

u = Cu.

Thus Theorem 4.2.7 holds, in particular, for m = 2n with each Cj being an

n-rant Cu in Rn.

Of course, we can also state a Ls norm growth estimate on each function

fj of the variable z ∈ R
n + iC ′

j , C
′
j ⊂⊂ Cj , j = 1, . . . ,m, because of

Theorem 4.2.3.

We desire to obtain Theorems 4.2.5, 4.2.6, 4.2.7, and Corollary 4.2.1 for

1 < s < 2 as well. We consider this in future research.

4.3 Poisson integral of ultradistributions

As in Section 4.2 we let C be a regular cone in Rn and let the sequence

of positive real numbers (Mp), p = 0, 1, 2, . . . , satisfy the conditions (M.1)

and (M.3′).
Let U ∈ D′(∗, Ls), 1 ≤ s ≤∞, where ∗ represents either (Mp) or {Mp}.

Because of Theorem 4.1.2, we can form

P (U ; z) := 〈U,Q(z; ·)〉, z ∈ TC , (4.99)

where Q(z; t), z ∈ TC , t ∈ Rn, is the Poisson kernel corresponding to the

tube TC . The expression P (U ; z) defined in (4.99) is the Poisson integral

of the ultradistribution U with respect to the tube TC . In contrast to the

Cauchy integral, the Poisson integral P (U ; z) is not an analytic function of

z ∈ TC , in general. If the cone C is a half-line (0,∞) or (−∞, 0) in R1,

then P (U ; z) is a harmonic function; if C is an n-rant in Rn, i.e., C = Cu
for some u ∈ Θ, then P (U ; z) is an n-harmonic function.
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Throughout the remainder of this section the sequence (Mp) satisfies

the conditions (M.1), (M.2) and (M.3′).
We will prove that the Poisson integral P (U ; z) defined in (4.99) obtains

U as its boundary value as y → 0, y ∈ C, for an arbitrary regular cone

C; thus the Poisson integral P (U ; z) has boundary values in analogy with

Poisson integrals of Lp functions in tubes. To obtain the desired boundary

value result we need two preliminary theorems.

Theorem 4.3.1. Let C be a regular cone in Rn. Let U ∈ D′(∗, Ls),
1 < s <∞. Let ϕ ∈ D(∗, L1). We have

〈P (U ; ·+ iy), ϕ〉 = 〈U,ψy〉, y ∈ C, (4.100)

where

ψy(t) := 〈Q(·+ iy; t), ϕ〉.

Proof. Put

Ky(x) := K(x+ iy) =

∫

C∗

exp [2πi〈x+ iy, η〉] dη, y ∈ C,

as in the proof of Theorem 4.2.4; and put

Qy(x) :=
K(x+ iy)K(x+ iy)

K(2iy)
, x ∈ R

n, y ∈ C. (4.101)

As in Lemma 1.3.5, we have Qy(x) ≥ 0 for x ∈ Rn, y ∈ C, and Q(z; t) ≥ 0

for z = x+ iy ∈ TC , t ∈ Rn. Further, we have
∫

Rn

Qy(x) dx = 1, y ∈ C,

and, if δ > 0,

lim
y→0,y∈C

∫

|x|≥δ

Qy(x) dx = 0.

The proof of Theorem 4.1.2 can be adapted to show thatQy ∈ D(∗, Ls), 1 ≤
s ≤ ∞ for y ∈ C. By Lemma 4.2.4,

(U ∗Qy)(x) = 〈U,Qy(x− ·)〉 = 〈U,Q(x+ iy; ·)〉 = P (U ;x+ iy)

is an element of D(∗, L∞); hence 〈P (U ; · + iy), ϕ〉 is a well defined func-

tion of y ∈ C for ϕ ∈ D(∗, L1). The proof of (4.100) follows as in the

proof of Theorem 4.2.4, due to the representation of U ∈ D′(∗, Ls) given in

Theorems 2.3.1 and 2.3.2, by Fubini’s theorem. �
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Theorem 4.3.2. Let C be a regular cone in Rn and ϕ ∈ D(∗, Ls), 1 ≤ s <
∞. We have

lim
y→0,y∈C

〈Q(·+ iy; t), ϕ〉 = ϕ(t) (4.102)

in D(∗, Ls).

Proof. First we consider the Beurling case where ∗ denotes (Mp). Let

ϕ ∈ D((Mp), L
s). Differentiation under the integral sign shows that the

function Qy given by Qy(t) := 〈Q(·+ iy; t), ϕ〉 is an infinitely differentiable

function of the variable t ∈ Rn for every y ∈ C. Boundedness techniques

which will be used later in this proof show that every derivative of the

function Qy is an element of Ls for each y ∈ C and satisfies the defining

growth (2.33) of elements in D((Mp), L
s) (see (4.107) below). Thus Qy ∈

D((Mp), L
s) for each y ∈ C. For every n-tuple α of nonnegative integers,

we make a change of variable and obtain

‖Dα
·

∫

Rn

Q(x+ iy ; ·)ϕ(x) dx −Dαϕ‖Ls

= ‖Dα
·

∫

Rn

ϕ(x+ ·)Qy(x) dx −Dαϕ‖Ls

= ‖
∫

Rn

ψ(x + ·)Qy(x) dx − ψ‖Ls , (4.103)

where ψ(t) = (Dαϕ)(t) and Qy(x) is given in (4.101). Using the approx-

imate identity properties of the Poisson kernel as given in the proof of

Theorem 4.3.1, the proof of [27], Lemma 7, p. 213, shows that the right

side of (4.103) approaches zero as y → 0, y ∈ C. Thus

lim
y→0,y∈C

Dα
t 〈Q(·+ iy; t), ϕ〉 = (Dαϕ)(t) (4.104)

in Ls for every n-tuple α of nonnegative integers.

To complete the proof of the result for ∗ being (Mp), the boundedness

condition (2.38) for convergence in D((Mp), L
s) remains to be shown. Pro-

ceeding as in (4.103) we use a change of variable and the chain rule to

obtain

‖ Dα
·

∫

Rn

Q(x+ iy; ·)ϕ(x) dx‖Ls = ‖
∫

Rn

Dα
· ϕ(x + ·)Qy(x) dx‖Ls

= ‖
∫

Rn

Dα
uϕ(u)Q(u+ iy; ·) du‖Ls . (4.105)
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By Jensen’s inequality [48], 2.4.19, p. 91, Fubini’s theorem and the ap-

proximate identity properties of the Poisson kernel stated in the proof of

Theorem 4.3.1 we have∫

Rn

∣∣∣
∫

Rn

Dα
uϕ(u)Q(u+ iy; t) du

∣∣∣
s

dt ≤
∫

Rn

∫

Rn

|Dα
uϕ(u)|sQ(u+ iy; t) du dt

=

∫

Rn

|Dα
uϕ(u)|s

∫

Rn

Q(u+ iy; t) dt du =

∫

Rn

|Dα
uϕ(u)|s du. (4.106)

Combining (4.105), (4.106), and the fact that ϕ ∈ D((Mp), L
s) we have the

existence of a constant N > 0 from (2.33) such that

‖Dα
·

∫

Rn

Q(x+ iy; ·)ϕ(x) dx‖Ls ≤ ‖Dαϕ‖Ls ≤ NhαMα (4.107)

for all h > 0. By (4.107) and the Minkowski inequality we have

‖Dα
·

∫

Rn

Q(x+ iy; ·)ϕ(x) dx −Dαϕ‖Ls ≤ 2NhαMα (4.108)

for all h > 0 and all y ∈ C. Now we combine formulae (4.104) and (4.108),

which hold for all α, to prove (4.102) in D((Mp), L
s) for 1 ≤ s <∞.

The proof of (4.102) for D({Mp}, Ls) is similar. The proof is completed.

�

We can now obtain the desired boundary value property of the Poisson

integral P (U ; z).

Theorem 4.3.3. Let C be a regular cone in Rn. Let U ∈ D′(∗, Ls),
1 < s <∞, and let ϕ ∈ D(∗,Rn). We have

lim
y→0,y∈C

〈P (U ; ·+ iy), ϕ〉 = 〈U,ϕ〉. (4.109)

Proof. First recall that D(∗,Rn) ⊂ D(∗, Ls) for all s, 1 ≤ s ≤ ∞.

Formula (4.109) now follows by combining Theorems 4.3.1, 4.3.2 and the

continuity of U . �

It is interesting that the boundary value of the Cauchy integral C(U ; z)

as obtained in equation (4.94) of Corollary 4.2.1 depends on the cone C,

whereas the boundary value of the Poisson integral P (U ; z) in (4.109) is

always U independently of the cone C.

Let us note that in the Roumieu case, with ∗ = {Mp}, Theorem 4.3.3

can be slightly generalized, as was done in Theorem 4.2.6, by taking ϕ
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in the space of Roumieu S∞({Np}, {Mp}) = S(Nq)

(Mp) (see [127], p. 70, and

Gel’fand and Shilov [51], p. 245). Of course, both sequences (Mp) and

(Np) are taken to satisfy the conditions (M.1), (M.2) and (M.3′). We

write S∞({Mp}, {Np}) here, instead of S∞({Np}, {Mp}) as in Theorem

4.2.6 because the Fourier transform is not considered in the proof here;

recall (4.92).
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Chapter 5

Boundary Values of Analytic

Functions

Analytic functions in tubes which satisfy certain growth conditions involv-

ing the (Mp) sequences are shown in this chapter to obtain ultradistribu-

tional boundary values. As a basis for the boundary value results we define

and study generalizations of the Hardy spaces Hr corresponding to tubes

in Cn. For analytic functions considered in the chapter, representations are

obtained in terms of the Fourier-Laplace and Cauchy integrals.

5.1 Generalizations of Hr functions in tubes

Let B be a proper open subset of Rn. The set of analytic functions f in

TB = Rn + iB of the variable z = x + iy, x ∈ Rn, y ∈ B, which satisfy the

estimate

‖f(·+ iy)‖Lr ≤M, y ∈ B,

where the constant M is independent of y ∈ B, is called the Hardy space

Hr(TB), r > 0. Stein and Weiss in [137] have obtained representation

and boundary value results for the Hardy spaces; see [137] for additional

references concerning Hr functions. Generalizations of the spaces Hr(TB)

have been considered and analyzed by several authors including Vladimirov

[149], Carmichael and Hayashi [28], and Carmichael [17]-[26].

As in [137], let B denote a proper open subset of Rn, the base of the

tube TB. Let d(y) denote the distance from y ∈ B to the complement of

B in Rn. The space SrA(TB), where 0 < r < ∞ and A ≥ 0, is the set of

all analytic functions f of the variable z = x+ iy in TB = Rn + iB, which

satisfy the inequality

‖f(·+ iy)‖Lr ≤M(1 + (d(y))−m)q exp [2πA|y|], y ∈ B,

81
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for some constants m ≥ 0, q ≥ 0 and M > 0 which can depend on f, r,

and A, but not on y ∈ B. If B = C is a cone, d(y) is interpreted to be

the distance from y ∈ C to the boundary of C. The spaces SrA(TB) were

defined and studied by Carmichael in [17]-[23]. For various values of r and

various bases B of the tube TB, Carmichael has obtained Cauchy, Poisson,

and Fourier-Laplace integral representations of the SrA(TB) functions and

boundary value results. The Hr functions, the functions of Vladimirov

[150], and the functions of Carmichael and Hayashi [28] are all special cases

of the SrA(TB) functions.

As an example let us consider the cone (0,∞) in R1 and the correspond-

ing tube T (0,∞) which is the upper half plane in C1. The function g defined

by

g(z) :=
exp [−2πiz]

(i+ z)z
, z ∈ T (0,∞)

is an element of the space S2
1(T (0,∞)) but is not in the Hardy space

H2(T (0,∞)).

In this section we wish to consider other generalizations of Hr functions,

generalizations associated with sequences (Mp). They are introduced by the

norm growth (4.61)-(4.62) obtained on the Cauchy integral of ultradistri-

butions in D′(∗, Ls).
The results of this section will be useful in obtaining the ultradistribu-

tional boundary value results in the next section.

Again let B be a proper open subset of Rn and let d(y) denote the

distance from y ∈ B to the complement of B in Rn. Now let f satisfy the

inequality

‖f(·+ iy)‖Lr ≤ K(1 + (d(y))−m)q exp [M∗(T/|y|)], y ∈ B, (5.1)

where K > 0, T > 0, m ≥ 0, and q ≥ 0 are all independent of y ∈ B

and M∗ is the associated function of the sequence (Mp) defined in (2.9).

The space of analytic functions in TB which satisfy (5.1) will be denoted

by Hr
(Mp)(T

B). The spaces Hr
(Mp)(T

B) for 0 < r <∞ are a generalization

of the Hardy spaces.

If B = C, where C is an open connected cone in Rn, we obtain from

the formula

d(y) = inf
t∈pr(C∗)

〈t, y〉, y ∈ C,

given in [151], p. 159, the estimate d(y) ≤ |y|, y ∈ C. From this inequality

for B = C we see that the term (1 + (d(y))−m)q in (5.1) is a generalizing
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factor of the growth in which the standard term |y| is replaced by d(y).

Further, the right side of (5.1) allows for divergence to ∞ as y approaches

an arbitrary point on the boundary of C and not only as y approaches 0 as

would be the case if |y| were in place of d(y) in (5.1) .

In this section we shall obtain necessary and sufficient conditions for

elements of Hr
(Mp)(T

B) spaces, where B is a proper open connected subset

of R
n, to be representable by Fourier-Laplace integrals for certain values

of r. We also obtain a Cauchy integral representation. As indicated pre-

viously, these results will lead us to boundary value and related results in

the following section.

Throughout this section we assume that the sequence (Mp) satisfies

conditions (M.1) and (M.3′).
As previously, also in the present chapter we will use the simplified

notation for exponents introduced in Chapter 1 in formulas (1.3) and (1.4),

namely

Ez(ζ) := exp [2πi〈z, ζ〉], z, ζ ∈ C
n, (5.2)

and

ey(t) := exp [−2π〈y, t〉], y ∈ R
n, t ∈ R

n. (5.3)

We begin by proving some lemmas.

Lemma 5.1.1. Let B be a proper open connected subset of R
n. Suppose

that 1 ≤ s < ∞ and g is a measurable function on R
n which satisfies the

estimate

‖eyg‖Ls ≤ K(1 + (d(y))−m)q exp [M∗(T/|y|)], y ∈ B, (5.4)

where ey is defined in (5.3), M∗ is the associated function of the sequence

(Mp) defined in (2.9), and K > 0, T > 0, m ≥ 0, q ≥ 0 are constants

independent of y ∈ B. The function F given by

F (z) :=

∫

Rn

g(t)e2πi〈z,t〉 dt = F [eyg](x), z = x+ iy ∈ TB , (5.5)

is analytic in the tube TB.

Proof. The proof is an extension of that in [28], Theorem 2.1. Let

y0 ∈ B be arbitrary. Choose an open neighborhood N(y0) of y0 such that

N(y0) ⊂ B. There exists a δ > 0 such that {y : |y − y0| = δ} ⊂ N(y0).

Decompose Rn into a finite union of non-overlapping cones C1, C2, . . . , Ck,

each having vertex at the origin, such that 〈u, v〉 ≥ (21/2/2)|u||v|, whenever

u and v are two points in a certain Cj for j = 1, . . . , k.
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For each j = 1, . . . , k choose a fixed yj such that y0 − yj ∈ Cj and

|y − y0| = δ. Then, taking ε := 21/2πsδ > 0, we have

−2πs〈yj − y0, t〉 ≥ ε|t| = 2πs(21/2/2)|y0 − yj ||t|, (5.6)

whenever 1 ≤ s < ∞ and t ∈ Cj , j = 1, . . . , k. For each j = 1, . . . , k,

inequalities (5.6) and (5.4) yield
∫

Cj

|g(t)|s exp [−2πs〈y0, t〉] exp (ε|t|) dt ≤
∫

Rn

|g(t)|s exp [−2πs〈yj , t〉] dt

≤ Ks(1 + (d(yj))
−m)sq exp [sM∗(T/|yj |)], (5.7)

since

yj ∈ {y : |y − y0| = δ} ⊂ N(y0) ⊂ B, j = 1, . . . , k.

Now, (5.7) yields
∫

Rn

|g(t)|s exp [−2πs〈y0, t〉] exp (ε|t|) dt

≤ Ks
k∑

j=1

(1 + (d(yj))
−m)sq exp [sM∗(T/|yj |)]. (5.8)

Hence, since ε|t|/2 ≤ ε|t| for t ∈ Rn, we have, for s = 1,
∫

Rn

|g(t)| exp [−2π〈y0, t〉] exp (ε|t|/2) dt

≤ K
k∑

j=1

(1 + (d(yj))
−m)q exp [M∗(T/|yj |)]. (5.9)

For 1 < s <∞, the identity

exp (ε|t|/2s) = exp (ε|t|/s) exp (−ε|t|/2s),
Hölder’s inequality and (5.8) imply

∫

Rn

|g(t)| exp [−2π〈y0, t〉] exp (ε|t|/2s) dt

≤ A
(∫

Rn

|g(t)|s exp [−2πs〈y0, t〉] exp (ε|t|) dt
)1/s

≤ AK
( k∑

j=1

(1 + (d(yj))
−m
)sq

exp [sM∗(T/|yj |)]
)1/s

(5.10)
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where 1/s+ 1/r = 1 and

A :=
(∫

Rn

exp [−εr|t|/2s] dt
)1/r

.

If |y − y0| < ε/4πs, y = Im z and 1 ≤ s <∞, we have

∣∣∣g(t)e2πi〈z,t〉
∣∣∣ = |g(t)| exp [−2π〈y − y0, t〉] exp [−2π〈y0, t〉]
≤ |g(t)| exp (2π|y − y0||t|) exp [−2π〈y0, t〉]
≤ |g(t)| exp (ε|t|/2s) exp [−2π〈y0, t〉] (5.11)

for all t ∈ Rn. Estimates (5.9) and (5.10) now show that the right side

of (5.11) is an L1 function, independent of y such that |y − y0| < ε/4πs,

whenever 1 ≤ s < ∞. Since y0 ∈ B is arbitrary, we conclude from (5.11)

that F defined by (5.5) is an analytic function of z ∈ TB. Estimate (5.11)

also proves that eyg ∈ L1 for y ∈ B whenever 1 ≤ s < ∞. The proof is

complete. �

Lemma 5.1.2. Let C be an open connected cone in Rn and 1 ≤ s < ∞.

Let g be a measurable function on Rn such that (5.4) holds for all y ∈ C.

We have supp g ⊆ C∗ almost everywhere.

Proof. Assume that g(t) 6= 0 on a set of positive measure in

R
n \ C∗ = {t : 〈y, t〉 < 0 for some y ∈ C}.

Then there is a point t0 ∈ Rn \ C∗ such that g(t) 6= 0 on a set of positive

measure in the neighborhood N(t0, η) = {t : |t− t0| < η} of t0 for arbitrary

η > 0. Since t0 ∈ Rn \ C∗, there is a point y0 ∈ pr(C) ⊂ C such that

〈t0, y0〉 < 0, where pr(C), as previously noted, denotes the projection of C

which is {y ∈ C : |y| = 1}. Using the continuity of the function t 7→ 〈t, y0〉,
we can find a fixed σ > 0 and a fixed neighborhood N(t0, η

′) of t0 such that

〈t, y0〉 < −σ < 0, t ∈ N(t0, η
′).

Choose η above to be η′. For arbitrary λ > 0 we thus have

−〈λy0, t〉 = −λ〈y0, t〉 > λσ > 0, t ∈ N(t0, η
′), λ > 0. (5.12)
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Since y0 ∈ pr(C) ⊂ C and C is a cone, we have λy0 ∈ C for all λ > 0.

Using (5.12) and (5.4) with y := λy0, we have, for all λ > 0,

e2sπλσ
∫

N(t0,η′)

|g(t)|s dt ≤
∫

N(t0,η′)

|g(t)|s exp [−2sπ〈λy0, t〉] dt

≤
∫

Rn

|g(t)|s exp [−2πs〈λy0, t〉] dt

≤ Ks(1 + (d(λy0))−m)qs exp [sM∗(T/|λy0|)]
= Ks(1 + λ−m(d(y0))−m)qs exp [sM∗(T/λ)], (5.13)

where M∗ is the associated function of the sequence (Mp) defined in (2.9),

since d(λy0) = λd(y0) and y0 ∈ pr(C) implies |y0| = 1. The integral on the

left of (5.13) is finite. We let λ → ∞ in (5.13); thus for the fixed T > 0,

which is independent of y ∈ C, we can consider λ > 2T . For the sequence

(Mp) which defines M∗ we have

(T/λ)pp!(M0/Mp) < (1/2)pp!(M0/Mp), λ > 2T,

for p = 0, 1, 2, . . . . Consequently,

M∗(T/λ) < M∗(1/2) <∞, λ > 2T, (5.14)

which follows from the definition of M∗ and the fact that (p!M0/Mp)

→ 0 as p → ∞ (see [82], p. 74), since (Mp) satisfies (M.1) and (M.3′).
By (5.13) and (5.14),

e2πsλσ
∫

N(t0,η′)

|g(t)|s dt ≤ Ks[1 + (λd(y0))−m]qs exp [sM∗(1/2)]

and thus

e2πsλσ [1 + (λd(y0))−m]−qs
∫

N(t0,η′)

|g(t)|s dt ≤ Ks exp [sM∗(1/2)] (5.15)

for every λ > 2T . Since all constants in (5.15) are independent of λ, we let

λ → ∞. We conclude that g must be zero almost everywhere in N(t0, η
′),

since exp (2πsλσ) → ∞ for every σ > 0 and [1 + (λd(y0))−m]−qs → 1 as

λ→∞.

But this contradicts the fact that g(t) 6= 0 on a set of positive measure in

N(t0, η
′). Thus g must be zero almost everywhere in Rn \C∗ and supp g ⊆

C∗ almost everywhere, since the dual cone C∗ of C is a closed set in Rn.

The proof is complete. �
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The next two lemmas concern the spaces Hr
(Mp)(T

B), 0 < r < ∞,

defined in the paragraph containing (5.1).

In the following lemma Bc denotes the complement of B in Rn, and

d(B′, Bc) = inf{|y1 − y2| : y1 ∈ B′, y2 6∈ B}

is the distance from B′ ⊂ B to Bc.

Lemma 5.1.3. Let B denote an open connected subset of Rn which does

not contain 0. Suppose that 0 < r < ∞ and f ∈ Hr
(Mp)(T

B). Let B′ be

a subset of B such that d(B′, Bc) ≥ 2δ > 0 for some δ > 0. There is a

positive constant K ′ depending on the δ > 0, on the dimension n, and on

f , but not on z = x+ iy ∈ TB, such that

|f(x+ iy)| ≤ K ′ exp [M∗(T/(|y| − δ))], x+ iy ∈ TB′

, (5.16)

where M∗ is the associated function of the sequence (Mp) defined in (2.9).

Proof. Let z0 = x0 + iy0 be an arbitrary point in TB
′

. Put

Rδ := {z ∈ C
n : |z − z0| < δ}, N(y0, δ) := {y ∈ R

n : |y − y0| < δ}.

Then Rδ ⊂ Rn + iN(y0, δ) ⊂ TB and

(∫

Rδ

|f(x+ iy)|r dx dy
)1/r

≤
( ∫

N(y0,δ)

∫

Rn

|f(x+ iy)|r dx dy
)1/r

≤ K
( ∫

N(y0,δ)

(1 + (d(y))−m)rq exp [rM∗(T/|y|)] dy
)1/r

, (5.17)

by (5.1). We have

exp [rM∗(T/|y|)) ≤ exp [rM∗(T/(|y0| − δ))], y ∈ N(y0, δ). (5.18)

Since d(B′, Bc) ≥ 2δ > 0, then y ∈ N(y0, δ) implies d(y) ≥ δ and thus

(1 + (d(y))−m)rq ≤ (1 + δ−m)rq , y ∈ N(y0, δ). (5.19)

Combining (5.17), (5.18), and (5.19) we get

(∫

Rδ

|f(x+ iy)|rdx dy
)1/r

≤ KN(1 + δ−m)q exp [M∗(T/(|y0| − δ))], (5.20)

where N := (measure(N(y0, δ))
1/r) is a number that is actually indepen-

dent of every given y0 ∈ B′, because N has the same value for each y0 ∈ B′.
Hence N depends only on δ and the dimension n and not on y0 ∈ B′.
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Since f is an analytic function of the variable z = x + iy ∈ TB, the

function |f |r, 0 < r < ∞, is a subharmonic function of the 2n variables

x1, . . . , xn, y1, . . . , yn, where z = x+ iy ∈ TB (see [137], p. 79). Thus [137],

Chapter 2, Section 4 yields

|f(z0)|r ≤ (Ω2nδ
2n)−1

∫

Rδ

|f(x+ iy)|r dx dy, (5.21)

where Ω2n is the volume of the unit sphere in R2n. The desired estimate

(5.16) follows now by combining (5.20) and (5.21) and observing that z0 =

x0 + iy0 ∈ TB
′

was arbitrary. �

Lemma 5.1.4. Let B denote an open connected subset of R
n which does

not contain 0. Suppose that 1 < r ≤ 2 and f ∈ Hr
(Mp)(T

B). For arbitrary

y and y′ in B, we have

e2π〈y,t〉hy(t) = e2π〈y
′,t〉hy′(t) (5.22)

for almost every t ∈ Rn, where

hy(t) := F−1[fy](t), y ∈ B, t ∈ R
n,

is the Ls inverse Fourier transform, with 1/r + 1/s = 1, of the function

fy of the variable x ∈ Rn defined by fy(x) := f(x + iy) for arbitrary fixed

y ∈ B.

The proof of Lemma 5.1.4 follows from the growth (5.16) by analysis similar

to that in [137], pp. 99-101, with Lemma 5.1.3 taking the place of Lemma

2.12 in [137], p. 99. Further, in our proof of Lemma 5.1.4 the Parseval

inequality in the Fourier transform theory for 1 < r ≤ 2 takes the place of

the use of the Parseval equality in the case r = 2 presented in [137], top of

p. 101. We leave the details of the proof of Lemma 5.1.4 to the interested

reader.

We can now give Fourier-Laplace and, in certain instances, Cauchy in-

tegral representations of the Hr
(Mp)(T

B) functions for certain values of r.

Theorem 5.1.1. Let B denote an open connected subset of Rn which does

not contain 0 ∈ Rn, and let f ∈ Hr
(Mp)(T

B) with 1 < r ≤ 2. There

exists a measurable function g of the variable t ∈ Rn such that (5.4) holds

for y ∈ B, where s satisfies the equality 1/r + 1/s = 1 and the constants

K > 0, T > 0, m ≥ 0, q ≥ 0 are independent of y ∈ B; and

f(z) =

∫

Rn

g(t)e2πi〈z,t〉 dt = F [eyg](x), z = x+ iy ∈ TB . (5.23)
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Proof. Put

g(t) := e2π〈y,t〉hy(t), y ∈ B, t ∈ R
n, (5.24)

where hy := F−1[fy] is the Ls inverse Fourier transform of fy := f(·+ iy)

for y ∈ B, with s satisfying the equality 1/r+ 1/s = 1. By the Plancherel-

Fourier transform theory, hy is an element of Ls, since f(· + iy) ∈ Lr for

y ∈ B, according to (5.1). By Lemma 5.1.4, g is independent of y ∈ B.

From (5.24) it follows that

(eyg)(t) = e−2π〈y,t〉g(t) = F−1[fy](t), y ∈ B, t ∈ R
n. (5.25)

Since, as previously noted, fy ∈ Lr with 1 < r ≤ 2 for y ∈ B, we have

eyg ∈ Ls for y ∈ B, with 1/r+1/s = 1, by the Plancherel-Fourier transform

theory. Moreover,

‖eyg‖Ls ≤ ‖f(·+ iy)‖Lr ≤ K(1 + (d(y))−m)q exp [M∗(T/|y|)]
for y ∈ B, where M∗ is the associated function of the sequence (Mp) defined

in (2.9), by the Parseval inequality and (5.1). Thus the growth (5.4) is

obtained. From (5.25), by the Plancherel-Fourier transform theory, we also

have

f(x+ iy) = F [eyg](x), z = x+ iy ∈ TB, (5.26)

with the Fourier transform F [eyg] being in Lr. But by (5.4) and Lemma

5.1.1 the integral on the right side of (5.23), which is the L1 transform of

eyg for y ∈ B, is an analytic function of the variable z ∈ TB; recall from

the proof of Lemma 5.1.1 that eyg ∈ L1 for y ∈ B, since (5.4) is satisfied.

From the Plancherel-Fourier transform theory we know that the L1 and Lr

Fourier transforms, with 1 < r ≤ 2, of the same function are equal when

both of them exists. Hence the desired equality (5.23) follows from (5.26).

The proof is complete. �

Corollary 5.1.1. Let C be an open connected cone in Rn and assume that

f ∈ Hr
(Mp)(T

C) with 1 < r ≤ 2. There exists a measurable function g

of the variable t ∈ Rn such that (5.4) holds with s satisfying the equality

1/r+1/s = 1 for y ∈ C; the inclusion supp g ⊆ C∗ holds almost everywhere;

and equation (5.23) holds for z ∈ TC.

Proof. The proof is obtained by combining Theorem 5.1.1 and Lemma

5.1.2. Here the constants K,T,m, and q are as in (5.4). �

In Theorem 5.1.1 and Corollary 5.1.1 we do not know whether g ∈ Ls.
However, if g is an element of Ls and if it is the inverse Fourier transform
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of some function G ∈ Lr with 1 < r ≤ 2, then an additional representation

of f from Corollary 5.1.1 is shown in Corollary 5.1.2 below in terms of the

Cauchy integral.

Corollary 5.1.2. Let C be a regular cone in Rn. Let f ∈ Hr
(Mp)(T

C) with

1 < r ≤ 2. Suppose that the function g of Corollary 5.1.1 is the inverse

Fourier transform of a function G ∈ Lr, 1 < r ≤ 2. We have g ∈ Ls,

where s satisfies the equality 1/r + 1/s = 1; the inclusion supp g ⊆ C∗

holds almost everywhere; the equality (5.23) holds for z ∈ T C; and

f(z) =

∫

Rn

G(t)K(z − t) dt, z ∈ TC . (5.27)

Proof. By assumption, the function g of Corollary 5.1.1 satisfies the

equality

g(u) = F−1[G](u), u ∈ R
n,

for some G ∈ Lr, 1 < r ≤ 2. By the Plancherel theory, we have g ∈ Ls,
where s satisfies the equality 1/r+ 1/s = 1. Note that the Cauchy integral

in (5.27) is well defined because of the properties of the Cauchy kernel

K(z− t) formulated in Theorem 4.1.1. Using the definition of K(z− t) for

t ∈ Rn and z ∈ TC , Fubini’s theorem, and the representation (5.23), we

obtain
∫

Rn

G(t)K(z − t) dt = lim
k→∞

∫

|t|≤k

G(t)

∫

C∗

Ez−t(u) du dt

= lim
k→∞

∫

C∗

Ez(u)

∫

|t|≤k

G(t)eit(u) dt du =

∫

C∗

g(u)Ez(u) du = f(z)

(5.28)

for z ∈ TC , where the symbols Ez and ey are defined in (5.2) and (5.3).

The Cauchy integral representation (5.27) is thus obtained. �

As a dual theorem to Theorem 5.1.1 we have the following result.

Theorem 5.1.2. Let B be a proper open connected subset of Rn and let

1 < r ≤ 2. Suppose that g is a measurable function on Rn which satisfies

the estimate

‖eyg‖Lr ≤ K(1 + (d(y))−m)q exp [M∗(T/|y|)], y ∈ B, (5.29)
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where ey is defined in (5.3), M∗ is the associated function of the sequence

(Mp) defined in (2.9), and K > 0, T > 0, m ≥ 0, q ≥ 0 are constants

which are independent of y ∈ B. Then the function f given by

f(z) :=

∫

Rn

g(t)e2πi〈z,t〉 dt = F [eyg](x), z = x+ iy ∈ TB, (5.30)

is analytic in TB and satisfies the inequality

‖f(·+ iy)‖Ls ≤ K(1 + (d(y))−m)q exp [M∗(T/|y|)], y ∈ B; (5.31)

and f ∈ Hs
(Mp)(T

B), for s satisfying the equality 1/r + 1/s = 1.

Proof. By the proof of Lemma 5.1.1, the function f is analytic in TB and

eyg ∈ L1 for y ∈ B. By (5.29), we have eyg ∈ Lr, 1 < r ≤ 2, for y ∈ B.

Thus the right side of (5.30) can be viewed as both the L1 and the Lr

Fourier transform of eyg for y ∈ B. By the Parseval inequality,

‖f(·+ iy)‖Ls = ‖F [eyg]‖Ls ≤ ‖eyg‖Lr (5.32)

for y ∈ B and s satisfying the equality 1/r + 1/s = 1. The estimate in

(5.31) now follows from (5.32) and (5.29).

In case B is an open connected subset of Rn which does not contain

0 ∈ Rn and r = 2, Theorem 5.1.2 is a converse result to Theorem 5.1.1.

5.2 Boundary values in D
′((Mp), Ls) for analytic functions

in tubes

In this section we will consider analytic functions of the type

Hr
(Mp)(T

C), defined in Section 5.1, and obtain boundary values of the func-

tions in D′((Mp), L
s). Before doing this, we will precisely state conditions

that we need on the sequence (Mp) = (Mp)p∈N0 in order to obtain the

boundary value results. We also need to define new associated functions

corresponding to these sequences. We will prove a number of lemmas which

form a basis for our boundary value results.

If the sequence (Mp) satisfies condition (M.1) of Section 2.1, we have

Mp

Mp−1
≤ Mp+1

Mp
, p ∈ N. (5.33)

Put

mp :=
Mp

Mp−1
, p ∈ N, (5.34)
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(see [82], (3.10), p. 50). Note that (5.33) implies that the sequence (mp)p∈N

is nondecreasing if (Mp)p∈N0 satisfies (M.1). Further, put

m∗
p :=

mp

p
, p ∈ N. (5.35)

To obtain several results in this section we will assume as, for example,

Petzsche has done for his analysis in [110], p. 394, that the sequence (m∗
p) is

nondecreasing. An example of a sequence (Mp) for which the sequence (m∗
p)

is nondecreasing is Mp := (p!)s for p ∈ N0 and s > 1. If the sequence (m∗
p)

is nondecreasing, we immediately obtain that the sequence (mp) defined

in (5.34) is a strictly increasing sequence; this follows directly from the

definition (5.35).

Put

m(λ) := the number of mp ≤ λ, (5.36)

(see [82], p. 50) and note that m(λ) is finite for all λ > 0 if mp → ∞ as

p→∞. For (Mp)p∈N0 satisfying (M.1), the sequence (mp) is nondecreasing.

Hence

m(λ) = sup
p
{p : mp ≤ λ} (5.37)

and m is a nondecreasing function of λ. Now put

M∗
p :=

Mp

p!
, p ∈ N, (5.38)

and note from (5.35) that

m∗
p =

M∗
p

M∗
p−1

, p ∈ N. (5.39)

Lemma 5.2.1. The sequence (m∗
p) is nondecreasing if and only if the se-

quence (M∗
p ) satisfies (M.1).

Proof. Suppose that the sequence (m∗
p) is nondecreasing. From (5.39)

we have

Mp+1

(p+ 1)Mp
≥ Mp

pMp−1
, p ∈ N.

Hence

Mp−1Mp+1 ≥ (Mp)
2 (p+ 1)!

p!

(p− 1)!

p!

and

Mp−1

(p− 1)!

Mp+1

(p+ 1)!
≥
(Mp

p!

)2
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for all p ∈ N. From definition (5.38) we thus have obtained

M∗
p−1M

∗
p+1 ≥ (M∗

p )2, p ∈ N,

which is condition (M.1) of Section 2.1.

For the converse, let us assume that the sequence (M ∗
p ) satisfies (M.1).

It follows from (5.38) that

(Mp)
2

(p!)2
≤ Mp−1

(p− 1)!

Mp+1

(p+ 1)!

and

(Mp)
2 ≤ Mp−1Mp+1

p!

(p− 1)!

p!

(p+ 1)!
= Mp−1Mp+1

p

p+ 1

for p ∈ N. This implies

Mp

pMp−1
≤ Mp+1

(p+ 1)Mp
, p ∈ N,

or, by (5.34) and (5.35),

m∗
p ≤ m∗

p+1. p ∈ N.

Thus the sequence (m∗
p) is nondecreasing, and the proof is complete. �

We define

m∗(λ) := the number of m∗
p ≤ λ. (5.40)

If the sequence (m∗
p) is nondecreasing, we have

m∗(λ) = sup
p
{p : m∗

p ≤ λ}. (5.41)

Recall the associated functions M and M ∗ defined in (2.8) and (2.9),

respectively. If the sequence (Mp) satisfies (M.1), we have

M(ρ) =

ρ∫

0

m(λ)

λ
dλ, 0 < ρ <∞, (5.42)

which is shown in [82], (3.11), p. 50. Since, by Lemma 5.2.1, the sequence

(M∗
p ) satisfies condition (M.1) whenever the sequence (m∗

p) is nondecreas-

ing, we have, similarly to (5.42),

M∗(ρ) =

ρ∫

0

m∗(λ)

λ
dλ, 0 < ρ <∞, (5.43)
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if the sequence (m∗
p) is nondecreasing. In (5.42) and (5.43), the functions

m and m∗ are defined in (5.36) and (5.40), respectively.

Using the above information on sequences (Mp), we now prove four

needed lemmas.

Lemma 5.2.2. Assume that the sequence (Mp) satisfies condition (M.1)

and the sequence (m∗
p) is nondecreasing. We have

m∗(t/2m(t)) ≤ m(t), t ≥ m1. (5.44)

Proof. Recall that the functions m and m∗ are given by (5.37) and

(5.41), respectively, under the assumptions of the lemma. Fix arbitrarily

t ≥ m1 = M1/M0 and denote p0 := m(t) for this fixed t. We have

mp0 ≤ t, mp0+1 > t,

and
mp0+1

p0
>

t

m(t)
. (5.45)

For t ≥ m1, we have p0 ≥ 1 and 2p0 ≥ p0 + 1. Hence

2mp0+1

p0 + 1
≥ p0 + 1

p0
· mp0+1

p0 + 1
=
mp0+1

p0
>

t

m(t)
,

which implies

m∗
p0+1 =

mp0+1

p0 + 1
>

t

2m(t)

and

m∗(t/(2m(t))) = sup
p
{p : m∗

p ≤ t/(2m(t))} < p0 + 1.

Inequality (5.44) follows immediately from the above inequality for t ≥ m1.

�

We know that the sequence (mp) is strictly increasing if the sequence

(m∗
p) is nondecreasing. In fact, we can say more. Recalling the definition

(5.35) of the sequence (m∗
p), we see that if (m∗

p) is nondecreasing, then

m∗
p+1 ≥ m∗

p for each p ∈ N which implies mp+1/mp ≥ (p+ 1)/p for p ∈ N.

Thus, for each p = 2, 3, 4, . . .,

mp

m1
=

mp

mp−1

mp−1

mp−2
. . .

m3

m2

m2

m1
≥ p

p− 1

p− 1

p− 2
. . .

2

1
= p.

Thus if the sequence (m∗
p) is nondecreasing, we have mp ≥ pm1 for each

p ∈ N, which yields mp → ∞ as p → ∞. Using these facts we prove the

following.
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Lemma 5.2.3. Let the sequence (Mp) satisfy condition (M.1) and suppose

that the sequence (m∗
p) is nondecreasing. For every t > m1 we have

m(λ)

λ
>
m(t)

2t
, m1 ≤ λ < t. (5.46)

Proof. Since the sequence (m∗
p) is nondecreasing, it follows from (5.35)

that

(p+ 1)/mp+1 ≤ p/mp, p ∈ N. (5.47)

Let t > m1 be arbitrary but fixed. There is an integer p ≥ 1 such that

mp ≤ t < mp+1, and therefore m(t) = p. First assume that mp < t < mp+1

and λ satisfies the inequalities mp ≤ λ < t. In this case, we have m(λ) = p

and

m(λ)

λ
=
p

λ
>
p

t
=
m(t)

t
>
m(t)

2t
. (5.48)

This is the desired result in the case where mp ≤ λ < t < mp+1 for the

value of p such that mp < t < mp+1.

The remaining cases are covered by considering λ satisfying m1 ≤ λ <

mp for the index p for which mp ≤ t < mp+1. In this case, we have

mk ≤ λ < mk+1 for some k = 1, . . . , p − 1. Taking into account that

k ≥ (k+1)/2 for k ∈ N andm1 ≤ λ < mp for the p such thatmp ≤ t < mp+1

and using (5.47) repetitively, we get

m(λ)

λ
=
k

λ
>

k

mk+1
≥ k + 1

2mk+1
≥ k + 2

2mk+2
≥ . . . ≥ p

2mp
(5.49)

and

m(t)

t
=
p

t
≤ p

mp
. (5.50)

Combining (5.49) and (5.50), we obtain

m(λ)

λ
>

p

2mp
≥ m(t)

2t
(5.51)

for the λ satisfying m1 ≤ λ < mp for the p for which mp ≤ t < mp+1.

Combining (5.48) and (5.51), we conclude (5.46). �

In view of Lemma 5.2.1, the sequence (m∗
p) is nondecreasing if and only

if (M∗
p ) satisfies condition (M.1). Thus the hypothesis that the sequence

(m∗
p) is nondecreasing can be replaced in Lemmas 5.2.2 and 5.2.3 by the

assumption that the sequence (M∗
p ) satisfies condition (M.1). This is the

case also in the statements of Lemmas 5.2.4 and 5.2.5.
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Lemma 5.2.4. Let (Mp) satisfy condition (M.1) and let the sequence (m∗
p)

be nondecreasing. For s := 2(m1 + 1) we have

M(t) >
m(t)

s
, t ≥ m1 + 1. (5.52)

Proof. Since m(t) = 0 for 0 ≤ t < m1, we see from (5.42) that

M(t) =

t∫

m1

m(λ)/λdλ, t > m1. (5.53)

From (5.53) and the result (5.46) of Lemma 5.2.3, we deduce

M(t) >
m(t)(t−m1)

2t
=
m(t)

2
− m(t)m1

2t
, t > m1.

Consequently,

M(t) >
m(t)

2
− m(t)m1

2(m1 + 1)
=
m(t)

2

(
1− m1

m1 + 1

)
=

m(t)

2(m1 + 1)

for t ≥ m1 + 1, which is (5.52) for s = 2(m1 + 1). �

Lemma 5.2.5. Let the sequence (Mp) satisfy condition (M.1) and let (m∗
p)

be nondecreasing. For s := 2(m1 + 1) we have

M∗
( t

2sM(t)

)
≤M(t) +A, t ≥ m1 + 1, (5.54)

for some constant A, where M and M ∗ are the associated functions defined

in (2.8) and (2.9), respectively.

Proof. Fix t ≥ m1 + 1. It follows from inequality (5.52) in Lemma 5.2.4

that sM(t) > m(t), where s := 2(m1 + 1). Hence t′ < t′′, where

t′ :=
t

2sM(t)
, t′′ :=

t

2m(t)
.

As m∗ is a nondecreasing function of λ and t′ < t′′, we conclude from (5.44)

in Lemma 5.2.2 that

m∗(t′) ≤ m∗(t′′) ≤ m(t), t ≥ m1 + 1. (5.55)

Due to (5.41), we have m∗(λ) = 0 for 0 < λ < m1. Hence, in view of

(5.43), we obtain

M∗(t) =

t∫

m1

m∗(λ)

λ
dλ, t ≥ m1 + 1. (5.56)
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By a straightforward chain rule calculation and by (5.53), we have

dM∗(t′)

dt
=
m∗(t′)

t′
· 1

2s
·
( 1

M(t)
− m(t)

(M(t))2

)
(5.57)

for t ≥ m1 + 1. Using (5.57), (5.55), (5.42) and denoting

s′ :=
m1 + 1

2sM(m1 + 1)
=

1

4M(s/2)
, µ(λ) :=

λ

2sM(λ)
,

we have for t ≥ m1 + 1 that

M∗(t′)−M∗(s′) =

t∫

m1+1

dM∗(µ(λ))

dλ
dλ

=

t∫

s/2

m∗(µ(λ))

µ(λ)
· 1

2s
·
( 1

M(λ)
− m(λ)

(M(λ))2

)
dλ

≤
t∫

s/2

m∗(µ(λ))

2sµ(λ)M(λ)
dλ =

t∫

s/2

m∗(µ(λ))

λ
dλ ≤

t∫

s/2

m(λ)

λ
dλ

=

t∫

m1

m(λ)

λ
dλ−

s/2∫

m1

m(λ)

λ
dλ = M(t)−M(s/2). (5.58)

Now (5.54) follows from (5.58) with A := M ∗(s′) −M(s/2) and the proof

is finished. �

We now proceed to prove several other lemmas which are needed to

prove our boundary value results. The proof of the following lemma is

similar to that of [113], Lemma 10.

Lemma 5.2.6. Suppose that the sequence (Mp) satisfies conditions (M.1)

and (M.2) and the sequence (m∗
p) is nondecreasing. Let C be an open

connected cone in Rn, and let ν > 0 and k > 0 be arbitrary constants.

There exist positive constants K and u such that
∫

C

exp [−ν〈y, t〉 −M∗(k/|y|)] dy ≥ K exp [−M(u|t|)], t ∈ C∗ \ ∂C∗,

(5.59)

where M and M∗ are the associated functions defined in (2.8) and (2.9),

respectively, and ∂C∗ is the boundary of the dual cone C∗ of C.
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Proof. Denote

I(t) :=

∫

C

exp [−ν〈y, t〉 −M∗(k/|y|)] dy.

Let s := 2(m1+1). Let t ∈ Rn be arbitrary but fixed such that t ∈ C∗\∂C∗

and |t| > m1 + 1 = s/2. For such t put

A(t) :=
{
y ∈ R

n : |y| ∈ [a(|t|), b(|t|)]
}
,

where

a(θ) := 2skM(θ)/θ; b(θ) := (2skM(θ) + 1)/θ (5.60)

for θ > 0, and

C(t) := A(t) ∩ C.

Since the function M∗ defined in (5.43) is nondecreasing, we conclude

from Lemma 5.2.5 that

M∗(k/|y|) ≤M∗(t′)

where

t′ := |t|/(2sM(|t|));

and, consequently,

exp [−M∗(k/|y|)] ≥ exp [−M∗(t′)] ≥ exp [−M(|t|)−A] (5.61)

for y ∈ C(t) and |t| > s/2, where the constant A from (5.54) depends on

the sequence (Mp) through the functions M and M∗. For y ∈ C(t), we

have

exp [−ν|y||t|] ≥ exp [−2skνM(|t|)− ν]. (5.62)

Recall that 〈y, t〉 ≥ 0, y ∈ C, t ∈ C∗. Combining (5.61) and (5.62) we

have, for t ∈ C∗ \ ∂C∗ and |t| > s/2, that

I(t) ≥
∫

C(t)

exp [−ν|y||t| −M∗(k/|y|)] dy

≥ exp [−2skνM(|t|)− ν] exp [−M(|t|)−A]

∫

C(t)

1 dy

= exp [−(ν +A)] exp [−(1 + 2skν)M(|t|)]
∫

C(t)

1 dy. (5.63)
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As before, let pr(C) denote the projection of C which is the intersection

of C with the unit sphere in Rn. We have
∫

C(t)

1 dy =

∫

pr(C)

∫ b(|t|)

a(|t|)
rn−1 dr dσ

= n−1

∫

pr(C)

1 dσ · [(b(|t|))n − (a(|t|))n] ≥ SC n−1|t|−n,

(5.64)

where SC is the surface area of pr(C). Recall from (5.42) that M is an

increasing function. Thus

exp [M(|t|)]
|t|n →∞ as |t| → ∞.

For t ∈ C∗\∂C∗ and |t| > s/2 we can choose a constant Q > 0, independent

of t, such that

|t|−n ≥ Q exp [−M(|t|)], t ∈ C∗ \ ∂C∗, |t| > s/2,

which we use in (5.64) to obtain
∫

C(t)

1 dy ≥ QSC n−1 exp [−M(|t|)], t ∈ C∗ \ ∂C∗, |t| > s/2. (5.65)

(Equivalently, it follows directly from the definition of the function M that

exp [M(|t|)] ≥ (M0/Mn) |t|n,
and this can also be used in (5.64) to obtain (5.65) with Q := M0/Mn.)

Combining (5.63) and (5.65), we see that

I(t) ≥ QSC n
−1 exp [−(ν +A)] exp [−(2 + 2skν)M(|t|)]

= B exp [−(2 + 2skν)M(|t|)] (5.66)

for t ∈ C∗ \ ∂C∗ and |t| > s/2, where the constant

B := QSC n
−1 exp [−(ν +A)]

depends on ν,m1, n, and the cone C, but not on t.

Now fix t ∈ C∗ \ ∂C∗ such that |t| ≤ m1 + 1 = s/2. Put

C ′(t) := A′(t) ∩ C,
where

A′(t) := {y ∈ R
n : |y| ∈ [a′(t), b′(t)]}

with

a′(t) := a(|t|+m1 + 1); b′(t) := b(|t|+m1 + 1),
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according to the previous notation adopted in (5.60). Proceeding similarly

as in (5.61), (5.62) and (5.64) and denoting

s′ :=
2m1 + 2

2sM(m1 + 1)
, t′′ :=

|t|+m1 + 1

2sM(|t|+m1 + 1)
,

we now deduce that

exp [−M∗(k/|y|)] ≥ exp [−M∗(t′′)] ≥ exp [−M∗(s′)]; (5.67)

exp [−ν|y||t|] ≥ exp [−ν(2skM(s) + 1)]; (5.68)∫

C′(t)

1 dy ≥ SC n
−1s−n, (5.69)

for y ∈ C ′(t) and |t| ≤ s/2, where again SC is the surface area of pr(C).

Combining (5.67), (5.68) and (5.69), we see that

I(t) ≥
∫

C′(t)

exp [−ν|y||t| −M∗(k/|y|)] dy

≥ SC
nsn

exp [−ν(2skM(s) + 1)−M∗(s′)] =: R (5.70)

for t ∈ C∗ \ ∂C∗ and |t| ≤ s/2, where the constant R depends on n, the

sequence (Mp) through the functions M and M∗, and the cone C as well

as on the given positive constants ν and k, but does not depend on t.

We have thus proved that (5.66) holds for each t ∈ C∗ \ ∂C∗ such that

|t| > s/2 and (5.70) holds for each t ∈ C∗ \ ∂C∗ such that |t| ≤ s/2.

Combining (5.66) and (5.70), we can find a positive constant K1 such that

I(t) ≥ K1 exp [−2(1 + skν)M(|t|)], t ∈ C∗ \ ∂C∗. (5.71)

The sequence (Mp) is assumed to satisfy conditions (M.1) and (M.2) here.

Thus (2.13) from Lemma 2.1.3 holds for the constant L := (2 + 2skν) >

1. Hence the existence of constants K > 0 and u > 0 such that (5.59)

holds follows from (5.71) and (2.13) in Lemma 2.1.3. The constants are

independent of t ∈ C∗ \∂C∗ but are dependent upon the dimension n, k, ν,

the sequence (Mp), through the functions M and M∗, and the cone C. The

proof is complete. �

The sequence (Mp) given by Mp := (p!)s for p ∈ N0 and s > 1 is an

example of a sequence which satisfies the hypothesis of the previous lemma.

We use Lemma 5.2.6 to prove the next lemma.

Lemma 5.2.7. Assume that the sequence (Mp) satisfies conditions (M.1)

and (M.2) and the sequence (m∗
p) is nondecreasing. Let C be a regular cone
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in Rn and 1 ≤ s < ∞. Let g be a measurable function on Rn such that

supp g ⊆ C∗ almost everywhere and∫

Rn

|(eyg)(t)|s dt ≤ R exp [M∗(k|y|)], y ∈ C, (5.72)

for some constants R > 0 and k > 0, where ey has the meaning of (5.3).

There exists a constant d > 0 such that

‖g exp [−M(d| · |)]‖Ls <∞, (5.73)

where the symbols M and M∗ here denote, as previously, the associated

functions defined in (2.8) and (2.9), respectively.

Proof. We need here the following additional notation:

esy(t) := e−2πs〈y,t〉, y ∈ R
n,

for 1 ≤ s < ∞. This means we have, in particular, e1y = ey for y ∈ Rn,

according to (5.3).

Since supp g ⊆ C∗ almost everywhere, we conclude from (5.72) that

exp [−M∗(k/|y|)]
∫

C∗

|g(t)|sesy(t) dt ≤ R, y ∈ C. (5.74)

Fix t0 ∈ pr(C∗) \ ∂C∗ with ∂C∗ denoting as before the boundary of C∗.

Multiplying (5.74) by esy(t0) = exp [−2πs〈y, t0〉] for arbitrary y ∈ C and

integrating over C we get∫

C

(∫

C∗

(|g|sey)(t) dt
)

exp [−M∗(k/|y|] esy(t0) dy

≤ R
∫

C

exp [−2πs〈y, t0〉] dy. (5.75)

As in the proof of Lemma 5.2.6, the integral on the right of (5.75) is finite

for t0 ∈ pr(C∗) \ ∂C∗. By Fubini’s theorem, interchanging the order of

integration on the left of (5.75), we obtain∫

C∗

|g(t)|s
∫

C

esy(t+ t0) exp [−M∗(k/|y|)] dy dt <∞. (5.76)

Hence, since 1 ≤ s < ∞ and the cone C is regular (and thus convex), so

that t ∈ C∗ \ ∂C∗ and t0 ∈ pr(C∗) \ ∂C∗ imply that t + t0 ∈ C∗ \ ∂C∗,

it follows by Lemma 5.2.6 and (5.76) that there exist positive constants K

and m such that

K

∫

C∗

|g(t)|s exp [−sM(m|t+ t0|)] dt

≤ K

∫

C∗\∂C∗

|g(t)|s exp [−M(m|t+ t0|)] dt

≤
∫

C∗\∂C∗

|g(t)|s
∫

C

esy(t+ t0) exp [−M∗(k/|y|)] dy dt <∞

(5.77)
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and this proves that the integral on the left of (5.77) is finite. Now, since

t0 ∈ pr(C∗) \ ∂C∗, we have |t+ t0| ≤ |t| + |t0| = 1 + |t|; and applying the

fact that M is a nondecreasing function of ρ > 0 (see [127], p. 65) and the

property (2.10) fom Lemma 2.1.3, we obtain

M(m|t+ t0|) ≤M(m|t|+m) ≤M(2m|t|) +M(2m). (5.78)

Therefore, applying (5.78) in (5.77), we have

Ke−sM(2m)

∫

C∗

|g(t)|se−sM(2m|t|) dt <∞, (5.79)

since exp [sM(2m)] is finite. This proves (5.73) with d := 2m. �

Lemma 5.2.7 is used to prove the next lemma which, in turn, will be

used later in this section to obtain the ultradistribution boundary value

results.

Lemma 5.2.8. Assume that the sequence (Mp) satisfies conditions (M.1)

and (M.2) and the sequence (m∗
p) is nondecreasing. Let C be a regular cone

in Rn and 1 ≤ s < ∞. Let g be a measurable function on Rn such that

supp g ⊆ C∗ almost everywhere and

‖eyg‖Ls ≤ K exp [M∗(k/|y|)], y ∈ C, (5.80)

for some positive constants K and k with the notation (5.3) used. There is

a constant b > 0 such that

‖g exp [−M(b| · |)]‖Ls <∞, (5.81)

where M and M∗ above denote the associated functions defined in (2.8)

and (2.9), respectively.

Proof. From (5.80) we have
∫

Rn

|eyg|s dt ≤ Ks exp [sM∗(k/|y|)], y ∈ C. (5.82)

Under the assumptions (M.1) and (M.2) on the sequence (Mp), it follows

that the sequence (Mp/p!) satisfies condition (M.2); and (Mp/p!) satisfies

condition (M.1) by Lemma 5.2.1. Note that

M∗(ρ) = sup
p

log+ [ρpp!M0/Mp] = sup
p

log+ [ρpM0/(Mp/p!)]. (5.83)

Now, applying the proof of [111], Lemma 1.7 (b), pp. 140-141 (see also

the proof of [82], Proposition 3.6, p. 51) to the sequence (Mp/p!), which

satisfies conditions (M.1) and (M.2), and taking into account (2.13) from
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Lemma 2.1.3, we conclude that there exist a positive constant B and a

constant Qs > 0 depending on s such that

sM∗(k/|y|) ≤M∗(Bs−1k/|y|) +Qs, 1 ≤ s <∞. (5.84)

Using (5.84) in (5.82), we have
∫

Rn

|(eyg)(t)|s dt ≤ Ks exp (Qs) exp [M∗(Bs−1k/|y|)], y ∈ C. (5.85)

The conclusion (5.81) now follows from (5.85) and the assumptions on g

and (Mp) by applying Lemma 5.2.7. The proof is complete. �

Recall the spaces FD(∗, Lr) of Section 2.4.

Lemma 5.2.9. Assume that the sequence (Mp) satisfies conditions (M.1)

and (M.2). Let ϕ ∈ D((Mp), L
1). We have

sup
x∈Rn

|ϕ̂(x) exp [M(h|x|)]| <∞ (5.86)

for every h > 0, where M is the associated function defined in (2.8).

Proof. Since ϕ ∈ D((Mp), L
1) implies ϕ̂ ∈ FD((Mp, L

1), for every

k > 0, every n-tuple α of nonnegative integers, and each x ∈ Rn we have

|xαϕ̂(x)|
kαMα

≤ N (5.87)

where N is a positive constant which is independent of k, α and x ∈ Rn.

Applying (2.5) in (5.87), we get

1

(M0)nB
sup
α1

[
M0

Mα1

( |x1|
kE

)α1
]
. . . sup

αn

[
M0

Mαn

( |xn|
kE

)αn
]
|ϕ̂(x)| ≤ N

and, by the definition of the function M in (2.8),

1

(M0)nB
exp [M(|x1|/(kE)) + . . .+M(|xn|/(kE))] |ϕ̂(x)| ≤ N (5.88)

for some positive constants B and E, and for all x = (x1, . . . , xn) ∈ R
n.

Since |x| ≤ n(|x1| + . . . + |xn|) and the function M is nondecreasing on

(0,∞), we have

M(|x|/(knE)) ≤M(|x1|/(kE) + . . .+ |xn|/(kE))

≤M(n|x1|/(kE)) + . . .+M(n|xn|/(kE))

≤ (3n/2)(M(|x1|/(kE)) + . . .+M(|xn|/(kE))) +K, (5.89)
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by (2.10) and (2.12) from Lemma 2.1.3, where K > 0 is a constant. From

(5.89) we have

(2/(3n))M(|x|/(knE)) ≤M(|x1|/(kE))+ . . .+M(|xn|/(kE))+K1 (5.90)

for x ∈ R
n, where K1 > 0 is a constant. Using (5.90) in (5.88) we have

exp [−K1]

(M0)nB
exp [(2/(3n))M(|x|/(knE))] |ϕ̂(x)| ≤ N, x ∈ R

n,

and hence

exp [−K1]

(M0)nB
sup
x∈Rn

(
exp [(2/(3n))M(|x|/(knE))] |ϕ̂(x)|

)
≤ N (5.91)

for all k > 0. For arbitrary h > 0 and a positive integer q chosen such that

(2/(3n))2q > 1, select k such that

1

knE
= Hqh, (5.92)

where H is the constant from condition (M.2). By (2.11) from Lemma

2.1.3, used repeatedly, there exists a constant G > 0 such that

M(Hqh|x|) = M(H(Hq−1h|x|)) ≥ 2M(Hq−1h|x|) −G
≥ 22M(Hq−2h|x|)− 2G−G
≥ 2qM(h|x|)− (1 + 2 + . . .+ 2q−1)G. (5.93)

From the choice of q, (5.92) and (5.93), we have

exp [(2/(3n))M(|x|/(knE))] = exp [(2/(3n))M(Hqh|x|)]
≥ exp [(2/3n)2qM(h|x|)] exp [−(2/(3n))(1 + 2 + . . .+ 2q−1)G]

≥ exp [−(2/(3n))(1 + 2 + . . .+ 2q−1)G] exp [M(h|x|)] (5.94)

for all h > 0. (5.91) and (5.94) now combine to prove our asssertion (5.86).

�

The proof of the following result can be obtained in a similar way as

the proof of Lemma 5.2.9, and we omit the details.

Corollary 5.2.1. If (ϕλ) is a net of elements in D((Mp), L
1) which con-

verges to zero in D((Mp), L
1) as λ→∞, where the sequence (Mp) satisfies

(M.1) and (M.2), we have

lim
λ→∞

sup
x∈Rn

| exp [M(h|x|)] ϕ̂λ(x)| = 0

for all h > 0, where M is the associated function defined in (2.8).
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The following result will be used in the boundary value analysis.

Lemma 5.2.10. Assume that the sequence (Mp) satisfies conditions (M.1)

and (M.2). Let ψ ∈ FD((Mp), L
r) with 1 ≤ r ≤ 2. We have, for arbitrary

k > 0,

‖ψ exp [M(k| · |)]‖Ls <∞, (5.95)

with 1/r + 1/s = 1, where M is the associated function defined in (2.8).

Proof. The proof is obtained by the calculation in [113], p. 205. For

k > 0 and t ∈ Rn, we have

exp [M(k|t|)]
M0

≤ sup
p∈N0

(kn)p(|t1|+ . . .+ |tn|)p
Mp

≤ sup
α

(kn2)α|tα|
Mα

,

where α is an n-tuple of nonnegative integers. Thus, if ψ ∈
FD((Mp), L

r) with 1 ≤ r ≤ 2 and 1/r + 1/s = 1, we have

‖ψ exp [M(k| · |)]‖Ls

M0
≤
∥∥∥ψ sup

α

(kn2)α|tα|
Mα

∥∥∥
Ls
≤
∑

α

(kn2)α

Mα
‖tαψ‖Ls .

(5.96)

From (2.50),

sup
α

‖tαψ‖Ls

hαMα
<∞

for all h > 0. Putting h := (2kn2)−1, we obtain from (5.96)

‖ψ exp [M(k| · |)]‖Ls

M0
≤
∑

α

‖tαψ‖Ls

2αhαMα
≤ sup

α

‖tαψ‖Ls

hαMα

∑

α

(1

2

)α
<∞,

which proves (5.95) as desired. �

The following result is proved using the details of the proof of Lemma

5.2.10 just as the proof of Corollary 5.2.1 followed from the details of the

proof of Lemma 5.2.9.

Corollary 5.2.2. If (ψλ) is a net of elements in FD((Mp), L
r), with 1 ≤

r ≤ 2, which converges to zero in FD((Mp), L
r) as λ → ∞, where the

sequence (Mp) satisfies (M.1) and (M.2), we have

lim
λ→∞

‖ψλ exp [M(k| · |)]‖Ls = 0

for all k > 0, where s satisfies the equality 1/r + 1/s = 1 and M is the

associated function defined in (2.8).
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Using the lemmas and corollaries proved to this point of this section, we

can now obtain boundary value results. In our proofs we also use properties

obtained in Section 5.1.

Thus, throughout the remainder of this section we will assume that

(Mp) is a sequence of positive numbers which satisfies conditions (M.1),

(M.2), and (M.3′) of Section 2.1 and the sequence (m∗
p), defined in (5.35),

is nondecreasing.

Let C be a regular cone in Rn. We consider functions f of the variable

z which are analytic in TC = Rn+ iC and which satisfy the following norm

growth:

‖f(·+ iy)‖Lr ≤ K exp [M∗(T/|y|)], y ∈ C, (5.97)

where K > 0 and T > 0 are constants which are independent of y ∈ C and

M∗ is the associated function of the sequence (Mp) defined in (2.9). Note

that the norm growth (5.97) considered in this section is that in (5.1) with

m = 0 or q = 0 there, and the functions f are certain elements inHr
(Mp)(T

C)

as defined in Section 5.1. We first prove that elements of Hr
(Mp)(T

C) with

1 < r ≤ 2, which satisfy (5.97), obtain ultradistributional boundary values

in D′((Mp), L
1).

Theorem 5.2.1. Let f be analytic in TC and satisfy (5.97) with 1 < r ≤ 2.

There exists U ∈ D′((Mp), L
1) such that

lim
y→0,y∈C

f(·+ iy) = U (5.98)

in D′((Mp), L
1).

Proof. Let ϕ ∈ D((Mp), L
1). From Section 2.3 we see that

D((Mp), L
1) ⊂ D((Mp), L

s) for all s, 1 ≤ s <∞.
By (5.97), we have f(· + iy) ∈ Lr for y ∈ C with 1 < r ≤ 2. Thus

〈f(·+ iy), ϕ〉 is well defined for y ∈ C. By Corollary 5.1.1 (see the proof of

Theorem 5.1.1) and the assumed inequality (5.97), there exists a measurable

function g on Rn such that supp g ⊆ C∗ almost everywhere,

‖ey g‖Ls ≤ K exp [M∗(T/|y|)], y ∈ C, (5.99)

with s satisfying 1/r + 1/s = 1, and

f(x+ iy) = F [eyg](x), z = x+ iy ∈ TC , (5.100)

where ey is defined in (5.3) andM∗ is the associated function of the sequence

(Mp) defined in (2.9). The above Fourier transform is meant both in the
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sense of L1 and Lr (see (5.26)). By (5.100) and the Parseval equality, we

have

〈f(·+ iy), ϕ〉 = 〈F [ey g], ϕ〉 = 〈eyg, ϕ̂〉 (5.101)

for ϕ ∈ D((Mp), L
1) and y ∈ C.

We now want to show that g ϕ̂ ∈ L1. To do so fix arbitrary constants

k1, k2 ≥ 1 and find, according to (2.12) and (2.13) from Lemma 2.1.3,

constants K1,K2,K3 > 0 such that

exp [M(k1|t|) +M(k2|t|)] ≤ K1 exp [(3/2)(k1 + k2)M(|t|)]
≤ K2 exp [M(K3|t|)], (5.102)

where M is the associated function defined in (2.8).

Denoting eM−j(t) := exp [−M(kj |t|)] for j = 1, 2 and eM3 (t) :=

exp [M(K3|t|)], we conclude from (5.102) and the Hölder inequality that∫

Rn

|g(t)ϕ̂(t)| dt ≤ K2

∫

Rn

|g(t) ϕ̂(t)|eM−1(t) eM−2 (t) eM3 (t) dt

≤ K2 ‖eM3 ϕ̂‖L∞ ‖geM−1e
M
−2‖L1

≤ K2 ‖eM3 ϕ̂‖L∞ ‖geM−1‖Ls ‖eM−2‖Lr . (5.103)

Clearly, eM−2 ∈ Lr, so ‖eM−2‖Lr < ∞. Moreover, since k1 ≥ 1 was fixed

arbitrarily, we may choose k1 to be equal to b in (5.81). Hence, by Lemma

5.2.8, we have ‖g eM−1‖Ls <∞. Finally, since the assertion of Lemma 5.2.9

holds for every h > 0, we can put h := K3 in (5.86) to obtain ‖eM3 ϕ̂‖L∞ <

∞. Therefore the right side of (5.103) is finite. Consequently, g ϕ̂ ∈ L1 by

virtue of (5.103).

Since 〈y, t〉 ≥ 0 for y ∈ C, t ∈ C∗, and supp g ⊆ C∗ almost everywhere,

we have

|ey(t)g(t)ϕ̂(t)| ≤ |g(t)ϕ̂(t)|
for almost all t ∈ Rn; and, in view of the preceding paragraph, g ϕ̂ ∈ L1.

Thus by the Lebesgue dominated convergence theorem,

lim
y→0,y∈C

∫

Rn

ey(t)g(t)ϕ̂(t) dt =

∫

Rn

g(t)ϕ̂(t) dt. (5.104)

We are now in a position to define U by

〈U,ϕ〉 := 〈g, ϕ̂〉, ϕ ∈ D((Mp), L
1). (5.105)

If (ϕλ) is a net in D((Mp), L
1) converging to zero in D((Mp), L

1) as λ→∞,

similar arguments to those used in the proof of the inequalities (5.103) and

of Corollary 5.2.1 show that

lim
λ→∞

〈U,ϕλ〉 = lim
λ→∞

〈g, ϕ̂λ〉 = 0.
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Hence U is continuous on D((Mp), L
1) and the linearity of U is obvious.

Thus U ∈ D′((Mp), L
1). Returning now to (5.101) and using (5.104) and

the definition (5.105), we obtain

lim
y→0,y∈C

〈f(·+ iy), ϕ〉 = lim
y→0,y∈C

〈eyg, ϕ̂〉 = 〈g, ϕ̂〉 = 〈U,ϕ〉 (5.106)

for ϕ ∈ D((Mp), L
1), which proves (5.98) as desired. �

The following result is a dual theorem to Theorem 5.2.1, and boundary

value results are obtained in D′((Mp), L
r), 1 < r ≤ 2.

Recall the spaces FD((Mp), L
r) and F ′D((Mp), L

r) which were defined

in Section 2.4.

Theorem 5.2.2. Let 1 < r ≤ 2. Let g be a measurable function on Rn

such that

‖ey g‖Lr ≤ K exp [M∗(T/|y|)], y ∈ C, (5.107)

where M∗ is the associated function of the sequence (Mp) defined in (2.9),

ey is defined in (5.3), and K and T are positive constants which are inde-

pendent of y ∈ C. The function f defined by

f(z) :=

∫

Rn

g(t)e2πi〈z,t〉 dt = F [eyg](x), z = x+ iy ∈ TC , (5.108)

is analytic in TC, satisfies the inequality

‖f(·+ iy)‖Ls ≤ K exp [M∗(T/|y|)], y ∈ C, (5.109)

where 1/r + 1/s = 1, and there is an ultradistribution U ∈ D′((Mp), L
r),

namely U := F−1[g̃], where g̃(t) := g(−t) for t ∈ R
n, such that

lim
y→0,y∈C

f(·+ iy) = U (5.110)

in D′((Mp), L
r).

Proof. By Theorem 5.1.2 with q := 0, the function f is analytic in TC

and satisfies (5.109), i.e. (5.97) with Lr replaced by Ls, 1/r + 1/s = 1.

By the proof of Lemma 5.1.1, the Fourier transform F [eyg] on the right of

(5.108) can be interpreted in both the L1 and Lr sense. Further, by Lemma

5.1.2, supp g ⊆ C∗ almost everywhere.

Now fix an arbitrary ϕ ∈ D((Mp), L
r) with 1 < r ≤ 2 and let ψ :=

F [ϕ] = ϕ̂ and ψ̃(t) = ψ(−t). Hence ψ ∈ FD((Mp), L
r). By the proof of

Lemma 5.2.10, we have

‖ψ exp [M(h| · |)]‖Ls <∞, (5.111)
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for arbitrary h > 0, with 1/r + 1/s = 1. By Hölder’s inequality, (5.111),

and the proof of Lemma 5.2.8, there exists a constant b > 0 such that
∫

Rn

|g(t)ψ(t)| dt ≤ ‖g exp [−M(b|·|)]‖Lr ‖ψ exp [M(b|·|)]‖Ls <∞, (5.112)

in view of inequalities (5.81) and (5.111). By (5.112) and Corollary 5.2.2,

we have g ∈ F ′D((Mp), L
r) with 1 < r ≤ 2.

Now define U := F−1[g̃] by means of the formula (2.52); that is,

〈U,ϕ〉 = 〈F−1[g̃], ϕ〉 := 〈g̃, ˜̂ϕ〉 = 〈g, ϕ̂〉, ϕ ∈ D((Mp), L
r). (5.113)

Since g̃ ∈ F ′D((Mp), L
r), we have U ∈ D′((Mp), L

r) with 1 < r ≤ 2 by

Lemma 2.4.2. Thus, by (5.108) and (5.113), we have

〈f(·+ iy)− U,ϕ〉 = 〈eyg, ϕ̂〉 − 〈g, ϕ̂〉 = 〈g(ey − 1), ψ〉 (5.114)

for our fixed ϕ ∈ D((Mp), L
r) and ψ = ϕ̂ ∈ FD((Mp), L

r). Since supp g ⊆
C∗ almost everywhere and 〈y, t〉 ≥ 0 for y ∈ C, t ∈ C∗, we have

|g(t)(ey(t)− 1)ψ(t)| ≤ 2|g(t)ψ(t)|
for almost all t ∈ Rn; and g ψ ∈ L1 due to (5.112). By the Lebesgue

dominated convergence theorem,

lim
y→0,y∈C

〈g(ey − 1), ψ〉 = lim
y→0,y∈C

∫

Rn

g(t)(ey(t)− 1)ψ(t) dt = 0. (5.115)

Now (5.110) is obtained by combining (5.114) and (5.115), since the fixed

function ϕ ∈ D((Mp), L
r) was chosen arbitrarily. The proof is complete. �

Corollary 5.2.3. Let f be analytic in TC and satisfy (5.97) with r = 2.

There is a U ∈ D′((Mp), L
2) such that

lim
y→0,y∈C

f(·+ iy) = U (5.116)

in D′((Mp), L
2) and

f(z) = 〈U,K(z − ·)〉, z ∈ TC . (5.117)

Proof. By Theorem 5.1.1 and its proof, Corollary 5.1.1, and (5.97), there

exists a measurable function g of the variable t ∈ Rn such that supp g ⊆ C∗

almost everywhere, the estimate (5.107) holds with r = 2, and f has the

representation (5.108). Since supp g ⊆ C∗ almost everywhere, the repre-

sentation (5.108) can be written in the form:

f(z) =

∫

C∗

g(t)Ez(t) dt = 〈g, IC∗Ez〉, (5.118)
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where IC∗ is the characteristic function of the set C∗.

By Theorem 5.2.2, the ultradistribution U ∈ D′((Mp), L
2) defined by

U := F−1[g̃] (5.119)

in the sense of formula (2.52) satisfies (5.116); so it remains to prove (5.117).

Note that the Cauchy kernel K(z − t), z ∈ TC , t ∈ Rn, defined in

(1.15) satisfies the relation K(z− ·) ∈ D((Mp), L
2) for z ∈ TC by Theorem

4.1.1. Thus 〈U,K(z − ·)〉 is well defined for z ∈ TC. Moreover, by (1.15)

and (1.16),

K(z − t) =

∫

C∗

Ez−t(η) dη = F−1[hz], z ∈ TC , (5.120)

where hz := IC∗Ez. By (5.119), (5.120), the definition (5.113) of the inverse

Fourier transform of g̃, and (5.118), we have

〈U,K(z − ·)〉 = 〈F−1[g̃],F−1[hz]〉 = 〈g̃, h̃z〉 = 〈g, IC∗Ez〉 = f(z) (5.121)

for z ∈ TC . Hence (5.117) is obtained and the proof is complete. �

If C1 is an arbitrary regular cone such that C∗∩C∗
1 is a set of Lebesgue

measure zero, where C is the cone from Corollary 5.2.3, then the calculation

in the proof of Corollary 5.2.3, in (5.121), shows that

〈U,K(z − t)〉 = 0, z ∈ TC1 ,

where U is the boundary value of f in (5.116) and K(z − t) is the Cauchy

kernel in (5.120).

Theorem 5.2.3 below is a companion theorem to the boundary value

results presented previously in this section. The proof techniques for the

following result are the same as those for these previous results, and hence

the proof is omitted.

Theorem 5.2.3. Let f be an analytic function of the variable z = x+ iy ∈
TC and be the Fourier transform of a function in Lr with 1 < r ≤ 2.

Suppose that there exist constants K > 0 and T > 0 which are independent

of y ∈ C and such that

‖F−1[f(·+ iy)]‖Lr ≤ K exp [M∗(T/|y|)], y ∈ C,
where M∗ is the associated function of the sequence (Mp) defined in (2.9).

There is an ultradistribution U ∈ D′((Mp), L
r) such that

lim
y→0,y∈C

f(·+ iy) = U

in D′((Mp), L
r).

Boundary value results for D′({Mp}, Lr) similar to those contained in

this section need to be proved; we leave this for future investigations. We

also desire in the future to extend the boundary value results of this section

to analytic functions in tubes TC for which (5.97) holds for 1 < r <∞.
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5.3 Case 2 < r < ∞

We will extend results of Sections 5.1 and 5.2, where possible, for values

of r in (5.1) for which 2 < r < ∞. The results of this section will concern

tubes TC defined by special types of cones C which will be considered here.

Let u ∈ Θ with Θ defined in (1.10) and (4.2). Thus let u = (u1, . . . , un)

be any of the 2n n-tuples whose components are −1 or 1; for such a u, we

defined in (1.11) and (4.1) the n-rant Cu in Rn as the subset of Rn of the

form

Cu := {y ∈ R
n : ujyj > 0, j = 1, . . . , n}.

The n-rants Cu for u ∈ Θ are open convex cones with the property that

C∗
u = Cu. We will denote the first n-rant as C0; it is the n-rant C0 = {y ∈

Rn : yj > 0, j = 1, . . . , n}.
Now let C be the interior of the convex hull of n linearly independent

rays meeting at 0 ∈ Rn (see [137], p. 118). Select vectors a1, . . . , an in the

direction of these rays; then C can be written as

C = {y ∈ R
n : y = y1a1 + . . .+ ynan, y1 > 0, . . . , yn > 0}.

The set C is an open convex cone in Rn. We call such a C an n-rant cone.

There is a nonsingular linear transformation L mapping the standard basis

vectors ej for j = 1, . . . , n in Rn (i.e. ej is the vector with 1 in the j-th

component and 0 in the other n − 1 components) one-one and onto the

vectors aj , j = 1, . . . , n. The transformation L is then a one-one mapping

from C0 onto C and the boundary of C0 is mapped to the boundary of C.

Further, an arbitrary cone contained in C0 is mapped in a one-one and onto

fashion to a cone contained in C with boundary being mapped to boundary.

We extend L to Cn by putting

L(u+ iv) := L(u) + iL(v), u+ iv ∈ C
n;

then L maps the tube TC0 := R
n + iC0 one-one and onto the tube TC :=

Rn+ iC. If f is an analytic function in the tube TC , the function g := f ◦L
is analytic in the tube TC0 (see [137], p. 118); and the same is true for

the tubes corresponding to open convex cones which are proper subsets of

C0 and C and which are mapped to one another by L and L−1. Therefore

analyticity in these tubes is preserved under the transformation L. Similar

statements to the above can be made for L−1, the inverse of L, since L is

nonsingular. We call a cone C described in this paragraph a n-rant cone

because of its identification with C0 by the linear transformations L and
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L−1. Note that Rudin in [128] used the analytic invariance of tubes under

nonsingular linear transformations to prove edge of the wedge theorems.

A cone C is called a polygonal cone (see [137], p. 118) if it is the interior

of the convex hull of a finite number of rays meeting the origin 0 ∈ Rn

among which there are n (at least n) that are linearly independent. Thus

a polygonal cone C is a finite union of n-rant cones Cj , j = 1, . . . ,m (see

[137], p. 118).

Recall that every n-rant cone is an open convex cone as is every polygo-

nal cone. Thus the n-rant cones Cj , j = 1, . . . ,m, whose union is C possess

a very important intersection property which we describe now. No bound-

ary point of any of the Cj , j = 1, . . . ,m, is an element of that Cj . Thus

if y ∈ C such that y is on the boundary of some Cj , then y must belong

to one or more of the other Cj . Because of this property (i.e. because of

the convexity of the polygonal cone C), the n-rant cones Cj , j = 1, . . . ,m,

whose union is the polygonal cone C must overlap as they cover C in the

following sense:

1◦ given the n-rant cone C1 there is another one (call it C2) of the

Cj , j 6= 1, such that C1 ∩ C2 6= ∅;
2◦ given C1 ∪ C2 there is another one (call it C3) of the Cj , j 6= 1, 2,

such that at least one of the intersections C1∩C3 and C2∩C3 is not empty;

3◦ given C1 ∪C2 ∪C3 there is another one (call it C4) of the Cj , j 6=
1, 2, 3, such that at least one of the intersections C1 ∩ C4, C2 ∩ C4 and

C3 ∩ C4 is not empty;

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
m◦ given

m−1⋃
j=1

Cj the remaining n-rant cone Cm intersects at least one

of the Cj , j = 1, . . . ,m− 1.

The above intersection properties of the n-rant cones whose union is a

given polygonal cone will be important in our proof of a result below; we

collectively refer to the above described intersections of the n-rant cones

Cj , j = 1, . . . ,m, whose union is a given polygonal cone C as the intersec-

tion property of the n-rant cones.

Let us also note that the intersection of two open convex cones is an open

convex cone. Thus each of the nonempty intersections in the intersection

property of the n-rant cones above is itself an open convex cone which is

contained in an n-rant cone.

The notion of polygonal cone of Stein and Weiss is closely associated

with the notion of a cone containing an admissible set of vectors in the
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sense of Vladimirov (see [148], p. 930). A cone with an admissible set of

vectors can be a polygonal cone.

A regular cone is an open convex cone C in Rn such that C does not

contain any entire straight line. Every regular cone C is properly contained

in an open convex cone Γ ⊂ Rn such that C ⊂ Γ ∪ {0}. The proof of

Theorem 5.5 from [137], p. 118, shows that there is a finite number of

polygonal cones Λj , j = 1, . . . , k, and the polygonal cone Λ which is the

convex hull of
k⋃
j=1

Λj such that

C ⊂
k⋃

j=1

Λj ⊂ Λ ⊂ Γ; C ⊂
k⋃

j=1

Λj ∪ {0} ⊂ Λ ∪ {0} ⊂ Γ ∪ {0}.

According to the preceding paragraph, each polygonal cone Λ and Λj , j =

1, . . . , k, is the union of a finite number of n-rant cones. Hence C ⊂
m⋃
j=1

Cj

for m ≥ k, where the Cj , j = 1, . . . ,m, are n-rant cones. If C ∩Cj0 = ∅ for

some j0 ∈ {1, . . . ,m}, we delete such an n-rant cone Cj0 from the family

C1, . . . , Cm of n-rant cones. Consequently, we obtain C ⊂
r⋃
j=1

Cj for

r ≤ m where C ∩ Cj 6= ∅ for j = 1, . . . , r. (The inclusion C ⊂
r⋃
j=1

Cj can

be obtained equally well from the inclusion C ⊂ Λ since Λ is a polygonal

cone.) Now we have

C =

r⋃

j=1

(C ∩ Cj). (5.122)

Using the same arguments as in the proof of the intersection property for the

polygonal cone case in the preceding paragraph, we conclude that (5.122)

is the representation of a regular cone C in terms of the open convex cones

C ∩ Cj , j = 1, . . . , r, which satisfy the stated intersection property and

each of these cones is contained in or is an n-rant cone (namely, in Cj). We

will need this conclusion in one of the results below.

Analysis similar to that in [23] leads to the Fourier-Laplace integral

representation of analytic functions in tubes TC which satisfy (5.1) for

2 < r <∞ where C is an n-rant, an n-rant cone, or a polygonal cone. We

begin with the following result.

Theorem 5.3.1. Let C be an open convex cone which is contained in or

is any of the 2n n-rants Cu in Rn. Let f be an analytic function of the
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variable z ∈ TC which satisfies (5.1) for 2 < r < ∞. There exists a

measurable function g of the variable t ∈ Rn such that supp g ⊆ C∗ almost

everywhere and

‖ey g‖L2 ≤M [1 + (d(y))−m]q exp [M∗(T/|y|)], y ∈ C, (5.123)

where ey is defined in (5.3), M∗ is the associated function of the sequence

(Mp) defined in (2.9), and M > 0, T > 0, m ≥ 0, and q ≥ 0 are constants

which are independent of y ∈ C; and

f(z) = W (z)

∫

Rn

g(t)Ez(t) dt, z ∈ TC , (5.124)

where Ez is defined in (5.2) and W is a polynomial of the variable z ∈ TC.

Proof. For C being contained in or being the n-rant Cu put

W (z) :=

n∏

j=1

[1− iujzj ]n+2, z = x+ iy ∈ TC . (5.125)

We have

|1/W (x+ iy)| ≤
n∏

j=1

(1 + x2
j )

−1−n/2, z ∈ TC . (5.126)

The function F defined by

F (z) := f(z)/W (z), z ∈ TC , (5.127)

is analytic in TC . By (5.127), Hölder’s inequality, (5.1), and (5.126), we

have ∫

Rn

|F (x+ iy)|2 dx ≤ ‖|f(·+ iy)|2‖Lr/2 ‖|1/W (·+ iy)|2‖Lr/(r−2)

= (‖f(·+ iy)‖Lr)2
(∫

Rn

|1/W (x+ iy)|2r/(r−2) dx
)(r−2)/r

≤
(
M (1 + (d(y))−m)q exp [M∗(T/|y|)]

)2
, (5.128)

where

M := K
(∫

Rn

n∏

j=1

(1 + x2
j )

−2r/(r−2)−nr/(r−2) dx
)(r−2)/2r

with the constant K from inequality (5.1). Due to (5.128) and the fact

that the function F is analytic in TC , we can apply Corollary 5.1.1 to find
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a function g of the variable t ∈ Rn, with the inclusion supp g ⊆ C∗ satisfied

almost everywhere, such that the estimate (5.123) holds and

F (z) =

∫

Rn

g(t)e2πi〈z,t〉 dt =

∫

Rn

g(t)Ez(t) dt, z ∈ TC . (5.129)

Equality (5.124) follows from (5.127) and (5.129). The proof is complete.

�

We ask if the representation (5.124) can be rewritten in the form f =

〈V,Ez〉, z ∈ TC , for some ultradistribution V ? If so, g will have to possess

sufficient properties to allow for 〈V,Ez〉 to be well defined.

If m = 0 or q = 0 in (5.1), the Fourier-Laplace integral in (5.124) obtains

an ultradistributional boundary value as y = Im z → 0, y ∈ C, by Theorem

5.2.2, since g satisfies (5.123) with m = 0 or q = 0. Can this fact be

used along with (5.124) to prove that f also obtains an ultradistributional

boundary value?

Recall the concept of n-rant cone given above. We extend Theorem

5.3.1 to the case where C is contained in or is an n-rant cone.

Theorem 5.3.2. Let C be an open convex cone that is contained in or is a

n-rant cone in R
n. Let f be an analytic function in TC and satisfy (5.1) for

2 < r <∞. There exists a measurable function g on R
n and a nonsingular

linear transformation L of Rn onto Rn such that supp g ⊆ (L−1(C))∗ almost

everywhere and, denoting v := L−1(y),

‖ev g‖Lr ≤M [k + (d (v))−m]q exp [M∗(R/|v|)], y ∈ C, (5.130)

where M∗ is the associated function of the sequence (Mp) defined in (2.9)

and M > 0, R > 0, k > 0, m ≥ 0, q ≥ 0 are constants which are

independent of y ∈ C; and

f(z) = W (u+ iv)

∫

Rn

g(t)Eu+iv(t) dt, (5.131)

for z = x + iy ∈ Rn + iC, where W is a polynomial of variable u + iv :=

L−1(x) + iL−1(y).

Proof. Let Γ denote the n-rant cone that C is contained in or is. There

exists a nonsingular linear transformation L (with domain and range being

Rn) which maps the first n-rantC0 onto Γ in a one-one manner such that the

boundary of C0 is mapped to the boundary of Γ. Further, if C is properly

contained in Γ, then L−1(C) is an open convex cone which is contained in
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C0 and L maps L−1(C) one-one and onto C with the boundary of L−1(C)

being mapped to the boundary of C. (If C = Γ, then L−1(C) = C0.) For

u+ iv := L−1(x) + iL−1(y) ∈ Rn + iL−1(C), put

G(u+ iv) := f(L(u) + iL(v)) = f(x+ iy), (5.132)

where u+ iv ∈ Rn + iL−1(C) and x+ iy ∈ Rn + iC. The function G of the

variable u+ iv is analytic in Rn + iL−1(C). By (5.1), we have
∫

Rn

|G(u+ iv)|r du =
1

| det(L)|

∫

Rn

|f(x+ iL(v))|r dx

≤ 1

| det(L)|
(
K[1 + (d(L(v)))−m]q exp [M∗(T/|L(v)|)]

)r

(5.133)

for y = L(v) ∈ C. Recalling that the boundary of L−1(C) is mapped by L

to the boundary of C, we have

d(L(v)) = inf
y′∈∂C

|L(v)− y′| = inf
v′∈∂L−1(C)

|L(v)− L(v′)|

= inf
v′∈∂L−1(C)

|L(v − v′)| (5.134)

for v ∈ L−1(C), where ∂C denotes the boundary of C. Corresponding to

the nonsingular linear transformation L there exist constants a > 0 and

b > 0 such that

a|w| ≤ |L(w)| ≤ b|w|, w ∈ R
n, (5.135)

with a and b being independent of w ∈ Rn (see [23], p. 93). Using (5.135)

in (5.134), we have

d(L(v)) = inf
v′∈∂L−1(C)

|L(v − v′)|

≥ inf
v′∈∂L−1(C)

a|v − v′| = a d(v), v ∈ L−1(C).

(5.136)

Applying (5.136) and (5.135) in (5.133), we obtain

| det(L)|
∫

Rn

|G(u+ iv)|r du

≤
(
K(1 + (a d(v))−m)q exp [M∗(T/a|v|)]

)r

=
(
(K/amq)(am + (d(v))−m)q exp [M∗(T/a|v|)]

)r

(5.137)
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for v ∈ L−1(C), because M∗ is an increasing function. Since G is an

analytic function of the variable u + iv ∈ Rn + iL−1(C), it follows from

Theorem 5.3.1 that there exists a measurable function g on Rn such that

supp g ⊆ (L−1(C))∗ almost everywhere and

‖evg‖L2 ≤M [k + (d(v))−m]q exp [M∗(R/|v|)], v ∈ L−1(C), (5.138)

for some M > 0, k > 0, m ≥ 0, and R > 0, i.e. (5.130) holds with

L−1(y) = v; and

G(u+iv) = W (u+iv)

∫

Rn

g(t)Eu+iv(t) dt, u+iv ∈ R
n+iL−1(C), (5.139)

where W is a polynomial. Thus, by (5.132) and (5.139), we get (5.131).

The proof is complete. �

If m = 0 or q = 0 in (5.1), can we obtain an ultradistributional bound-

ary value for f in Theorem 5.3.2 using (5.132)? We could if we knew an

ultradistributional boundary value existed in Theorem 5.3.1 for m = 0 or

q = 0 there.

Now recall the concept of a polygonal cone given above and the fact

of the intersection property for the n-rant cones Cj , j = 1, . . . ,m, whose

union is the polygonal cone. Let us extend Theorems 5.3.1 and 5.3.2 to the

case that C can be a polygonal cone.

For C being a polygonal cone, C =
m⋃
j=1

Cj , where the Cj are n-rant cones

which have the intersection property described above. Let f be an analytic

function in TC satisfying (5.1) for 2 < r < ∞. Note that y ∈ C implies

y ∈ Cj for some j = 1, . . . ,m and that the distance from y to the boundary

of C is greater or equal to the distance from y to the boundary of Cj . Thus

f is analytic in Rn + iCj and satisfies (5.1) for y ∈ Cj and j = 1, . . . ,m.

Thus, by Theorem 5.3.2, for each n-rant cone Cj , j = 1, . . . ,m, there is a

nonsingular linear transformation Lj which maps C0 one-one and onto Cj
and a function gj with supp gj ⊆ (L−1

j (Cj))
∗ = C∗

0 almost everywhere and

there is a polynomial Wj such that, denoting vj := L−1
j (y),

‖evj (y) gj‖L2 ≤M [k + (d(vj))
−m]q exp [M∗(R/|vj |)] (5.140)

for y ∈ Cj and

f(x+ iy) = Wj(uj + ivj)

∫

Rn

gj(t)Euj+ivj (t) dt (5.141)
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for x+ iy ∈ Rn + iCj , where Wj is a polynomial of the variable uj + ivj :=

L−1
j (x) + iL−1

j (y).

In this way, we have proved the following result.

Theorem 5.3.3. Let C be a polygonal cone in Rn and let f be an analytic

function in TC satisfying (5.1) for 2 < r < ∞. There exist n-rant cones

Cj , j = 1, . . . ,m; nonsingular linear transformations Lj which map C0 one-

one and onto Cj ; functions gj satisfying the inclusions supp gj ⊆ C0 almost

everywhere and (5.140); and polynomials Wj such that (5.141) holds with

C :=
m⋃
j=1

Cj .

A result similar to Theorem 5.3.3 can be proved for C being a regular

cone.

Can an ultradistributional boundary value be obtained for f in Theorem

5.3.3 and for the corresponding result for C being a regular cone?

5.4 Boundary values via almost analytic extensions

In this section we give another approach which is based on almost analytic

extensions. This concept gives for Rn the most general results, although

the cases p = ∞ and p = 1 are still open. Here we will consider the case

where the space dimension is n = 1; the case n > 1 is considered in [32].

We refer to papers [31], [32], [113] - [115] and [122].

We continue to assume conditions (M.1), (M.2), (M.3′) and that (m∗
p)

is a nondecreasing sequence.

Using the same method as in [113], 2.2. Proposition, and the Minkowski

inequality one can prove the following lemma.

Lemma 5.4.1. Let r > 1 and h > 0. There exists an H > 0 such that for

every ϕ ∈ D((Mp), h, L
r) there are a φ ∈ C1(C) and a C > 0 such that

φ|R = ϕ and

sup
y∈R

eM
∗(hH/|y|)‖

( ∂
∂z̄
φ
)
(·+ iy)‖Lr < C‖ϕ‖Lr,h,

where M∗ is the associated function of the sequence (Mp) defined in (2.9),

and

sup
y∈R

‖(φ(j))(·+ iy)‖Lr < C‖ϕ‖Lr,h, j = 0, 1,

with the convention (∂/∂z̄)φ (x+ i0) = 0.
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The estimate for ϕ′(·+ iy) is added in Lemma 5.4.1 in order to have a

symmetric assertion to the assertion of Lemma 5.4.4 below.

For the main results of this section we need the following three lemmas.

Lemma 5.4.2. Let F be an analytic function on C\R such that

1◦ (in the Beurling case) there are a k > 0 and a C > 0,

2◦ (in the Roumieu case) for every k > 0 there is a C > 0,

for which

‖F (·+ iy)‖Ls ≤ CeM∗(k/|y|), y 6= 0, (5.142)

where M∗ is the associated function of the sequence (Mp) defined in (2.9).

We have

1◦ (in the Beurling case) for every compact set K ⊂ R there are a p > 0

and a B > 0,

2◦ (in the Roumieu case) for every p > 0 there is a B > 0,

such that

sup
x∈K
{|F (x+ iy)|} ≤ BeM∗(p/|y|), y 6= 0.

Proof. We shall prove the assertion only for the Beurling case, since the

proof for the Roumieu case is similar.

Let α ∈ D((Mp),R), suppα ⊂ [−a, a] and α ≡ 1 in a neighborhood of

K. Fix y 6= 0. Let

Kx,t := {z = x+ iy : |z − t− iy| = |y|
4
}

for a given x ∈ K and t ∈ [−a, a] and let s := r/(r − 1). Since

F (x+ iy) = α(x)F (x + iy) =

∫ x

−∞
[α(t)F (t + iy)]′ dt,

we have, by Cauchy’s formula,

|F (x+ iy)| ≤ 1

2π
[G1(y) +G2(y)],

where

G1(y) :=

∫ a

−a
|α′(t)|

∣∣∣∣∣

∫

z∈Kx,t

F (z)

z − t− iy dz
∣∣∣∣∣ dt

and

G2(y) :=

∫ a

−a
|α(t)|

∣∣∣∣∣

∫

z∈Kx,t

F (z) dz

(z − t− iy)2

∣∣∣∣∣ dt.
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By Hölder’s inequality, we have

G1(y) ≤
(∫ a

−a
|α′(t)|r dt

)1/r
(∫ a

−a

∣∣∣∣∣

∫

z∈Kx,t

F (z)

z − t− iy dz
∣∣∣∣∣

s

dt

)1/s

≤ C1

(∫ a

−a

∣∣∣∣
∫ 2π

0

F (t+ iy + eiθ|y|/4) dθ

∣∣∣∣
s

dt

)1/s

≤ C1

[∫ a

−a

(∫ 2π

0

1 dθ

)s/r (∫ 2π

0

|F (t+ iy + eiθ|y|/4|s dθ
)
dt

]1/s

≤ C2

[∫ 2π

0

(∫ a

−a
|F (t+ iy + eiθ|y|/4)|s dt

)
dθ

]1/s

and, similarly,

G2(y) ≤
(∫ a

−a
|α(t)|r dt

)1/r
(∫ a

−a

∣∣∣∣∣

∫

z∈Kx,t

F (z)

(z − t− iy)2
dz

∣∣∣∣∣

s

dt

)1/s

≤ D1

|y|

(∫ a

−a

∣∣∣∣
∫ 2π

0

[F (t+ iy + eiθ|y|/4]e−iθ dθ

∣∣∣∣
s

dt

)1/s

≤ D2

|y|

[∫ 2π

0

(∫ a

−a
|F (t+ iy + eiθ|y|/4)|s dt

)
dθ

]1/s

for suitable positive constants C1, C2, D1, D2 and for arbitrary x ∈ K. Since

the function M∗ is increasing and t ≤ C0M
∗(t) for some constant C0 > 0

and all t > 0 (see (2.8)), we conclude from the assumption (5.142) that

sup
x∈K
{|F (x+ iy)|}

≤ B0 (1 + 1/|y|)
(∫ 2π

0

(‖F (·+ iy + eiθ|y|/4)‖Ls)s dθ

)1/s

≤ B1 (1 + 1/|y|) exp [M∗ (k/|y + sin θ|y|/4|)]

≤ B1 (1 + 1/|y|) exp

[
M∗

(
4k

3|y|

)]
≤ B2 exp

[
M∗

(
2k

|y|

)]

with suitable positive constants B0, B1, B2. The lemma is proved. �

Using Sobolev’s lemma, one can easily prove the following assertion.
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Lemma 5.4.3. Let r > 1 and ϕ ∈ D((Mp), L
r) (respectively, ϕ ∈

D({Mp}, Lr) ). For every compact set K ⊂ R and every h > 0 (respectively,

for some h > 0 there are C > 0 and k > 0 ) we have

sup
x∈K
p∈N0

{ hp

(Mp)
|ϕ(p)(x)|} ≤ C‖ϕ‖k,Lr .

Lemma 5.4.4. Fix δ > 0 and let ∆ := {z : |Im z| < δ}. Suppose that

φ ∈ C1(∆) and φ(j)(· + iy) ∈ Lr with r > 1 for j = 0, 1 and |y| < δ.

Moreover, assume that for every h > 0 (respectively, for some h > 0), we

have

Dj,h := sup
0<|y|<δ

‖φ(j)(·+ iy)‖Lr <∞, j = 0, 1, (5.143)

and

D2,h := sup
0<|y|<δ

eM
∗(h/|y|)‖ ∂

∂z̄
φ(·+ iy)‖Lr <∞, (5.144)

where M∗ is the associated function of the sequence (Mp) defined in (2.9).

We have that the function ϕ := φ|R is in D((Mp), L
r) (respectively, in

D({Mp}, Lr)) and, for every h > 0 (respectively, for some h > 0) there is

a C > 0 such that

‖ϕ‖Lr,h ≤ CDh,

where Dh := max{Dj,h : j = 0, 1, 2}.

Proof. We denote

Γ±
1,a := {ζ : ζ = t± iδ, |t| < a}, Γ±

1 := {ζ : ζ = t± iδ, t ∈ R},

Γ±
2,a := {ζ : ζ = ±a+ it, |t| < δ}, ∆a := {ζ : |Im ζ| < δ, |Re ζ| < a}.

This notation will be used later, as well.

Fix p ∈ N and let x ∈ R. By Cauchy’s formula, for sufficiently large a,

we have

ϕ(p)(x) =
p!

2πi
(I−1,a − I+

1,a + I−2,a − I+
2,a + Ia), (5.145)

where

I±j,a :=

∫

Γ±
j,a

φ(ζ) dζ

(ζ − x)p+1
, j = 1, 2; Ia :=

∫

∆a

(∂/∂ζ̄)φ(ζ) dζ ∧ dζ̄
(ζ − x)p+1

.

Since

|φ(x + iy)| =
∣∣∣∣
∫ x

0

φ′(t+ iy) dt

∣∣∣∣ ≤ |x|1/s
(∫ ∞

−∞
|φ′(t+ iy)|r dt

)1/r

,
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inequality (5.143) implies that I±2,a → 0 as a→ 0.

Hence, by (5.145),

ϕ(p)(x) =
1

2πi
(I−1 (x)− I+

1 (x) + I(x)),

where

I±1 (x) := p!

∫

Γ±
1

φ(ζ) dζ

(ζ − x)p+1
; I(x) := p!

∫

∆

(∂/∂ζ̄)φ(ζ) dζ ∧ dζ̄
(ζ − x)p+1

.

Let us estimate ‖I−1 ‖Lr . We have

|I−1 (x)|r ≤ (p!)r
(∫ ∞

−∞

|φ(t+ x− iδ)| dt
|t− iδ|p+1

)r

≤ A(p!)r

δ

∫ ∞

−∞

|φ(t+ x− iδ)|r dt
|t− iδ|pr ,

where

A :=

(∫ ∞

−∞

dt

(1 + t2)s/2

)r/s
.

By Hölder’s inequality, Fubini’s theorem and (5.143), we have
∫ ∞

−∞
|I−1 (x)|r dx ≤ A(p!)r

δ

∫ ∞

−∞

dt

|t− iδ|2
∫ ∞

−∞

|φ(t+ x− iδ)|r
|t− iδ|pr−2

dx

≤ A(p!)r

δ

∫ ∞

−∞

dt

t2 + δ2

∫ ∞

−∞

|φ(t+ x− iδ)|r dx
δpr−2

≤ Aπ(p!)r

2δ2
(D0,h)r

δpr−2
.

Since p! ≺Mp, we obtain, for suitable Ã > 0, the inequality

‖I−1 ‖Lr =

(∫ ∞

−∞
|I−1 (x)|r dx

)1/r

≤ ÃDhp!

δpeM∗(h/δ)
≤ ÃDhh

−pMp.

An analogous inequality holds for ‖I+
1 ‖Lr .

Let us estimate ‖I‖Lr . We have

|I(x)|r
(p!)r

=

∣∣∣∣
∫

∆

(∂/∂ζ̄)φ(ζ) dζ ∧ dζ̄
(ζ − x)p+1

∣∣∣∣
r

≤
(∫ ∞

−∞

∫ δ

−δ

|(∂/∂ζ̄)φ(ξ + iη)| dη dξ
|ξ + iη − x|p+1

)r

=

(∫ ∞

−∞

∫ δ

−δ

|(∂/∂ζ̄)φ(ξ + iη)|
|η|1/s|ξ + iη − x|p+1−(2/s)

|η|1/sdηdξ
|ξ + iη − x|2/s

)r

≤ Br/s
∫ ∞

−∞

∫ δ

−δ

|(∂/∂ζ̄)φ(ξ + iη)|r dη dξ
|η|r/s|ξ + iη − x|(p+1−(2/s))r

,
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where

B :=

∫ ∞

−∞

∫ δ

−δ

|η|dηdξ
|ξ + iη − x|2 = 2

∫ δ

0

(∫ ∞

−∞

d(ξ/η)

((ξ − x)/η)2 + 1

)
dη

= 2πδ.

This implies that

(p!)−r (2πδ)−r/s
∫ ∞

−∞
|I(x)|rdx

≤
∫ ∞

−∞

(∫ ∞

−∞

∫ δ

−δ

|(∂/∂ζ̄)φ(ξ + iη)|r
|η|(p+1−(1/s))r−2

dξdη

|ξ + iη − x|2

)
dx

≤
∫ ∞

−∞

∫ δ

−δ

(∫ ∞

−∞
| ∂
∂ζ̄
φ(ξ + x+ iη)|r dx

) |η|((1/r)−p)r
ξ2 + η2

dξdη.

Hence, by (5.144),

‖I‖Lr ≤ (2πδ)1/sp!D2,h

(∫ δ

−δ

∫ ∞

−∞

( |η|1/r
|η|peM∗(h/|η|)

)r
dξdη

ξ2 + η2

)1/r

≤ Dh(2πδ)1/sh−pMp

(∫ ∞

−∞

∫ δ

−δ

|η|dξdη
ξ2 + η2

)1/r

≤ ADhδh
−pMp.

Minkowski’s inequality implies that for every h > 0 (respectively, for some

h > 0) there is a constant C > 0 such that

‖ϕ(p)‖Lr ≤ CDhh
−pMp, p ∈ N0.

This implies the assertion. �

Let s ∈ [1,∞]. Denote by H((Mp), L
s) (respectively, by H({Mp}, Ls))

the space of all functions f for which there exists a δ = δf > 0 such that

f is analytic in ∆ \ R, where ∆ = ∆f := {x + iy : x ∈ R, |y| < δ}, and

which satisfies the following estimate: for some k > 0 and some C > 0

(respectively, for every k > 0 there exists a C > 0) such that

‖f(·+ iy)‖Ls ≤ CeM∗(k/|y|), |y| < δ, y 6= 0,

where M∗ is the associated function of the sequence (Mp) defined in (2.9).

The common notation for both spaces is H(∗, Ls) = H∗
Ls .

We denote by H(Ls,R) = HLs the space of functions f analytic in the

corresponding ∆f and satisfying the estimate

‖f(·+ iy)‖Ls < Cf , |y| < δf .



May 14, 2007 15:29 World Scientific Book - 9in x 6in Newbook

124 Boundary Values and Convolution in Ultradistribution Spaces

Let f be an analytic function in ∆f \ R with ∆f := {z : |Im z| < δf} for

the respective δf > 0. If for every ϕ ∈ D(∗, Lr) the limit

〈Tf, ϕ〉 := lim
ε→0

∫

R

ϕ(x)(f(x + iε)− f(x− iε)) dx (5.146)

exists, we call Tf the boundary value of f in D′(∗, Lr).

Theorem 5.4.1. Let r > 1 and let f ∈ H∗
Ls . The boundary value Tf of f

defined in (5.146) can be represented for every ϕ ∈ D(∗, Lr) in the following

form:

〈Tf, ϕ〉 =

∫

∆

f(z)
∂

∂z
φ(z) dz ∧ dz̄ −

∫

Γ−
δ

f(z)φ(z) dz +

∫

Γ−
δ

f(z)φ(z) dz,

where ϕ is as defined in Lemma 5.4.4, i.e. ϕ := φ|R. Moreover, Tf belongs

to D′(∗, Lr).

Proof. Fix δ0 and put

∆+
a :={z : Im z ∈ (0, δ), |Re z| < a}; ∆+ := {z : Im z ∈ (0, δ)};

∆−
a :={z : Im z ∈ (−δ, 0), |Re z| < a}; ∆− := {z : Im z ∈ (−δ, 0)}

for δ ∈ (0, δ0). Let ε < (δ0 − δ)/2. Lemmas 5.4.2 and 5.4.3 enable us to

apply Stokes’ theorem which implies∫

∆+
a

f(x+ i(y + ε))
∂

∂z̄
φ(z) dz̄ ∧ dz =

∫

∂∆+
a

f(x+ i(y + ε))φ(z) dz.

Since y + ε ∈ (ε, ε+ δ) ⊂ (0, δ0) for y ∈ (0, δ), we obtain

‖f(·+ i(y + ε))‖Ls ≤ CeM∗(k/ε).

This fact and [143] (p. 125, Lemma) imply f(x+ i(y+ ε))→ 0 as |x| → ∞,

uniformly for y ∈ (0, δ). Thus, by Lemma 5.4.3 and by letting a→ ∞, we

obtain ∫

∆+

f(x+ i(y + ε))
∂

∂z̄
φ(z) dz̄ ∧ dz

=

∫

R

f(x+ iε)ϕ(x) dx −
∫

R

f(x+ i(ε+ δ))φ(x + iδ) dx.

(5.147)

Similarly,∫

∆−

f(x+ i(y − ε)) ∂
∂z
φ(z) dz̄ ∧ dz

=

∫

R

f(x− i(ε+ δ))φ(x − iδ) dx−
∫

R

f(x− iε)ϕ(x) dx.

(5.148)
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We have (with a suitable C > 0)∣∣∣∣
∫

∆+

f(x+ i(y + ε))
∂

∂z̄
φ(z) dz̄ ∧ dz

∣∣∣∣

= 2

∣∣∣∣∣

∫ δ

0

dy

(∫ ∞

−∞
f(x+ i(y + ε))

∂

∂z̄
φ(x + iy) dx

)∣∣∣∣∣

≤ 2

∫ δ

0

dy

(∫ ∞

−∞
|f(x+ i(y + ε))|s dx

)1/s

•
(∫ ∞

−∞

∣∣∣∣
∂

∂z̄
φ(x + iy)

∣∣∣∣
r

dx

)1/r

≤ C
∫ δ

0

eM
∗(k/(y+ε))−M∗(k/y) dy <∞.

The same holds for the integral over ∆−. Since the integrands in (5.147)

and (5.148) converge pointwise to the corresponding integrable functions,

as ε→ 0, we obtain

〈Tf, ϕ〉 =

∫

∆

f(z)
∂

∂z̄
φ(z) dz̄ ∧ dz −

∫

∂∆

f(z)φ(z) dz,

which proves the first part of the assertion.

Using Hölder’s inequality, the estimate for f and Lemma 5.4.1, we con-

clude that for some h > 0 and some C > 0 (respectively, for every h > 0

there is C > 0) such that

|〈Tf, ϕ〉| ≤ C‖ϕ‖h,Lr

which completes the proof of Theorem 5.4.1. �

Now let

C0 := {z = x+ iy ∈ C : x ∈ R, y 6= 0} (5.149)

and, for every z = x + iy ∈ C0, denote by χz the complex valued function

defined on R given by

χz(t) :=
1

t− z , t ∈ R. (5.150)

The following estimate will be needed in the proof of the next theorem.

Lemma 5.4.5. There is a constant B > 0 such that for every y 6= 0 and

every g ∈ Ls with s > 1 the following inequality holds:

‖〈g, χ·+iy〉‖Ls =

(∫

R

∣∣∣∣
∫

R

g(t) dt

t− x− iy

∣∣∣∣
s

dx

)1/s

≤ B‖g‖s. (5.151)
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Proof. The assertion can be obtained by combining Theorem 1.4,

Lemma 1.5 (Ch. IV)and Theorems 3.10 and 3.7 (Ch. II) in [143]. �

Theorem 5.4.2. Let r > 1 and let s := r/(r − 1). The mapping T :

H(∗, Ls)→ D′(∗, Ls) defined in (5.146) is surjective. Its kernel is HLs .

Proof. We shall prove the assertion only for the Beurling case, because

the Roumieu case can be proved similarly.

Let f ∈ D′((Mp), L
s) be of the form

f =

∞∑

p=0

(−1)pf (p)
p (5.152)

with fp ∈ Ls(p ∈ N0) such that

∞∑

p=0

Mp

Kp
‖fp‖Ls <∞. (5.153)

By Theorem 4.1.1, the function χz defined in (5.150) belongs to

D((Mp), L
r) for every z ∈ C0, the set defined in (5.149). We shall prove

that the function f̃ : C0 → C defined by

f̃(z) := −〈f, χz〉, z ∈ C0,

belongs to H((Mp), L
s).

Fix y 6= 0. By inequality (5.152) from Lemma 5.4.5, Minkowski’s in-

equality and the continuity of the Ls norm, we have

‖f̃(·+ iy)‖Ls ≤
∞∑

p=0

∥∥∥〈f (p)
p , χ ·+iy〉

∥∥∥
Ls

=

∞∑

p=0

p! ‖Fp‖Ls , (5.154)

where

Fp(x) :=

∫

R

fp(t)

[t− (x+ iy)]p+1
dt, p ∈ N0, x ∈ R. (5.155)

Consider p ≥ 1 and recall that r = s/(s− 1). Since |t− (x+ iy)| ≥ |y|,
we have

|Fp(x)| ≤ F̄p(x)

|y|p−1
, x ∈ R, (5.156)

where

F̄p(x) :=

∫

R

|fp(t)| dt
|t− (x+ iy)|2 , x ∈ R.
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Using the substitution u := (t− x)/y in the integral below, we have
∫

R

dt

|t− z|1+r/2 =
1

|y|r/2
∫

R

du

|u− i|1+r/2 =
Ar
yr/2

(5.157)

(note that the integral on the left side does not depend on x), where

Ar :=

∫

R

du

|u− i|1+r/2 =

∫

R

dv

|v + i|1+r/2 <∞.

By Hölder’s inequality,

|F̄p(x)| ≤
∫

R

|fp(t)|
|t− z|3/2−1/r

· 1

|t− z|1/2+1/r
dt

≤
(∫

R

|fp(t)|s
|t− z|1+s/2 dt

)1/s

·
(∫

R

dt

|t− z|1+r/2
)1/r

=
A

1/r
r

|y|1/2
(∫

R

|fp(t)|s
|t− z|1+s/2 dt

)1/s

and hence

|F̄p(x)|s ≤ A
s/r
r

|y|s/2
∫

R

|fp(t)|s
|t− z|1+s/2 dt. (5.158)

Consequently, by (5.156), (5.158), the Fubini theorem and (5.157) applied

with t replaced by x and r replaced by s, we obtain

‖Fp‖Ls ≤ 1

|y|p−1

(∫

R

|F̄p(x)|s dx
)1/s

≤ A
1/r
r

|y|p+1/2

[∫

R

(∫

R

|fp(t)|s
|t− z|1+s/2 dt

)
dx

]1/s
(5.159)

=
A

1/r
r

|y|p+1/2

[∫

R

|fp(t)|s
(∫

R

dx

|t− z|1+s/2
)
dt

]1/s

=
A

1/r
r

|y|p+1/2

(
As
|y|s/2

)1/s

‖fp‖Ls =
A

1/r
r A

1/s
s

|y|p+1
‖fp‖Ls .

By (5.154), (5.151) and (5.159),

‖f̃(·+ iy)‖Ls ≤ B‖f0‖Ls +A1/r
r A1/s

s

∞∑

p=1

p!

|y|p+1
‖fp‖Ls

≤ A1

∞∑

p=0

p!

|y|p ‖fp‖Ls ,



May 14, 2007 15:29 World Scientific Book - 9in x 6in Newbook

128 Boundary Values and Convolution in Ultradistribution Spaces

where A1 = A1(y) := max{B,A1/r
r A

1/s
s /|y|}. By (5.153), this implies that,

for arbitrary y 6= 0,

‖f̃(·+ iy)‖Ls ≤ A1 sup
p

[
kpp!

Mp|y|p
] ∞∑

p=0

Mp

kp
‖fp‖Ls ≤ A2e

M∗(k/|y|)

for a suitable constant A2 depending on y. Consequently, f̃ ∈ H((Mp), L
s).

We shall show that f = T f̃ . Let ϕ ∈ D((Mp), L
r) and φ be its almost

analytic extension. For z ∈ C put

φ1(z) :=
1

2πi

∫

∆

(∂/∂ζ̄)φ(ζ)

ζ − z dζ ∧ dζ̄, (5.160)

φ2(z) :=
1

2πi

∫

Γδ−

φ(ζ)

ζ − z dζ, (5.161)

φ3(z) := − 1

2πi

∫

Γδ+

φ(ζ)

ζ − z dζ (5.162)

and let ϕj := φj |R for j = 1, 2, 3, i.e. ϕ1, ϕ2 and ϕ3 are given by formulas

(5.160), (5.161) and (5.162), respectively, with the variable z ∈ C replaced

by x ∈ R. We have ϕ(x) = ϕ1(x) + ϕ2(x) + ϕ3(x) for x ∈ R.

By the same arguments as in Lemma 5.4.4, it follows that the functions

ϕ2 and ϕ3 are in D((Mp), L
r). Thus the function ϕ1 is in D((Mp), L

r).

Applying formulas (5.160), (5.161) and (5.162) with z ∈ C replaced by

x ∈ R, we obtain

2πi〈f, ϕ1〉 = −
∫

∆

〈f, χζ〉
∂

∂ζ̄
φ(ζ) dζ ∧ dζ̄ =

∫

∆

f̃(ζ)
∂

∂ζ̄
φ(ζ) dζ ∧ dζ̄,

(5.163)

2πi〈f, ϕ2〉 = −
∫

Γδ−

〈f, χζ〉φ(ζ) dζ =

∫

Γδ−

f̃(ζ)φ(ζ) dζ (5.164)

2πi〈f, ϕ3〉 =

∫

Γδ+

〈f, χζ〉φ(ζ) dζ = −
∫

Γδ+

f̃(ζ)φ(ζ) dζ, (5.165)

where χζ denotes the function defined in (5.150), under the assumption

that the change of the order of the functional f and the respective integrals

is allowed. In this case, we may conclude from (5.163)-(5.165) that

〈f, ϕ〉 = 〈f, ϕ1〉+ 〈f, ϕ2〉+ 〈f, ϕ3〉 = 〈T f̃, ϕ〉.

The interchange of f and integrals applied above is allowed, because

it is allowed in case the sets
∫
∆ and

∫
Γδ±

under the integrals above are
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replaced by
∫
∆a

and
∫
Γa,δ±

, respectively, for arbitrary a > 0, and because

∫

∆a

(∂/∂ζ̄)ϕ(ζ)

ζ − · dζ ∧ dζ̄ →
∫

∆

(∂/∂ζ̄)ϕ(ζ)

ζ − · dζ ∧ dζ̄,
∫

Γa,δ±

ϕ(ζ)

ζ − · dζ →
∫

Γδ±

ϕ(ζ)

ζ − · dζ

as a→∞ in the sense of convergence in D((Mp), L
r). By similar arguments

as in the proof of Theorem 3.3 in [110] one can prove that Ker T = H(Ls,R),

and the assertion of Theorem 5.4.2 is proved. �

5.5 Cases s = ∞ and s = 1

The method used in the previous section cannot be applied for s =∞ and

s = 1 because the function

R 3 t 7→ 1

t− x− iy ∈ C, x+ iy ∈ C, y 6= 0,

is not in L1. Note that this function belongs to Ḃ((Mp),R), but we have

not succeeded in proving that for an f ∈ D′(∗, L∞) or f ∈ D′(∗, L1) there

exists the corresponding F (z) in H(∗, L∞) or H(∗, L1) which converges to

f in D′(∗, L∞) or D′(∗, L1). We shall prove the converse assertion, i.e.,

that elements in H(∗, L∞) and H(∗, L1) determine elements in D′(∗, L∞)

and D′(∗, L1) as boundary values, but assuming the stronger condition

(5.151) instead of (5.148). This condition enables us to follow the method

of Komatsu used in the proof of Theorem 11.5 in [82]. The following lemma

from [82] is needed.

Lemma 5.5.1. Assume that the sequence (Np) satisfies (M.1), (M.2),

(M.3′) and, denoting np := Np/Np−1, consider

P (ζ) := (1 + ζ)2
∞∏

p=1

(
1 +

ζ

np

)
, G(ζ) :=

1

2π

∫ ∞

0

P (t)−1eiζt dt, ζ ∈ C.

Then the function G is analytic, can be continued analytically to the Rie-

mann domain {z : −π < arg z < 2π} on which P (D)G(z) = −(2πiz)−1

and is bounded on the domain {z : −π
2 ≤ arg z ≤ 3π

2 }. Moreover, defining

g(y) := G+(−iy)−G−(−iy), y > 0,

where G+ and G− are the branches of G on {z : −π < arg z ≤ 0} and

{z : π ≤ arg z < 2π}, respectively, we have

|g(y)| ≤ A√yeM∗(L/y), y > 0,
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for some A > 0, where M∗ is the associated function of the sequence (Mp)

defined in (2.9).

Theorem 5.5.1. Assume that the sequence (Mp) satisfies conditions

(M.1), (M.2), (M.3′) and the sequence (m∗
p) is nondecreasing. If F ∈

H(∗, L∞) (respectively, if F ∈ H(∗, L1)), then F (· + iy) → F (· + i0) ∈
D′(∗, L∞) (respectively, F (·+ iy)→ F (·+ i0)) ∈ D′(∗, L1)) as y → 0+ in

the sense of convergence in D′(∗, L∞) (respectively, in D′(∗, L1)).

Proof. We shall prove the theorem only for the Roumieu case ∗ =

{Mp} which is more complicated. We shall use the construction from [82],

Theorem 5.4.3 (see also [114]). Our aim is to prove that, for every ϕ ∈
D({Mp}, L1) (respectively, ϕ ∈ Ḃ({Mp},R)), the set

{〈F (·+ iy), ϕ〉 : 0 < y < δ0}
is bounded and, moreover, 〈F (· + iy), ϕ〉 converges as y → 0+ for ev-

ery ϕ ∈ D({Mp},R). Since D({Mp},R) is dense in D({Mp}), L1) and in

Ḃ({Mp},R)), this will imply the assertion in Theorem 5.5.1.

Assume first that F ∈ H({Mp}, L∞) and let ϕ ∈ D({Mp}, L1) be such

that ‖ϕ‖L1,h0
<∞ for h0 > 0.

Let Ik := (k − 2, k + 2) for k ∈ Z, the set of all integers, and let ψk be

a partition of unity in D({Mp},R) such that, for some R > 0 which does

not depend on k,

suppψk ⊆ Ik, ‖ψk‖L1,h0
≤ R, k ∈ Z.

We have
∫ ∞

−∞
F (x + iy)ϕ(x) dx =

∑

k∈Z

∫

Ik

F (x+ iy)ϕ(x)ψk(x) dx, 0 < y < δ0.

We will construct an ultradifferential operator P of class {Mp} of the form

P (D) = (1 +D)2
∞∏

p=1

(
1 +

D

np

)
(5.166)

such that the equations

P (D)Hk(x+ iy) = F (x+ iy), k ∈ Z,

have the solutions Hk(x+ iy) which are analytic in

Πk := {x+ iy : x ∈ Ik , 0 < y < δ0/2}
and bounded in some neighborhood of Ik for k ∈ Z.
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As in [82], pp. 98–99, one can show that there is a sequence (Np) such

that the operator (5.166) is of class {Mp}, Mp ≺ Np, and

||F (·+ iy)||L∞ < CeN
∗(1/y), |y| < δ0.

Conditions (M.1), (M.2), (M.3′) imply that if the operator P (D) is of the

form (5.166), then it is of the class {Mp}; and in this case, the condition

that the sequence (m∗
p) is nondecreasing could not be replaced by (M.1).

Fix k and denote z0
k := k + iδ with δ0/2 < δ < δ0. Let

Hk(z) :=

∫

Γ

G(z − ω)F (ω) dω, z = x+ iy, x ∈ Ik, 0 < y < δ0/2,

where G(z) is the Green kernel of P (D) given in Lemma 5.5.1 and Γk is a

simple closed curve lying in {x+ iy : x ∈ Ik , y ∈ (0, δ)} starting at z0
k and

encircling counterclockwise a slit connecting z0
k and z. We deform the path

Γk to the union of segments joining z0
k and z1

k = x+iδ0/2, a segment joining

z1
k and z, a segment joining z and z1

k, and a segment joining z1
k and z0

k. This

is possible because G is bounded in the set {z : −π/2 ≤ arg z ≤ 3π/2}. By

the same arguments as in [82], we have P (D)Hk(z) = F (z) for z ∈ Πk and,

consequently,
∣∣∣∣
∫ ∞

−∞
F (x+ iy)ϕ(x) dx

∣∣∣∣ ≤
∑

k∈Z

∫

Ik

|F (x + iy)ψk(x)ϕ(x)| dx

≤
∑

k∈Z

∫

Ik

∣∣∣∣
[∫

Γk

G(z − ω)F (ω) dω

]
P (D)[ψk(x)ϕ(x)]

∣∣∣∣ dx

for 0 < y < δ0/2. Denote the part of γk from z1
k to z and from z to z1

k by

Γ1
k and the rest by Γ0

k for k ∈ Z. We have

∫

Ik

∣∣∣∣∣

[∫

Γ1
k

G(z − ω)F (ω) dω

]
P (D)[ϕ(x)ψk(x)]

∣∣∣∣∣ dx

≤ sup
x∈Ik

∣∣∣∣∣

∫

Γ1
k

G(z − ω)F (ω) dω

∣∣∣∣∣

∫

Ik

|P (D)[ϕ(x)ψk(x)] | dx. (5.167)

Denote by Ak the first and by Bk the second factor on the right side of

(5.167). Since P (D) =
∑

αD
α is of class {Mp}, it follows from (5.166)

with 2r < h2
0 and from the inequalities Mα−jMj ≤ Mα for j, α ∈ Nn0 ,

j ≤ α, that

∑

k∈Z

Bk ≤
∑

k∈Z

∞∑

α=0

aα

α∑

j=0

(
α

j

)∫

Ik

|ϕ(α−j)(x)ψ
(j)
k (x)| dx
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≤ C
∞∑

α=0

rαaα
(h2

0)α

α∑

j=0

(
α

j

)
‖ϕ‖L1,h0

‖ψk‖L∞,h0

≤ CR‖ϕ‖L1,h0

∞∑

α=0

rα

(h2
0)α

<∞.

On the other hand,

Ak = sup
x∈Ik

∣∣∣∣∣

∫ δ−y

0

g(t)F (x + iy + it) dt

∣∣∣∣∣

≤ A
√
y sup
x∈Ik

∫ δ−y

0

e−N
∗( 1

t+y )eN
∗( 1

t ) dt <∞.

This implies that
∑

k∈Z
AkBk <∞. Consider the path Γ0

k. We have
∣∣∣∣∣

∫

Ik

∣∣∣∣∣

[∫

Γ0
k

G(z − ω)F (ω) dω

]
P (D)[ϕ(x)ψk(x)]

∣∣∣∣∣ dx
∣∣∣∣∣

≤ sup
x∈Ik

∣∣∣∣∣

∫

Γ0
k

G(z − ω)F (ω) dω

∣∣∣∣∣

∫

Ik

|P (D)[ϕ(x)ψk(x)] | dx = DkBk.

Since, for z ∈ Πk and ω ∈ Γ0
k, the function G(z − ω) is uniformly bounded

by a constant which does not depend on k, we obtain
∑
k∈Z

DkBk < ∞.
This implies

∣∣∣∣
∫ ∞

−∞
F (x+ iy)ϕ(x) dx

∣∣∣∣ ≤
∑

k∈Z

(Dk +Ak)Bk <∞.

The proof that there is F (·+ i0) ∈ D′({Mp},R) such that

〈F (x + iy), ϕ〉 → 〈F (x+ i0), ϕ〉, y → 0+,

for every ϕ ∈ D({Mp},R), is given in [82] and [110]. We conclude that

F (x + iy)→ F (x+ i0) ∈ D′({Mp}, L∞), y → 0+,

which finishes the proof in case F ∈ H({Mp}, L∞).

The proof of Theorem 5.5.1 for F ∈ H({Mp}, L1) is analogous to

the previous case. The partition of unity (ψk) and the constructed se-

quence of functions Hk(z), z ∈ Πk, lead us to the proof that for every

ϕ ∈ D({Mp}, L∞) the set

{〈F (·+ iy), ϕ〉 : 0 < y < δ0/2}
is bounded. So we have to prove that 〈F (· + iy), ϕ〉 converges as y → 0+

for each ϕ ∈ D({Mp},R).
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Let I be a bounded open interval and

ΠI := {x+ iy : x ∈ I, y ∈ (0, δ0/2)}.
As in the first part of the proof, we construct P (D) of the form (5.166) and

of class {Mp} and HI such that

P (D)HI (x+ iy) = F (x+ iy), x+ iy ∈ ΠI .

We put

HI(x+ iy) :=

∫

Γ1

G(z − ω)F (ω) dω +

∫

Γ0

G(z − ω)F (ω) dω,

where Γ := Γ1 ∪ Γ2 is a path constructed in the same way as Γk with I

instead of Ik and z0 := x0 + iδ (x0 is the middle point of I) instead of

z0
k. By using Hölder’s inequality, we obtain H(· + iy) ∈ L1(I) for every

y, 0 < y < δ0/2, and

‖H(·+ iy)‖L1 < C, 0 < y < δ0/2.

This implies that

HI(·+ iy)→ HI(·+ i0) ∈ L1, y → 0+,

and, consequently,

HI(x+ iy)→ HI(x+ i0), y → 0+,

in D′({Mp},R).

Consequently,

〈F (x + iy), ϕ〉 → 〈F (x+ i0), ϕ〉, y → 0+,

for every ϕ ∈ D({Mp},R), and the proof is completed. �
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Chapter 6

Convolution of Ultradistributions

6.1 Introduction

In the theory of generalized functions (distributions, ultradistributions, hy-

perfunctions) the convolution of two generalized functions is usually defined

only in the case where one of them has compact support. On the basis of

such a definition of the convolution of ultradistributions, Braun, Meise,

Taylor, Voigt and their collaborators (see [103] and references there) exten-

sively studied convolution equations in the space of ultradistributions.

However, it is natural and very important in many situations (e.g. con-

volution equations, convolutional algebras) to have the convolution of gen-

eralized functions defined without any restrictions on their supports.

In the space D′ of Schwartz’s distributions (and in certain of

its subspaces, e.g. in the spaces S ′ of tempered distributions and

K{Mp}′ of Gelfand-Shilov) a variety of such general definitions of

the convolution have appeared in many books and papers (see e.g.

[36, 132, 57, 156, 135, 149, 151, 2, 45, 69]), but almost thirty years

passed until it became clear that most of them are equivalent (see

[135, 45, 69]).

First two general definitions of the convolution for ultradistributions

were introduced in [119]. The equivalence of analogues of the main classi-

cal definitions of the convolution of ultradistributions was proved in [70]. In

[70], several definitions of the convolution in the space S ′(Mp)
of tempered

ultradistributions (analogous to the notion of S ′-convolution of tempered

distributions) were formulated, but without proof of their equivalence. The

proof will be given in this chapter. This proof is not a simple modifica-

tion of the proofs known for distributions. New methods are necessary,

because ultradistributions are not finite but infinite sums of derivatives of

135
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functions on bounded open sets (so e.g. the Leibniz formula cannot be

used). It is interesting that several sequential definitions of convolution

are equivalent to those introduced in the functional analysis approach to

the theory in which the space of integrable ultradistributions plays a crucial

role. This gives the possibility of further generalizations of the definition by

selecting suitably narrow classes of unit-sequences. We restrict our study

to convolution of ultradistributions of Beurling type and follow the ap-

proach of Denjoy, Carleman and Komatsu to the theory (see [82]-[84]), but

the results can be obtained by other approaches, such as those developed

by Cioranescu-Zsidó, Beurling, Björck, Grudzinski and Braun-Meise-Taylor

(see [44, 7, 8, 56, 11]).

Recall that if ω is a function on Rn, then the symbol ω4 traditionally

denotes the function on R2n given by

ω4(x, y) := ω(x+ y), x, y ∈ R
n. (6.1)

Evidently, if ω ∈ E = E(Rn), then ω4 ∈ E(R2n) and

∂α+β

∂xα∂yβ
[ω4(x, y)] =

[
∂α+β

∂xα∂yβ
ω(x, y)

]4
, α, β ∈ N

n.

We denote this common value in abbreviation by (ω4)(α+β)(x, y).

As before, the norm in Lr = Lr(Rn), r ∈ [1,∞], is denoted by ‖ · ‖Lr .

We introduce now certain classes of sequences of functions (see

[45], [68], [119]). A sequence (ηj) of elements of D(Mp)(Rn)

is said to be an (Mp)-unit-sequence or, briefly, a unit-sequence

[in symbols: (ηj) ∈ 1(Mp)(Rn) ] if it converges to 1 in E (Mp)(Rn) and

if there exists h > 0 such that

sup
j∈N

sup
α∈Nn

(
hα

Mα
‖ η(α)

j ‖L∞

)
<∞. (6.2)

If moreover, for every compact set K ⊂ R
n, there exists j0 ∈ N such that

ηj(x) = 1 for x ∈ K, j ≥ j0,
then (ηj) is called a strong (Mp)-unit-sequence or, briefly, a strong unit-

sequence [in symbols: (ηj) ∈ 1̄(Mp)(Rn) ].

A sequence (δj) of elements of D(Mp)(Rn) is said to be an (Mp)-delta-

sequence or, briefly, a delta-sequence [in symbols: (δj) ∈ ∆(Mp)(Rn) ]

if

δj ≥ 0,

∫
δj = 1, supp δj ⊆ [−αj , αj ]n for j ∈ N,

where αj > 0 for j ∈ N and αj → 0 as j →∞.

A locally convex space F is said to be a space of ultradistributions if
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(I) D(Mp) ⊂ F ⊂ D′ and the injections D(Mp)→ F and F → D′ are

continuous;

(II) D(Mp) is dense in F .

Following [57] we say that the space of ultradistributions of the class

(Mp) is permitted if (ηjf) ∗ δj → f and ηj(f ∗ δj)→ f in D′(Rn) as j →∞
for arbitrary f ∈ F , (ηj) ∈ 1(Mp)(Rn) and (δj) ∈∆(Mp)(Rn).

A space F of ultradistributions is said to have property (C(Mp)) (see

[119]) if for each barrelled space E every linear mapping τ : E → F is

continuous as a mapping τ : E → D′(Mp)
. For example, L1 and D′(Mp)

L1 have

this property.

6.2 Definitions of D
′(Mp)

−convolution

In this section we give a list of general definitions of the convolution of ultra-

distributions, analogous to the definitions given in the case of distributions

by Schwartz [132] (Definition 6.2.1), Chevalley [36], pp. 67, 112 (Definitions

6.2.2, 6.2.3, and 6.2.4), Vladimirov [149], p. 138 (Definition 6.2.5), Dierolf

and Voigt [45] (Definition 6.2.6), and Kamiński [69] (Definitions 6.2.7 and

6.2.8). In the next section we will prove their equivalence.

Recall that for a given ultradistribution T ∈ D′(Mp)
(Rn) the symbol

T̃ is meant in the sense of formulas (1.5)-(1.6) and the symbol ω4 for a

function ω ∈ D(Mp) is defined in (6.1).

We give now several definitions (Definitions 6.2.1-6.2.8) of the

D′(Mp)−convolution of ultradistributions denoting the convolution in-

troduced in Definition 6.2.k by the corresponding symbol
k∗ for k =

1, 2, 3, 4, 5, 6, 70, 71, 72, 80, 81, 82. In the next section, we will prove that

all of these definitions are equivalent and for the D′(Mp)−convolution of

ultradistributions the common symbol ∗ will be used further on.

In all definitions of the D′(Mp)−convolution below S and T mean two

fixed ultradistributions, i.e. elements of the space D′(Mp)
:= D′(Mp)

(Rn).

Definition 6.2.1. The convolution S
1∗ T is defined by the formula

〈S 1∗ T, ϕ〉 := 〈(S ⊗ T )ϕ4, 1〉, ϕ ∈ D(Mp),

whenever
(1∗
)

(S ⊗ T )ϕ4 ∈ D
′(Mp)

L1 (R2n) for ϕ ∈ D(Mp).
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Definition 6.2.2. The convolution S
2∗ T is defined by the formula

〈S 2∗ T, ϕ〉 := 〈(S ∗ ϕ)T̃ , 1〉, ϕ ∈ D(Mp),

whenever

(2∗
)

(S ∗ ϕ)T̃ ∈ D′(Mp)

L1 for ϕ ∈ D(Mp).

Definition 6.2.3. The convolution S
3∗ T is defined by the formula

〈S 3∗ T, ϕ〉 := 〈S(T̃ ∗ ϕ), 1〉, ϕ ∈ D(Mp),

whenever
(3∗
)

S(T̃ ∗ ϕ) ∈ D′(Mp)

L1 for ϕ ∈ D(Mp).

Definition 6.2.4.

The convolution S
4∗ T is defined by the formula

〈(S 4∗ T ) ∗ ϕ, ψ〉 := 〈(S ∗ ϕ)(T̃ ∗ ψ), 1〉, ϕ ∈ D(Mp), ψ ∈ D(Mp),

whenever
(4∗
)

(S ∗ ϕ)(T̃ ∗ ψ) ∈ L1 for ϕ ∈ D(Mp), ψ ∈ D(Mp).

As in the theory of distributions, one can prove that the mapping

D(Mp)(Rn) 3 ϕ 7→ Aϕ ∈ D′(Mp)
(Rn),

where

〈Aϕ, ψ〉 :=

∫

Rn

(S ∗ ϕ) (x)(T̃ ∗ ψ) (x)dx, ψ ∈ D(Mp),

is a linear, continuous and translation invariant mapping from D(Mp)(Rn)

into E(Mp)(Rn). This implies that there exists a unique ultradistribution

V ∈ D′(Mp)
(Rn) such that V ∗ ϕ = Aϕ for ϕ ∈ D(Mp)(Rn). Consequently,

Definition 6.2.4 is consistent and S
4∗ T = V .

Definition 6.2.5. The convolution S
5∗ T is defined by the formula

〈S 5∗ T, ϕ〉 := lim
j→∞
〈S ⊗ T, ηj ϕ4〉, ϕ ∈ D(Mp),

whenever
(5∗
)

the limit exists for all ϕ ∈ D(Mp) and for all (ηj) ∈ 1̄(Mp)(R2n).
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Definition 6.2.6. The convolution S
6∗ T is defined by the formula

〈S 6∗ T, ϕ〉 := lim
j→∞
〈S ⊗ T, ηj ϕ4〉, ϕ ∈ D(Mp),

whenever
(6∗
)

the limit exists for all ϕ ∈ D(Mp) and for all (ηj) ∈ 1(Mp)(R2n).

Definition 6.2.7.

a) The convolution S
70∗ T is defined by the formula

(d0) S
70∗ T := lim

j→∞
(ηjS) ∗ (η̃jT ) in D′(Mp)

,

whenever
(70∗
)

the limit in (d0) exists for all (ηj) ∈ 1̄(Mp) and for all (η̃j) ∈ 1̄(Mp).

b) The convolution S
71∗ T is defined by the formula

(d1) S
71∗ T := lim

j→∞
(ηjS) ∗ T in D′(Mp)

,

whenever
(71∗
)

the limit in (d1) exists for all (ηj) ∈ 1̄(Mp).

c) The convolution S
72∗ T is defined by the formula

(d2) S
72∗ T := lim

j→∞
S ∗ (ηjT ) in D′(Mp)

,

whenever
(72∗
)

the limit in (d2) exists for all (ηj) ∈ 1̄(Mp).

Definition 6.2.8. For every k = 0, 1, 2, the convolution S
8k∗ T is defined

by formula (dk), whenever

( 8k∗
)

the limit in (dk) exists for all (ηj) ∈ 1(Mp) (and for all (η̃j) ∈
1(Mp)).
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In the case of distributions, the equivalence of the above listed defini-

tions of convolution follows from several papers of different authors (see

[135], [45], [69], [154]).

In the case of ultradistributions, it has been proved in [119] that Defi-

nitions 6.2.1 and 6.2.5 are equivalent and that they imply Definitions 6.2.2

and 6.2.3.

The full proof of the equivalence of all the above mentioned definitions

was given in [73], and we reproduce it in the next section.

6.3 Equivalence of definitions of D
′(Mp)

−convolution

In this section we are going to prove the equivalence of all the definitions

of the D′(Mp)−convolution of ultradistributions listed in the preceding sec-

tion. The form of the theorem concerning this equivalence that we are going

to prove is an extension of the known theorem by Shiraishi (see [135]) on

the equivalence of four definitions of the convolution of distributions, but

our theorem includes also the equivalence of analogues of several definitions

given later by other authors (see [45] and [69]). Our proof is similar to those

given in [135] and [69], but it requires new techniques. Traditional meth-

ods fail in the case of ultradistributions. For example the Leibniz formula

cannot be used since ultradistributions are infinite sums of derivatives of

corresponding continuous functions on a bounded open set.

In the proof we will need three assertions. The first one is the equiva-

lence of the three conditions (i) − (iii) which was proved for distributions

in [45]. For ultradistributions, only the equivalence of conditions (i) and

(ii) was shown formally in [119], but condition (iii) is equivalent to (i) and

(ii), as well.

Lemma 6.3.1. (see [45], [119]) Let f ∈ D′(Mp)
. The following conditions

are equivalent:

(i) f is continuous on the space Ḃ(Mp), i.e., f ∈ D′(Mp)

L1 ;

(ii) the sequence (< f, ηk >) is convergent for arbitrary (ηk) ∈ 1̄(Mp);

(iii) the sequence (< f, ηk >) is convergent for arbitrary (ηk) ∈ 1(Mp).

The second assertion needed in the proof is the following result of Ko-

matsu (see [82]; for the proof see also [43]):
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Lemma 6.3.2. (see [82]) Let K be a compact neighborhood of zero and

r > 0. There are u ∈ D(Mp)

K,r/2(Rn) and v ∈ D(Mp)
K (Rn) such that

Pr(D)u = δ + v. (6.3)

Finally, we shall also need the following lemma, proved in [119].

Lemma 6.3.3. (see [119]) If the convolution S
1∗ T of S, T ∈ D′(Rn) exists

and P (D) is an ultradifferential operator of the class (Mp), then

P (D) (S ∗ T ) = S ∗ (P (D)T ).

The main result of this section is the following theorem.

Theorem 6.3.1. Let S, T ∈ D′(Mp)
. The conditions

( j∗
)

for j =

1, 2, 3, 4, 5, 6 and
(jk∗
)

for j = 7, 8; k = 0, 1, 2 listed in Definitions 6.2.1-6.2.8

of the existence of D′(Mp)−convolution of ultradistributions are equivalent

and the respective convolutions are equal.

Proof. The equivalence of the conditions
(1∗
)
,
(5∗
)

and
(6∗
)

follow from

Lemma 6.3.1 (see [119]) and the implications
(1∗
)
⇒
(2∗
)
,
(1∗
)
⇒
(3∗
)

have

been proved in [119]. We shall begin here by proving the two implications:
(4∗
)
⇒
(1∗
)

and
(3∗
)
⇒
(4∗
)
. Since the proof of the implication

(2∗
)
⇒
(4∗
)

is

similar to that of the latter, we shall have already proved in this way the

equivalence of conditions
(1∗
)
−
(6∗
)
.

Next we shall observe that the following implications hold:
(5∗
)
⇒
(70∗
)
,

(6∗
)
⇒
(80∗
)
,
(70∗
)
⇒
( 71∗

)
,
(80∗
)
⇒
( 81∗

)
,
(70∗
)
⇒
( 72∗

)
,
(80∗
)
⇒
( 72∗

)
,

( 71∗
)
⇒
(3∗
)
,
( 81∗
)
⇒
(3∗
)
,
( 72∗
)
⇒
(2∗
)
,
( 82∗
)
⇒
(2∗
)
. This will complete

the proof of the equivalence of all the conditions listed in the assertion.(1∗
)
−
(6∗
)
,
(70∗
)
−
(72∗
)

and
(80∗
)
−
(82∗
)
.

Suppose that S, T ∈ D′(Mp)
= D′(Mp)

(Rn).

Proof of
(4∗
)
⇒
(1∗
)
. Fix φ ∈ D(Mp) = D(Mp)(Rn). The mapping

D(Mp) 3 ψ 7→ (S ∗ φ) (T̃ ∗ ψ) ∈ D′(Mp)
(6.4)

is continuous. Since the space L1 has property (C(Mp)), it follows that the

mapping D(Mp) → L1(Rn) given by (6.4) is continuous, which implies the

continuity of the mapping

R
n 3 x 7→ [(S ∗ φ) (x) (T̃ ∗ ψ) (x − · )] ∈ L1(Rn),
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where φ, ψ ∈ D(Mp) are fixed. Hence, for a fixed ω ∈ D(Mp), the function

given by

f(x) :=

∫

Rn

|(S ∗ φ) (x) (T̃ ∗ ψ) (x− y)ω(y)| dy, x ∈ R
n,

belongs to L1(Rn). The Fubini theorem implies that, for arbitrary φ, ψ, ω ∈
D(Mp), the function

g(x, y) := (S ∗ φ) (x) (T̃ ∗ ψ) (x − y)ω(y), (x, y) ∈ R
2n,

belongs to L1(R2n). Changing variables, we conclude that

[(S ∗ φ)⊗ (T ∗ ψ̃)]ω4 ∈ L1(R2n)

for arbitrary φ, ψ, ω ∈ D(Mp).

Now let Q and K be compact neighborhoods of zero in Rn such that Q

is a subset of the interior of K. Without loss of generality we may assume

that K = −K and Q = −Q. The mapping

D(Mp)
K ×D(Mp)

K ×D(Mp)
K 3 (φ, ψ, ω) 7→ [(S ∗ φ)⊗ (T ∗ ψ̃)]ω4 ∈ L1(R2n),

is separately continuous and thus, since D(Mp)
K is a Fréchet space, continu-

ous. Hence there exist r > 0 and C > 0 such that

‖ [(S ∗ φ)⊗ (T ∗ ψ̃)] ω4 ‖L1(R2n)

≤ C [ ‖ φ ‖D(Mp)

K,r

+ ‖ ψ ‖D(Mp)

K,r

+ ‖ ω ‖D(Mp)

K,r

] (6.5)

for φ, ψ, ω ∈ D(Mp)
K . Let φ, ψ, ω ∈ D(Mp)

Q,r . Since D(Mp) is permitted, we can

find sequences (φj), (ψj) and (ωj) of elements of D(Mp)
K such that φj → φ,

ψj → ψ and ωj → ω in D(Mp)
K,r . Notice that

[(S ∗ φj)⊗ (T ∗ ψ̃j)] (ωj)
4 → [(S ∗ φ) ⊗ (T ∗ ψ̃)] ω4

as j → ∞ in D′(R2n) (see [82]) and in L1(R2n). Hence, replacing in (6.5)

φ, ψ, ω by φj , ψj , ωj , respectively, and passing to the limit, we get

‖ [(S ∗ φ)⊗ (T ∗ ψ̃)]ω4 ‖L1(R2n)

≤ C [ ‖ φ ‖D(Mp)

K,r

+ ‖ ψ ‖D(Mp)

K,r

+ ‖ ω ‖D(Mp)

K,r

]

= C [ ‖ φ ‖D(Mp)

Q,r

+ ‖ ψ ‖D(Mp)

Q,r

+ ‖ ω ‖D(Mp)

Q,r

] <∞ (6.6)

for arbitrary φ, ψ, ω ∈ D(Mp)
K,r .

Lemma 6.3.2 implies that there exist u ∈ D(Mp)
Q,r and v ∈ D(Mp)

Q such

that

δ = P2r(D)u+ v. (6.7)
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Since P2r(z) is an ultrapolynomial of class (Mp), we have

P2r(z) =
∑

α∈Nn

cαz
α, (6.8)

where cα satisfy inequality (2.14). Thus, for each ϕ ∈ D(Mp)
K (Rn), we have

(S ⊗ T )ϕ4

= [(S ∗ P2r(D)u+ S ∗ v)⊗ (T ∗ P2r(D)u+ T ∗ v)]ϕ4

= [(S ∗ P2r(D)u)⊗ (T ∗ P2r(D)u) + (S ∗ v)⊗ (T ∗ P2r(D)u)

+ (S ∗ P2r(D)u)⊗ (T ∗ v) + (S ∗ v)⊗ (T ∗ v)] ϕ4. (6.9)

By (6.6), it follows that [(S ∗ u) ⊗ (T ∗ u)]ϕ4, [(S ∗ v) ⊗ (T ∗ u)]ϕ4,

[(S ∗ u) ⊗ (T ∗ v)]ϕ4 and [(S ∗ v) ⊗ (T ∗ v)]ϕ4 belong to L1(R2n). We

shall prove that [(S ∗P2r(D)u)⊗(T ∗P2r(D)u)]ϕ4 belongs to D′(Mp)

L1 (R2n).

In a similar manner one can prove that [(S ∗ v) ⊗ (T ∗ P2r(D)u)]ϕ4 and

[(S ∗P2r(D)u)⊗ (T ∗ v)]ϕ4 belong to D′(Mp)

L1 (R2n). This will mean that all

the terms on the right side of (6.9) are elements of D′(Mp)

L1 , i.e., the proof

of the implication
(4∗
)
⇒
(1∗
)

will be completed.

For simplicity, let us denote

Vw := (S ∗ w)⊗ (T ∗ w); Uw := VP2r(D)w

for each w ∈ D(Mp)
K (Rn). By (6.8) and Lemma 6.3.3, we obtain

(Uu ϕ
4) (x, y) = [(S ∗ P2r(D)u)x ⊗ (T ∗ P2r(D)u)y]ϕ(x+ y)

= [(P2r(Dx)P2r(Dy)) ((S ∗ u)x ⊗ (T ∗ u)y)] ϕ(x, y)

=
∑

α,β∈Nn

cαcβ
ıα+β

∑

0≤k≤α
0≤l≤β

(−1)k+l
(
α

k

)(
β

l

)
[Vu (ϕ4)(k+l)](α−k,β−l)(x, y).

Therefore, for an arbitrary ω ∈ D(Mp)(R2n), we have

〈Uu ϕ4, ω〉

=
∑

α,β∈Nn
0

(−ı)α+βcαcβ
∑

0≤k≤α
0≤l≤β

(
α

k

)(
β

l

)
〈Vu (ϕ(k+l))4, ω(α−k,β−l)〉.

(6.10)

Since, for a fixed u ∈ D(Mp)(Rn), the mapping

D(Mp)(Rn) 3 ϑ 7→ Vu ϑ
4 ∈ L1(R2n)
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is continuous and, for an arbitrary constant B > 0, the set

{Bαϕ(α)/Mα : α ∈ Nn0} is bounded in D(Mp)(Rn), we infer that the set
{
Bk+l

Mk+l
Vu(ϕ(k+l))4 : k, l ∈ N

n
0

}

is bounded in L1(R2n) for an arbitrary constant B > 0. By (M.2), there

exist constants h > 0 and B0 > 0 such that
∣∣∣∣
〈
Bk+l

MkMl
Vu(ϕ4)(k+l), ω

〉∣∣∣∣ ≤ B0H
k+l

∑

r∈N2n

hr

Mr
‖ ω(r) ‖L∞(R2n) (6.11)

for arbitrary ω ∈ D(Mp)(R2n) and k, l ∈ Nn0 .

Note that (M.2) and (2.2) imply that there are constants B1, H > 1

such that

MkMlMα+β+p+q−k−l ≤ B1H
2(α+β+p+q−k−l)MαMβMp+q (6.12)

for arbitrary p, q, α, β, k, l ∈ Nn0 such that 0 ≤ k ≤ α, 0 ≤ l ≤ β. By (6.10),

|〈Uu ϕ4, ω〉|

≤
∑

α,β∈Nn
0

∑

0≤k≤α
0≤l≤β

(
α

k

)(
β

l

)
|cαcβ | |〈Vu (ϕ(k+l))4, ω(α−k,β−l)〉|.

(6.13)

Applying (2.14), (6.11), and (6.12), setting λr :=‖ ω(r) ‖L∞(R2n) for r ∈ N2n

and denoting by C a positive constant, not necessarily the same at each

occurrence, we have

|cαcβ ||〈Vu (ϕ(k+l))4, ω(α−k,β−l)〉|

≤ C A
α+β

MαMβ
|〈Vu(ϕ(k+l))4, ω(α−k,β−l)〉|

≤ CA
α+β−k−lMkMl

(4H)k+lMαMβ
|〈 (4AH)k+l

MkMl
Vu(ϕ(k+l))4, ω(α−k,β−l)〉|

≤ C (AH2h)α+β+p+q−k−l

4k+lMα+β+p+q−k−l
λα−k+p,β−l+q

for arbitrary p, q, α, β, k, l ∈ Nn0 such that 0 ≤ k ≤ α, 0 ≤ l ≤ β.

Hence, by (6.13),

|〈Uu ϕ4, ω〉|

≤ C
∑

α,β,p,q∈Nn
0

∑

0≤k≤α
0≤l≤β

(
α

k

)(
β

l

)
4−(α+β+p+q)

∑

r∈N2n

(4AH2h)r

Mr
λr

< ∞.
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But this implies that

Uuϕ
4 ∈ D′(Mp)

L1 (R2n),

as desired.

Proof of
(3∗
)
⇒
(4∗
)
. The mappings

D(Mp) 3 ψ 7→ S(T̃ ∗ ψ) ∈ D′(Mp)

L1

and

R
n ×D′(Mp)

L1 3 (y, U) 7→ U(· − y) ∈ D′(Mp)

L1

are continuous. This implies that, for every ψ ∈ D(Mp), the mapping

R
n 3 y 7→ S(· − y)(T̃ ∗ ψ) (·) ∈ D′(Mp)

L1

is also continuous. Therefore (see [10], p. 81)

Vϕ,ψ ∈ D′(Mp)

L1 (Rn), ϕ, ψ ∈ D(Mp)(Rn),

where

Vϕ,ψ(·) :=

∫
ϕ(y)[S(· − y) (T̃ ∗ ψ](·) dy, ϕ, ψ ∈ D(Mp)(Rn),

and the integral
∫

Rn R(x, y)dy of an ultradistribution R ∈ D′(Mp)

L1 (R2n) is

meant as the ultradistribution in D′(Mp)
(Rn) defined by

〈
∫

Rn

R(x, y) dy, ω(x)〉 :=

∫

Rn

〈R(x, y), ω(x)〉 dy, ω ∈ D(Mp)(Rn).

For an arbitrary ω ∈ D(Mp), we have

〈
∫
ϕ(y)S(x− y) (T̃ ∗ ψ) (x) dy, ω(x)〉

=

∫
〈ϕ(y)S(x − y)(T̃ ∗ ψ) (x), ω(x)〉 dy

=

∫
〈ϕ(y)S(x − y), (T̃ ∗ ψ) (x)ω(x)〉 dy

= 〈S ∗ ϕ, (T̃ ∗ ψ)ω〉 = 〈(S ∗ ϕ)(T̃ ∗ ψ), ω〉.

Consequently, (S ∗ ϕ) (T̃ ∗ ψ) ∈ D′(Mp)

L1 for ϕ, ψ ∈ D(Mp). Theorem 3 in

[121] now implies that [(S ∗ ϕ) (T̃ ∗ ψ)] ∗ ω ∈ L1 for ϕ, ψ, ω ∈ D(Mp). On

the other hand, it follows by Lemma 6.3.2 that

(S ∗ ϕ) (T̃ ∗ ψ) = [(S ∗ ϕ) (T̃ ∗ ψ)] ∗ Pr(D)u+ [(S ∗ ϕ) (T̃ ∗ ψ)] ∗ v,
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and similar arguments to that in the proof of implication
(6∗
)
⇒
(1∗
)

yield

(S ∗ ϕ) (T̃ ∗ ψ) ∈ L1 for arbitrary ϕ, ψ ∈ D(Mp).

Proof of
(5∗
)
⇒
(70∗
)

and
(6∗
)
⇒
(80∗
)
. Since, for arbitrary ω ∈ D(Mp)

and unit-sequences (ηj), (η̃j) ∈ 1(Mp)(Rn), we have

〈(ηjS) ∗ (η̃jT ), ω〉 = 〈(ηjS)x ⊗ (η̃jT )y, ω(x+ y)〉
= 〈(Sx ⊗ Ty)ω(x+ y), ηj(x)η̃j (y)〉,

it follows from
(6∗
)

that the limit (a) exists for all strong unit-sequences

(ηj), (η̃j) ∈ 1̄(Mp)(Rn), i.e., (a) is valid and S
70∗ T = S

5∗ T . Similarly,
(6∗
)

implies
(80∗
)

and S
80∗ T = S

6∗ T .

Proof of
(70∗
)
⇒
( 71∗

)
,
(80∗
)
⇒
( 81∗

)
,
(70∗
)
⇒
( 72∗

)
and

(80∗
)
⇒
( 72∗

)
.

Note that
(70∗
)

implies that for arbitrary strong unit-sequences (ηj), (η̃j) ∈
1̄(Mp)(Rn) and ϕ ∈ D(Mp) we have

lim
p,q→∞

〈(ηpS) ∗ (η̃qT ), ϕ〉 = 〈S 72∗ T, ϕ〉. (6.14)

In fact, if
( 71∗

)
were not true, there would exist ϕ ∈ D(Mp), ε > 0 and

increasing sequences (pj) and (qj) of positive integers such that

|〈(ηpj )S ∗ (η̃qjT ), ϕ〉 − 〈S 72∗ T, ϕ〉| > ε.

But since (ηpj ) and (η̃qj ) are again strong unit-sequences from 1̄(Mp)(Rn),

the above inequality would contradict
(70∗
)
. Notice that (6.14) yields

〈S 72∗ T, ϕ〉 = lim
p→∞

lim
q→∞
〈(ηpS) ∗ (η̃qT ), ϕ〉 = lim

p→∞
〈(ηp) ∗ T, ϕ〉,

which implies condition
(71∗
)

and the identity S
72∗ T = S

70∗ T . In the same

way one proves that
(80∗
)

implies
(81∗
)

and S
82∗ T = S

80∗ T . The remaining

two implications and the respective identities of the convolutions follow in

view of symmetry.

Proof of
(71∗
)
⇒
(3∗
)
,
(81∗
)
⇒
(3∗
)
,
(72∗
)
⇒
(2∗
)

and
(82∗
)
⇒
(2∗
)
. Since

〈(ηjS) ∗ T, ϕ〉 = 〈ηjS, ϕ ∗ T̃ 〉 = 〈S(T̃ ∗ ϕ), ηj〉,

we infer from
( 71∗

)
or
( 81∗

)
that S(T̃ ∗ ϕ) ∈ D′(Mp)

L1 for ϕ ∈ D(Mp).

Consequently,
(3∗
)

holds and S
70∗ T = S

3∗ T and S
71∗ T = S

3∗ T in the
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respective cases. The remaining implications and the respective identities

hold true, due to the symmetry argument.

Thus the equivalence of all conditions
( 1∗
)
−
( 6∗
)
,
( 70∗

)
−
( 72∗

)
and

(80∗
)
−
(82∗
)

is proved.

By standard arguments one can show that the remaining identities are

satisfied:

S
1∗ T = S

2∗ T = S
3∗ T = S

4∗ T = S
5∗ T = S

6∗ T,

which completes the proof of Theorem 6.3.1. �

6.4 Definitions of S
′(Mp)

−convolution

In this section, we introduce the notion of the S ′(Mp)−convolution of

two tempered ultradistributions, which is an analogue of the notion of

S ′−convolution of tempered distributions. We formulate, similarly to the

case of the D′(Mp)−convolution defined in Section 6.2, several definitions

of the S ′(Mp)−convolution of tempered ultradistributions and give the re-

spective conditions for its existence.

The definitions of the S ′(Mp)−convolution we present here are quite

analogous to the definitions of the D′(Mp)−convolution of ultradistributions

given in Section 6.2 and, of course, analogous to the definitions of the

D′−convolution of distributions and to the definitions of the S ′−convol-

ution of tempered distributions; see [132] (Definition 6.4.1), [36] (Definitions

6.4.2, 6.4.3 and 6.4.4), [151] (Definition 6.4.5), [45] (Definition 6.2.6), [69]

(Definitions 6.4.7 and 6.4.8). The only difference is that Definition 6.4.4

consists of three equivalent versions.

The S ′(Mp)−convolution introduced in Definitions 6.4.1-6.4.4 will be de-

noted, in contrast to the symbol ∗ of the D′(Mp)−convolution, by the symbol

? with the corresponding index; more precisely: the symbol
k
? will mean the

S ′(Mp)−convolution introduced in Definition 6.4.k for k = 1, 2, 3, 40, 41, 42,

5, 6, 70, 71, 72, 80, 81, 82. In the next section, we will prove that all these

definitions are equivalent; and for the S ′(Mp)−convolution of tempered ul-

tradistributions, the common symbol ? will be used further on.

In all definitions of the S ′(Mp)−convolution given below S and T will

mean two fixed tempered ultradistributions, i.e. elements of the space

S ′(Mp)
:= S ′(Mp)

(Rn).
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Definition 6.4.1. The convolution S
1
? T is defined by the formula

〈S 1
? T, ϕ〉 := 〈(S ⊗ T )ϕ4, 1〉, ϕ ∈ S(Mp),

whenever
(1
?
)

(S ⊗ T )ϕ4 ∈ D
′(Mp)

L1 (R2n) for ϕ ∈ S(Mp).

Definition 6.4.2. The convolution S
2
? T is defined by the formula

〈S 2
? T, ϕ〉 := 〈(S ∗ ϕ)T̃ , 1〉, ϕ ∈ S(Mp),

whenever

(2
?
)

(S ∗ ϕ)T̃ ∈ D′(Mp)

L1 for ϕ ∈ S(Mp).

Definition 6.4.3. The convolution S
3
? T is defined by the formula

〈S 3
? T, ϕ〉 := 〈S(T̃ ∗ ϕ), 1〉, ϕ ∈ S(Mp),

whenever
(3
?
)

S(T̃ ∗ ϕ) ∈ D′(Mp)

L1 for ϕ ∈ S(Mp).

Definition 6.4.4.

a) The convolution S
40
? T is defined by the formula

〈(S 40
? T ) ∗ ϕ, ψ〉 := 〈(S ∗ ϕ)(T̃ ∗ ψ), 1〉, ϕ ∈ S(Mp), ψ ∈ S(Mp),

whenever
(40
?
)

(S ∗ ϕ)(T̃ ∗ ψ) ∈ L1 for ϕ ∈ S(Mp), ψ ∈ S(Mp).

b) The convolution S
41
? T is defined by the formula

〈(S 41
? T ) ∗ ϕ, ψ〉 := 〈(S ∗ ϕ)(T̃ ∗ ψ), 1〉, ϕ ∈ S(Mp), ψ ∈ D(Mp),

whenever
(41
?
)

(S ∗ ϕ)(T̃ ∗ ψ) ∈ L1 for ϕ ∈ S(Mp), ψ ∈ D(Mp).

c) The convolution S
42
? T is defined by the formula

〈(S 42
? T ) ∗ ϕ, ψ〉 := 〈(S ∗ ϕ)(T̃ ∗ ψ), 1〉, ϕ ∈ D(Mp), ψ ∈ S(Mp),

whenever
(42
?
)

(S ∗ ϕ)(T̃ ∗ ψ) ∈ L1 for ϕ ∈ D(Mp), ψ ∈ S(Mp).
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As in Section 6.2 for the case of D′(Mp)−convolution, one can prove that

the mapping

S(Mp)(Rn) 3 ϕ 7→ Aϕ ∈ S ′(Mp)
(Rn),

where

〈Aϕ, ψ〉 :=

∫

Rn

(S ∗ ϕ) (x)(T̃ ∗ ψ) (x)dx, ψ ∈ S(Mp),

is a linear, continuous and translation invariant mapping from D(Mp)(Rn)

into E(Mp)(Rn). This implies that there exists a unique ultradistribution

V ∈ S ′(Mp)
(Rn) such that V ∗ ϕ = Aϕ for ϕ ∈ S(Mp)(Rn). Consequently,

Definition 6.4.4, a) is consistent and S
40
? T = V . A similar reasoning can

be applied to the variants b) and c) of Definition 6.4.4.

Definition 6.4.5. The convolution S
5
? T is defined by the formula

〈S 5
? T, ϕ〉 := lim

j→∞
〈S ⊗ T, ηj ϕ4〉, ϕ ∈ S(Mp),

whenever
(5
?
)

the limit exists for all ϕ ∈ S(Mp) and for all (ηj) ∈ 1̄(Mp)(R2n).

Definition 6.4.6. The convolution S
6
? T is defined by the formula

〈S 6
? T, ϕ〉 := lim

j→∞
〈S ⊗ T, ηj ϕ4〉, ϕ ∈ S(Mp),

whenever
(6
?
)

the limit exists for all ϕ ∈ S(Mp) and for all (ηj) ∈ 1(Mp)(R2n).

Definition 6.4.7.

a) The convolution S
70
? T is defined by the formula

(b0) S
70
? T := lim

j→∞
(ηjS) ∗ (η̃jT ) in S ′(Mp)

,

whenever
(70
?
)

the limit in (b0) exists for all (ηj) ∈ 1̄(Mp) and for all (η̃j) ∈ 1̄(Mp).
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b) The convolution S
71
? T is defined by the formula

(b1) S
71
? T := lim

j→∞
(ηjS) ∗ T in S ′(Mp)

,

whenever
(71
?
)

the limit in (b1) exists for all (ηj) ∈ 1̄(Mp).

c) The convolution S
72
? T is defined by the formula

(b2) S
72
? T := lim

j→∞
S ∗ (ηjT ) in S ′(Mp)

,

whenever
(72
?
)

the limit in (b2) exists for all (ηj) ∈ 1̄(Mp).

Definition 6.4.8. For every k = 0, 1, 2, the convolution S
8k
? T is defined

by formula (bk), whenever

( 8k
?
)

the limit in (bk) exists for all (ηj) ∈ 1(Mp) (and for all (η̃j) ∈
1(Mp)).

6.5 Equivalence of definitions of S
′(Mp)

−convolution

The purpose of this section is to prove Theorem 6.5.1 on equivalence of

all conditions for the existence of S ′(Mp)−convolution of ultradistributions

listed in Definitions 6.4.1-6.4.8.

As in the case of Theorem 6.3.1, the proof of Theorem 6.5.1 applies

methods shown in [135] and [69] (in particular, we need Lemma 6.3.1 as

before). But also new techniques are used, because traditional ones fail for

tempered ultradistributions.

A crucial role in the proof of the theorem will be played by the following

assertion as proved both for the spaces of ultradistributions of Beurling and

Roumieu type in [120], Proposition 4:

Lemma 6.5.1. (see [120], [146]) The space O(Mp)
M of multipliers of S ′(Mp)

is nuclear.
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Now let us formulate and prove the equivalence of Definitions 6.4.1-6.4.8

of the S ′(Mp)−convolution of ultradistributions.

Theorem 6.5.1. Let S, T ∈ S ′(Mp)
. The conditions

(j
?
)

for j = 1, 2, 3, 5, 6

and
( jk
?
)

for j = 4, 7, 8; k = 0, 1, 2 listed in Definitions 6.4.1-6.4.8 of the

existence of S ′(Mp)−convolution of ultradistributions are equivalent and the

respective convolutions are equal.

Proof.

Proof of
(1
?
)
⇔
(5
?
)
⇔
(6
?
)
. The equivalence of conditions

(1
?
)
,
(5
?
)

and
(6
?
)

as well as the equalities S
1
? T = S

5
? T = S

6
? T follow directly

from Lemma 6.3.1.

Proof of
(1
?
)
⇒
(3
?
)
. Clearly,

〈S 1
? T, ϕ〉 = 〈Sx ⊗ Ty, ϕ4〉 = lim

k→∞
〈S ⊗ T, [ηk ⊗ 1]ϕ4〉 (6.15)

for arbitrary (ηk) ∈ 1
(Mp)

(Rn), ϕ ∈ D(Mp)(Rn) and the constant function

1 on Rn. On the other hand,

〈S ⊗ T, [ηk ⊗ 1]ϕ4〉 = lim
l→∞
〈S ⊗ T, [ηk ⊗ ηl]ϕ4〉 = 〈(S̃ ∗ ϕ)T, ηk〉.

By (6.15), the limit limk→∞〈(S̃ ∗ ϑ)T, ηk〉 exists for all (ηk) ∈ 1, i.e.,
(3
?
)

follows from the equivalence
(5
?
)
⇔
(1
?
)

and S
3
? T = S

1
? T .

Proof of
(3
?
)
⇒
( 42
?
)
. The proof of this implication and the identity

S
3
? T = S

4
? T proceeds in a similar manner as the proof of the respective

implication in Theorem 6.5.1, which was proved in [70].

Proof of
(42
?
)
⇒
(1
?
)
. For arbitrary θ, ϑ ∈ D(Mp), we have

〈[(S ∗ ϕ)⊗ ψ]T4, θ ⊗ ϑ〉 = 〈(S ∗ ϕ)[T̃ ∗ (ϑψ)]θ, 1〉. (6.16)

Obviously, the mappings

Θ: O(Mp)
M 3 ϑ 7→ ϑψ ∈ S(Mp);

Γ: S(Mp) 3 ψ 7→ (S ∗ ϕ)(T̃ ∗ ψ) ∈ D′(Mp)
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are continuous. But (S ∗ ϕ)(T̃ ∗ ψ) ∈ L1, due to
( 42
?
)
, and L1 has the

property (C(Mp)). Thus both Γ meant as the mapping from S(Mp) into L1

and the composition mapping Γ ◦Θ : O(Mp)
M 7→ D′(Mp)

are continuous; so

((S ∗ ϕ) ⊗ ψ)T4 can be extended as a continuous mapping to the space

Ḃ(Mp)⊗̂πO(Mp)
M . But, by Lemma 6.5.1,

Ḃ(Mp)⊗̂πO(Mp)
M = Ḃ(Mp)⊗̂εO(Mp)

M ⊃ Ḃ(Mp)⊗̂εḂ(Mp) ⊃ Ḃ(Mp)(R2n), (6.17)

where ⊗̂π and ⊗̂ε denote the tensor products with the projective topology

and the Grothendieck topology respectively, and the corresponding embed-

dings are continuous.

Assume that ηk → η in the space Ḃ(Mp)(R2n), where

ηk =

mk∑

j=1

θj,k ⊗ ϑj,k; θj,k, ϑj,k ∈ Ḃ(Mp)(Rn), j = 1, . . . ,mk.

By (6.17), ηk → η also in Ḃ(Mp)⊗̂εḂ(Mp) and thus

lim
k→∞

〈[(S ∗ ϕ)⊗ ψ]T4, ηk〉 = 〈[(S ∗ ϕ)⊗ ψ]T4, η〉;

so ((S ∗ ϕ)⊗ ψ)T4 ∈ D′(Mp)

L1 and S
4
? T = S

1
? T .

Proof of
(1
?
)
⇒
(2
?
)
⇒
(41
?
)
⇒
(1
?
)
. These implications as well as the

identities S
1
? T = S

2
? T = S

4
? T follow, by symmetry, from the chain of

the implications
(1
?
)
⇒
(3
?
)
⇒
(42
?
)
⇒
(1
?
)

proved above.

Proof of
(40
?
)
⇒
(41
?
)
;
(40
?
)
⇒
(42
?
)
. The implications are evident.

Proof of
(41
?
)
⇒
(40
?
)
;
(42
?
)
⇒
(40
?
)
. By symmetry, it suffices to prove

the second implication. Suppose that condition
( 42
?
)

is satisfied. Analysis

similar to that in [135] shows that (S ∗ ϕ)(T̃ ∗ ψ) ∈ D′(Mp)

L1 for arbitrary

ϕ, ψ ∈ S(Mp). As in the proof of the implication (D3)⇒ (D4) in Theorem

6.5.1, given in [70], we make use the continuity of the mapping

D(Mp) 3 η 7→ (S ∗ ϕ)(T̃ ∗ ψ)φ ∈ L1

to conclude that (S ∗ ϕ)(T̃ ∗ ψ) ∈ L1 for each ϕ, ψ ∈ S(Mp).

Thus we have already proved the equivalence of conditions
(1
?
)
−
(5
?
)
,

(41
?
)
,
(42
?
)

and
(6
?
)
.



May 14, 2007 15:29 World Scientific Book - 9in x 6in Newbook

Convolution of Ultradistributions 153

Proof of
(6
?
)
⇒
(82
?
)
. Since, for given (ηk), (η̃k) ∈ 1̄(Mp)(Rn), we have

〈(ηkS) ∗ (η̃kT ), ϕ〉 = 〈(ηkS)⊗ (η̃kT ), ϕ4〉 = 〈(S ⊗ T )ϕ4, ϑk〉,
where ϑk := ηk⊗ η̃k and (ϑk) ∈ 1(Mp)(R2n), it follows from the equivalence
(40
?
)
⇔
(6
?
)

that the limit in
(72
?
)

exists for all (ηk), (η̃k) ∈ 1̄(Mp)(Rn) and

S
80
? T = S

5
? T .

Proof of
( 82
?
)
⇒
( 81
?
)
;
( 82
?
)
⇒
( 80
?
)
;
( 72
?
)
⇒
( 71
?
)
;
( 72
?
)
⇒
( 70
?
)
. It

suffices to show the first implication. It is worth noticing that, since the

class 1(Mp) is closed under extracting subsequences, condition
(82
?
)

implies

that the double limit limp,q→∞(ηpS) ∗ (η̃qT ) exists and equals 〈S 80
? T, ϕ〉

for arbitrary (ηk), (η̃k) ∈ 1(Mp) and ϕ ∈ D(Mp). Consequently,

〈S 80
? T, ϕ〉 = lim

p→∞
lim
q→∞
〈(ηpS) ∗ (η̃qT ), ϕ〉 = lim

p→∞
〈(ηpS) ∗ T, ϕ〉.

The implications and the respective identities of the convolutions follow.

Proof of S
81
? T = S

80
? T ;

( 81
?
)
⇒
( 71
?
)
;
( 80
?
)
⇒
( 70
?
)
. The

implications are obvious.

Proof of
(71
?
)
⇒
(3
?
)
;
(70
?
)
⇒
(2
?
)
. Since 〈(ηkS) ∗T, ϕ〉 = 〈S(T̃ ∗ϕ), ηk〉,

we deduce from
(71
?
)

that S(T̃ ∗ ϕ) ∈ D′(Mp)

L1 for ϕ ∈ D(Mp), i.e.,
(3
?
)

holds

and S
70
? T = S

3
? T . The second implication follows by the symmetry

argument. Since
(2
?
)
⇔
(3
?
)
⇔
(6
?
)
, the proof is complete. �

6.6 Existence of D
′(Mp)

− and S
′(Mp)

− convolution

Our purpose now is to give various sufficient conditions for the existence

of D′(Mp)−convolution and S ′(Mp)−convolution of two ultradistributions.

Two types of sufficient conditions are considered in the next two sections:

a) conditions expressed in terms of the supports of the ultradistributions

involved; b) conditions which rely on distinguishing subspaces of ultradis-

tributions on which convolution can be defined as a bilinear mapping. We

emphasize that, for simplicity, we shall consider in Sections 6.6, 6.7, and
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6.8 only the one-dimensional case of functions, distributions, and ultradis-

tributions defined on the real line; but all results can be obtained similarly

in the n-dimensional case.

In Section 6.7 we are going to prove that, under appropriate compati-

bility conditions on the supports of two ultradistributions belonging to the

space D′(Mp) or to the space S ′(Mp), their D′(Mp)−convolution (introduced

in several equivalent ways in Section 6.2 and denoted by ∗) or, respectively,

S ′(Mp)−convolution (introduced in several equivalent ways in Section 6.4

and denoted by ?) exist. In the case of the space D′(Mp)
, the compati-

bility condition which guarantees the existence of the D′(Mp)−convolution

coincides with the well known compatibility condition for distributions in

D′. In the case of the space S ′(Mp)
, we define the notion of M−compatible

supports of tempered ultradistributions which corresponds to the concepts

of polynomial compatibility introduced for the supports of tempered dis-

tributions in [66] and of Mp−compatibility introduced for the supports

of generalized functions of Gelfand and Shilov in [144]. We will prove

that the condition of M−compatibility of the supports of two ultradistri-

butions in S ′(Mp)
implies the existence of the S ′(Mp)−convolution. These

results are obtained under the assumption that the given numerical se-

quence (Mp), which defines the respective spaces of test functions and of

ultradistributions, satisfies the conditions (M.1) and (M.3′).

In Section 6.8 we examine the weightedD′
Lq andD′(Mp)

Lq spaces (distribu-

tions and ultradistributions), denoted by D′
Lq,µ and D′(Mp)

Lq,µ (for q ∈ [1,∞]),

respectively. Let us mention here two of the known results obtained

for convolution in these spaces. Toward this aim fix µ, ν ∈ R with

µ+ ν ≥ 0 and q, r ∈ [1,∞] with 1/q + 1/r ∈ [1, 2]; and put ρ = min(µ, ν);

s = (1/q + 1/r − 1)−1.

1◦ if the given sequence (Mp) satisfies conditions (M.1), (M.2′) and

(M.3′), then f ∈ D′
Lq,µ and g ∈ D′(Mp)

Lr,ν , imply f ∗ g = f ? g ∈ D′(Mp)
Ls,ρ and

the mapping

D′
Lq,µ ×D′(Mp)

Lr,ν 3 (f, g) 7→ f ∗ g ∈ D′(Mp)
Ls,ρ

is continuous;

2◦ if the sequence (Mp) satisfies conditions (M.1), (M.2) and (M.3′),

then f ∈ D′(Mp)
Lq,µ and g ∈ D′(Mp)

Lr,ν imply f ∗ g = f ? g ∈ D′(Mp)
Ls,ρ and the

mapping

D′(Mp)
Lq,µ ×D′(Mp)

Lr,ν 3 (f, g) 7→ f ∗ g ∈ D′(Mp)
Ls,ρ

is continuous.
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Again we note that the one-dimensional case will be considered for the

remainder of this chapter; we assume that n = 1 for the remainder of this

chapter.

We shall need the following two assertions concerning representations of

convergent sequences of ultradistributions and tempered ultradistributions.

Theorem 6.6.1. Let f ∈ D′(Mp)
, fk ∈ D′(Mp)

for k ∈ N and suppose that

fk → f in D′, as k → ∞. Then, for each open, relatively compact set G

in R, there are measures fα, fk,α ∈ C′(Ḡ) for k ∈ N, α ∈ N0 and positive

constants L and B such that

f |G =
∑

α∈N0

f (α)
α , fk|G =

∑

α∈N0

f
(α)
k,α , (6.18)

‖fα‖C′(Ḡ) ≤ BLα/Mα, ‖fk,α‖C′(Ḡ) ≤ BLα/Mα, (6.19)

for arbitrary α, k ∈ N0 and

lim
k→∞

‖fk,α − fα‖C′(Ḡ) = 0. (6.20)

for every α ∈ N0.

Proof. The above proposition is an extension of Theorem 8.1 of [82] to

the case of a sequence of ultradistributions. Note that the existence of the

representations (6.18) follows directly from that theorem, but we cannot

deduce from it that the constants B and L in the second of the inequalities

(6.19) do not depend on k. This and (6.20) follow, however, from the proof

of the mentioned theorem with small modifications. For completeness, we

present here the whole proof.

Let K be the closure of G. We shall prove that the restrictions of f

and fk to D(Mp)
K have representations (6.18) and the series in (6.18) are

convergent in the strong topology of (D(Mp)
K )′. Since the inclusion mapping

D(Mp)(G)→ D(Mp)
K is continuous, both series in (6.18) converge also in the

strong topology of the space D(Mp)(G). Note that

D(Mp)
K := proj lim

j → ∞
Xj ,

where Xj is the Banach space of all φ ∈ DK such that

lim
α→∞

(
M−1
α jα‖φ(α)‖C(K)

)
= 0

with the norm

‖φ‖Xj := M−1
α sup

α∈N0

jα‖φ(α)‖C(K).
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Since D(Mp)
K is a strict projective limit of the spaces Xj , it follows from a

theorem in [50] (2.6 Satz, p.147) that the restrictions of f and fk to D(Mp)
K

can be extended to elements g and gk of the same space X ′
j for k ∈ N, so

that gk → g in X ′
j as k →∞.

On the other hand, using an appropriate mapping, one can identify Xj

with a closed subspace of the space

Yj := {φ = (φα) : φα ∈ C(K), lim
α→∞

(
M−1
α jα‖φα‖C(K)

)
= 0}

and Yj with a closed subspace of C0(KN), where C(K) is the space of all

continuous functions with supports in K, the set KN is the disjoint union

of countably many copies of K regarded as a locally compact space, and

C0(KN) is the space of all continuous functions vanishing at the boundary

of KN. By the Hahn-Banach theorem, we extend g and gk to measures g̃

and g̃k on KN (for k ∈ N), so that g̃k → g̃ in C′0(KN) as k → ∞. This

implies the existence of measures fα, fk,α ∈ C′(K) for k ∈ N, α ∈ N0, which

satisfy (6.19) and (6.20). For φ ∈ Xj , we have

〈g̃k, φ〉 = 〈fk, φ〉 =
∑

α∈N0

(−1)α〈fk,α, φ(α)〉 =
∑

α∈N0

〈f (α)
k,α , φ〉

and, similarly, 〈g̃, φ〉 = 〈f, φ〉 =
∑

α∈N0
〈f (α)
α , φ〉. �

Theorem 6.6.2. Suppose that f ∈ S ′(Mp)
and fk ∈ S ′(Mp)

for k ∈ N0, and

fk → f in S ′(Mp)
as k → ∞. Then there are functions Fα, Fk,α ∈ L2 for

k, α ∈ N0 and positive constants λ, L and B such that

f |G =
∑

α∈N0

(eMλ Fα)(α), fk|G =
∑

α∈N0

(eMλ Fk,α)(α)

‖Fα‖L2 ≤ BLα/Mα, ‖Fk,α‖L2 ≤ BLα/Mα,

for arbitrary α, n ∈ N0, and

lim
k→∞

‖Fk,α − Fα‖L2 = 0

for every α ∈ N0, where eMλ (x) := eM(λ|x|) for x ∈ R.

Proof. One can prove the proposition following the idea of the proof

of the structural theorem for S ′(Mp)
by first noticing that S(Mp) is a strict

projective limit of the spaces S(Mp),m
2 (see [92]) and then, similarly to the

proof of Theorem 6.6.1, applying a theorem proved in [50] (2.6 Satz, p.147).

�
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6.7 Compatibility conditions on supports

Let us recall the notion of compatibility of supports used in the theory of

distributions: two subsets X and Y of R are called compatible if one of the

following equivalent conditions holds (cf. [2], [59] and [76]):

(a) for every bounded interval I in R the set (X × Y )∩ I4 is bounded

in R
2, where I4 := {(x, y) : x+ y ∈ I};

(b) for every bounded interval I in R the set X ∩ (I − Y ) is bounded

in R;

(c) for every bounded interval I in R the set (X − I) ∩ Y is bounded

in R;

(d) xk ∈ X, yk ∈ Y (k ∈ N), |xk|+ |yk| → ∞ implies |xk + yk| → ∞;

(e) for every R > 0 the set TR := {(x, y) : x ∈ X, y ∈ Y, |x+ y| ≤ R}
is bounded in R2.

In [70] (see also [72] and [73]), it is proved that several general conditions

for the existence of the convolution f ∗ g of given ultradistributions f and

g in D′ are equivalent. In the theorem below we shall prove that if the

supports of ultradistributions f and g are compatible, then these conditions

are satisfied .

Theorem 6.7.1. Suppose that a given sequence (Mp) satisfies conditions

(M.1) and (M.3′).
(i) If f, g ∈ D′(Mp)

are ultradistributions whose supports supp f and

supp g are compatible, then the D′(Mp)−convolution f ∗ g exists.

(ii) If fk, gk ∈ D′(Mp), supp fk ⊆ X, supp gk ⊆ Y for k ∈ N, where

X,Y are compatible sets in R, and if fk → f , gk → g in D′(Mp), then

fk ∗ gk → f ∗ g in D′(Mp) as k →∞.

Proof. It suffices to show that one of the equivalent conditions for the

existence of D′(Mp)−convolution in D′ is satisfied. We shall prove that the

limit

lim
k→∞

〈f ⊗ g, ηkφ4〉

exists for every φ ∈ D(Mp)(R) and for an arbitrary strong approximate unit

(ηk) in D(Mp)(R2) (cf. [70]).

Assume that suppφ is contained in the ball of radius R > 0. Since the

set TR is bounded, there exist open bounded sets Ω1 and Ω2 in R such that

the closure K of TR is contained in Ω1×Ω2. By Theorem 8.1 of [82], there
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are measures fα ∈ C′(Ω1), gβ ∈ C′(Ω2) on Ω1 and Ω2 for α, β ∈ N0 and

positive constants B and L such that

f |Ω1 =
∑

α∈N0

f (α)
α , g|Ω2 =

∑

β∈N0

g
(β)
β ,

‖fα‖C′(Ω1)
≤ BLα/Mα, ‖gβ‖C′(Ω2) ≤ BLβ/Mβ

for α, β ∈ N0. This and (M.1) imply that

‖fα ⊗ gβ‖C′(Ω1×Ω2)
≤ AB2 (HL)α+β

Mα+β
(6.21)

for α, β ∈ N0.

Let η ∈ D((Mp),Ω1 × Ω2) be equal to 1 on TR. There exists an index

k0 ∈ N such that

〈f ⊗ g, ηkφ4〉 = 〈f ⊗ g, ηkφ4η〉 =
∑

α∈N0

∑

β∈N0

〈f (α)
α ⊗ g(β)

β , φ4η〉

=
∑

α∈N0

∑

β∈N0

〈f (α)
α ⊗ g(β)

β , φ4〉

for k > k0. Put

ap,q :=
∑

α≤p

∑

β≤q
〈f (α)
α ⊗ g(β)

β , φ4η〉

for p, q ∈ N0 and notice that

lim
q→∞

ap,q =
∑

α≤p
〈f (α)
α ⊗ g, φ4η〉, p ∈ N;

lim
p→∞

ap,q =
∑

β≤q
〈f ⊗ g(β)

β , φ4η〉, q ∈ N.

Let (pj) and (qj) be arbitrary strictly increasing sequences of positive

integers and set ãj := apj ,qj for j ∈ N. It follows from (6.21) that

|ãm − ãl| ≤
∑

pl<α≤pm

∑

ql<β≤qm

|〈fα ⊗ gβ , (φ4)(α+β)〉|

≤ C
∑

pl<α≤pm

∑

ql<β≤qm

(LH)α+β

Mα+β
sup

|x+y|≤R
|φ(α+β)(x+ y)|

≤ 2−2k C sup
r∈N0

sup
|t|≤R

(4LH)r

Mp
|φ(r)(t)|

∞∑

r=1

2−r (6.22)

for m > l > k > k0, where C = πR2AB. This implies that (ãj) is a Cauchy

sequence, i.e., it converges to a certain number a. It is easy to see that a
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does not depend on the choice of sequences (pj) and (qj). Consequently,

the double limit lim
p,q→∞

ap,q exists and

lim
p,q→∞

ap,q = lim
p→∞

lim
q→∞

ap,q = lim
q→∞

lim
p→∞

ap,q = a. (6.23)

Now, by (6.23), we have

〈f ∗ g, φ〉 = 〈f ⊗ g, ηkφ4η〉 =
∑

α,β∈N0

|〈fα ⊗ gβ, (φ4)(α+β)〉|

=
∑

α,β∈N0

〈fα ∗ gβ, φ(α+β)〉, (6.24)

which proves (i).

Let us prove now the second assertion of the theorem. By Theorem

6.6.1, there exist measures fk,α and gk,β and constants B,L > 0 such that

fk|Ω1 =
∑

α∈N0

f
(α)
k,α , gk|Ω2 =

∑

α∈N0

g
(α)
k,α, (6.25)

‖fk,α‖C′(Ω̄1) ≤ BLα/Mα, ‖gk,α‖C′(Ω̄2) ≤ BLα/Mα, (6.26)

for α, k ∈ N0 and

‖fk,α − fk‖C′(Ω̄1) → 0, ‖gk,α − gk‖C′(Ω̄2) → 0, (6.27)

for α ∈ N0 as k → ∞. By the first part of the theorem, the

D′(Mp)−convolutions f ∗ g and fk ∗ gk exist for k ∈ N and, due to (6.24)

and the estimation used in (6.22), we have

|〈fk ∗ gk, φ〉| ≤
∑

α,β∈N0

|〈fk,α ∗ gk,β , φ(α+β)〉|

=
∑

α,β∈N0

|〈fk,α ⊗ gk,β , (φ4)(α+β)〉|

≤ C sup
γ∈N0

sup
|t|≤R

(2LH)γ

Mγ
|φ(γ)(t)| <∞ (6.28)

for each fixed φ ∈ D(Mp). Hence

|〈fk ∗ gk − f ∗ g, φ〉| ≤
∑

α,β∈N0

|〈fk,α ∗ gk,β − fα ∗ gβ , φ(α+β)〉|

≤ (
∑

α≤m
β≤m

+
∑

α>m
β∈N0

+
∑

α∈N0
β>m

) |〈fk,α ∗ gk,β − fα ∗ gβ , φ(α+β)〉| (6.29)

where m ∈ N0.
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Let ε > 0 be fixed. Notice that the series
∑

α,β∈N0

〈fα ∗ gβ, φ(α+β)〉

is convergent and all the series
∑

α,β∈N0

〈fk,α ∗ gk,β , φ(α+β)〉

for k ∈ N are commonly bounded by a convergent series (see (6.28)). There-

fore each of the last two sums in (6.29) is less than ε/3 for m large enough.

On the other hand, in view of (6.26), we have

|〈fk,α ∗ gk,β − fα ∗ gβ, φ(α+β)〉|
≤ ‖φ(α+β)‖C(K) (‖fk,α ∗ (gk,β − gβ)‖C′(K)

+ ‖(fk,α − fα) ∗ gβ‖C′(K))

≤ C‖φ(α+β)‖C(K) (LαM−1
α ‖gk,β − gβ‖C′(K)

+ LβM−1
β ‖fk,α − fα‖C′(K))

for some constant C > 0 and all α, β ∈ N0 and k ∈ N. Consequently, by

(6.27), it follows that
∑

α≤m
β≤m

|〈fk,α ∗ gk,β − fα ∗ gβ, φ〉| ≤ ε/3

for k large enough, which completes the proof of (ii) as well as the whole

theorem. �

The following notion is a modification of polynomial compatibility of

supports, introduced for tempered distributions in [65] (see also [66]) and

then generalized to the case of the space K{Mp}′ of Gelfand and Shilov

in [144] (see also [145] and [76]). Coincidentally, the sequence of functions

defining a Gelfand-Shilov space is denoted also by (Mp) as the sequence

defining the space of ultradistributions and the above mentioned condition

in the Gelfand-Shilov spaces is called Mp−compatibility. To avoid misun-

derstanding, we shall call the notion introduced below M−compatibility,

which is justified by the use of the associated function M in its definition.

Definition 6.7.1. Sets X , Y ⊆ R are said to be M−compatible if

M(|x|) +M(|y|) ≤M(d|x+ y|), x ∈ X, y ∈ Y. (6.30)

for some d > 0 (or, equivalently, d ≥ 1).
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The following assertion is an analogue of Theorem 6.7.1 for the S ′(Mp)
–

convolution f ? g of tempered ultradistributions f and g.

Theorem 6.7.2. Suppose that the sequence (Mp) satisfies conditions

(M.1), (M.2) and (M.3)′.
(i) If f, g ∈ S ′(Mp) and supp f and supp g are M−compatible, then

the S ′(Mp)−convolution f ? g exists.

(ii) If fk, gk ∈ S ′(Mp) and supp fk ⊆ X, supp gk ⊆ Y for k ∈ N, where

X,Y are M−compatible sets in R, and if fk → f , gk → g in S ′(Mp)
, then

fk ? gk → f ? g in S ′(Mp)
as k →∞.

Proof. By [75], there exist constants λ, L,B > 1 and functions fα,

gβ ∈ L2 such that

f =
∑

α∈N0

(eMλ fα)(α), g =
∑

β∈N0

(eMλ gβ)(β), (6.31)

and

‖fα‖L2 ≤ BLα/Mα, ‖gβ‖L2 ≤ BLβ/Mβ, (6.32)

for α, β ∈ N, where eMλ (x) = eM(λ|x|) for x ∈ R.

Let X := supp f and Y := supp g. Fix a function φ ∈ S(Mp), a strong

approximate unit (ηk) in D(Mp)(R2) and indices l,m ∈ N, m > l, denoting

ηl,m := ηm − ηl, Kl,m := supp (ηm − ηl) and Dl,m := |〈f ⊗ g, ηl,mφ4〉|.
By (6.31), we have

Dl,m = |〈f ⊗ g, ηl,mφ4〉| ≤
∑

α,β∈N0

|〈(eMλ fα)(α) ⊗ (eMλ gβ)(β), ηl,mφ
4〉|

≤
∑

α,β∈N0

∑

γ≤α
δ≤β

(
α

γ

)(
β

δ

)
Cα,βγ,δ , (6.33)

where

Cα,βγ,δ :=

∫

X

∫

Y

|[(eMλ fα)⊗ (eMλ gβ)]η
(α−γ,β−δ)
l,m (φ(γ+δ))4|.

In view of (6.30), we have

Cα,βγ,δ ≤
∫

X

∫

Y

|(fα ⊗ gβ)η
(α−γ,β−δ)
l,m (eMdλφ

(γ+δ))4|. (6.34)

Notice that (M.2) implies the inequality

2M(t) ≤M(c0t) + c0, t > 0,
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for some constant c0 ≥ 1. Hence there exists a constant c ≥ 1 such that

M(dλt) ≤ −2M(t) +M(ct) + c, t > 0.

Denote

Aα,β:=sup
k∈N

sup
(x,y)∈R2

|η(α,β)(x, y)|, Bα := sup
t∈R

eM(b|t|)|φ(α)(t)|,

κl,m:=sup{e−M(|x|) : x ∈ Kl,m}, κ0 :=

∫

R

e−M(|t|) dt.

By (6.34), the Schwarz inequality and inequalities (6.32), (2.1) and (2.3),

we obtain

Cα,βγ,δ ≤ Aα−γ,β−δ Bγ+δ

∫

R

e−2M(|t|)[

∫

R

|fα(x)gβ(t− x)| dx] dt

≤ κ0 κl,mAα−γ,β−δ Bγ+δ‖fα‖L2 ‖gβ‖L2

≤ κ0 κl,mAB
2 (LH)α+β Aα−γ,β−δ

Mα+β−γ−δ

Bγ+δ

Mγ+δ

≤ κ0κl,mAB
2

4α+β
· (4LH)α+β−γ−δ

Mα+β−γ−δ
Aα−γ,β−δ ·

(4LH)γ+δ

Mγ+δ
Bγ+δ.

By (6.33) and (6.34), this yields

Dl,m ≤
∑

α,β∈N0

∑

γ≤α
δ≤β

(
α

γ

)(
β

δ

)
Cα,βγ,δ ≤

∑

α,β∈N0

κl,mC

2α+β
= κl,mC

for some constant C > 0, in view of (2.54) and (6.2), i.e., for arbitrary

ε > 0, we have

Dl,m = |〈f ⊗ g, (ηm − ηl)φ4〉| < ε (6.35)

for sufficiently large l,m ∈ N. Hence we conclude that the sequence (Dk),

where Dk := |〈f ⊗ g, ηkφ4〉|, is a Cauchy sequence. It is easy to see that

its limit does not depend on the choice of a strong approximate unit (ηk)

and this proves the first assertion (cf. [70]).

The second assertion can be proved in a similar way as the second

statement of Theorem 6.7.1. �

6.8 Convolution in weighted spaces

The weighted ultradistributional spaces D′(Mp)
Ls,µ are defined in [90], anal-

ogously to the distributional spaces D′
Ls,µ introduced in [107]. We recall

some definitions and assertions from [90].
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Let s ∈ [1,∞], h > 0, µ ∈ R. DMp,h
Ls,µ is defined to be the space of all

functions φ ∈ E such that (〈·〉µφ)(α) ∈ Ls (see 6.15) for each α ∈ N0 and

‖φ‖DMp,h

Ls,µ

:=
∑

α∈N0

hα

Mα
‖(〈·〉µφ)(α)‖Ls <∞

and which is equipped with the topology induced by the norm ‖ · ‖DMp,h

Ls,µ

.

(Recall Section 1.1 for the notation 〈·〉µ.) Further we define

D(Mp)
Ls,µ := proj lim

h → ∞
DMp,h
Ls,µ .

The space Ḃ(Mp)
µ is defined to be the subspace of D(Mp)

L∞,µ which is the

completion of the space D(Mp) in the topology of the family of the norms

‖ · ‖DMp,h

Ls,µ

.

One can easily prove that the mappings:

D(Mp)
Ls 3 φ 7→ 〈·〉−µφ ∈ D(Mp)

Ls,µ ,

Ḃ(Mp) 3 φ 7→ 〈·〉−µφ ∈ Ḃ(Mp)
µ

are homeomorphisms. The spaces D(Mp)
Ls,µ and Ḃ(Mp)

µ are (FG)−spaces and

the spaces D(Mp)
Ls,µ are (FS)−spaces for s > 1 (for the definitions see [50]).

The proof of this assertion may be done in a way similar to the proof given

in [107] for D(Mp)
Ls , s > 1.

Let us recall some properties of the spaces defined above which will be

needed in the sequel; for their proofs we refer to [90]. Let µ, ν ∈ R and

q, r, s ∈ [1,∞]. If 1/q + 1/r ≥ 1/s, then the pointwise multiplications

D(Mp)
Lq,µ ×D

(Mp)
Lr,ν 3 (φ, ψ) 7→ φψ ∈ D(Mp)

Ls,µ+ν ,

D(Mp)
Ls,µ × Ḃ(Mp)

ν 3 (φ, ψ) 7→ φψ ∈ D(Mp)
Ls,µ+ν ,

D(Mp)
L∞,µ × Ḃ(Mp)

ν 3 (φ, ψ) 7→ φψ ∈ Ḃ(Mp)
µ+ν ,

Ḃ(Mp)
µ × Ḃ(Mp)

ν 3 (φ, ψ) 7→ φψ ∈ Ḃ(Mp)
µ+ν

are continuous mappings. If (a) q < r and ν < µ or (b) q > r and

ν < µ+ 1/q− 1/r, then D(Mp)
Lq,µ ↪→ D(Mp)

Lr,ν , where the symbol E ↪→ F means

that the space E is continuously embedded into the space F and E is dense

in F .

Given a q ∈ (1,∞] define r to satisfy the equation 1/q + 1/r = 1. We

denote by D′(Mp)
Lq,µ and D′(Mp)

L1,µ the strong duals of the spaces D(Mp)
Lr,−µ and

Ḃ(Mp)
−µ , respectively.
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An ultradistribution g ∈ D′(Mp)
belongs to D′(Mp)

Lq,µ if there exist h > 0

and a sequence (Gα)α∈N of elements of Lq such that

g =
∑

α∈N0

G(α)
α (6.36)

and

∑

α∈N0

Mα

hα
‖〈·〉µGα‖Lq <∞. (6.37)

Conversely, if (6.37) holds for a sequence (Gα)α∈N0 in Lq, then g defined

by (6.36) belongs to D′(Mp)
Lq,µ .

Let q, r ∈ [1,∞] and µ, ν ∈ R. If (a) q ≤ r and ν ≤ µ; or (b) q > r and

ν < µ+ 1/q − 1/r, then we have the following embeddings:

E ′ ↪→ D′
Lr,ν ↪→ D′

Lq,µ ↪→ S′ ↪→ D′

?

��

?

��

?

��

?

��

?

��

E ′(Mp)
↪→ D′(Mp)

Lr,ν ↪→ D′(Mp)
Lq,µ ↪→ S′(Mp) ↪→ D′(Mp)

.

The space D′
Lq,µ is a proper subset of D′(Mp)

Lq,µ

⋂D′.
Now we shall prove some results (Theorems 6.8.1 and 6.8.2) on the

convolution in the weighted distributional and ultradistributional spaces.

Theorem 6.8.1. Fix φ ∈ S(Mp) and q ∈ (1,∞]. If the sequence (Mp)

satisfies conditions (M.1) and (M.3′), we have

(i) f ∈ D′
Lq,µ implies f∗φ ∈ D(Mp)

Lq,µ ;

(ii) f ∈ D′
L1,µ implies f∗φ ∈ Ḃ(Mp)

µ .

If (Mp) satisfies conditions (M.1), (M.2′) and (M.3′), we have

(iii) f ∈ D′(Mp)
Lq,µ implies f∗φ ∈ DLq,µ;

(iv) f ∈ D′(Mp)

L1,µ implies f∗φ ∈ Ḃµ.
If (Mp) satisfies conditions (M.1), (M.2) and (M.3′), we have

(v) f ∈ D′(Mp)
Lq,µ implies f∗φ ∈ D(Mp)

Lq,µ ;

(vi) f ∈ D′
L1,µ implies f∗φ ∈ Ḃ(Mp)

µ .

Proof. To prove (i) suppose that f ∈ D′
Lq,µ. In view of a result of [107],

it follows that f∗φ ∈ DLq,µ for each φ ∈ S. Therefore

〈·〉−µ(f∗φ)(α) = 〈·〉−µ(f∗φ(α)) ∈ Lq
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for α ∈ N. Since f ∈ D′
Lq,µ, there exist γ ∈ N0 and functions Fβ from Lq

such that

f =
∑

β≤γ
(〈·〉−µFβ)(β)

in D′(Mp)
. Applying suitable properties of convolution (see [70]) and the

following elementary inequality

〈a+ b〉µ ≤ 4|µ|〈a〉µ〈b〉|µ|, a, b, µ ∈ R,

(called Peetre’s inequality), we get

∑

α∈N0

hα

Mα
‖〈·〉µ(f∗φ)(α)‖Lq =

∑

α∈N0

hα

Mα
‖〈·〉µ

∑

β≤γ
(〈·〉−µFβ) ∗ φ(α+β) ‖Lq

≤
∑

α∈N0

∑

β≤γ

hα

Mα

(∫

R

〈x〉µq
(∫

R

〈x − t〉−µ|φ(α+β)(x− t)Fβ(t)| dt
)q

dx

)1/q

≤ 4|µ|
∑

α∈N0

∑

β≤γ

hα

Mα
‖〈·〉|µ||φ(α+β)| ∗ |Fβ | ‖Lq .

Hence, by Young’s inequality,

∑

α∈N0

hα

Mα
‖〈·〉µ(f∗φ)(α)‖Lq ≤ 4|µ|

∑

β≤γ

∑

α∈N0

hα

Mα
‖Fβ‖Lq ‖〈·〉|µ|φ(α+β)‖L1

≤ 4|µ| max
β≤γ
‖Fβ‖Lq max

β≤γ
(Mα+βM

−1
α h−β)

∑

γ∈N0

hγ

Mγ
‖〈·〉|µ|φ(γ)‖L1 <∞.

This yields f ∗ φ ∈ D(Mp)
Lq,µ , as desired.

The proof of (ii) is similar.

To prove (iii) suppose that f ∈ D′(Mp)
Lq,µ . There are functions Fβ in Lq

and h > 0 such that

f =
∑

β∈N0

(〈·〉−µFβ)(β);
∑

β∈N0

Mβ

hβ
‖Fβ‖Lq <∞ (6.38)

(cf. (6.36) and (6.37)). From the proof of Theorem 6.10 in [107], p. 71, it

follows that f∗φ ∈ E . From condition (M.2′) we obtain constants A ≥ 1

and H ≥ 1 such that

Mα+β ≤ AαHα(α+β)Mβ, α, β ∈ N0.
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Using this fact and Young’s inequality, we obtain

‖〈·〉µ(f ∗ φ)(α)‖Lq = ‖〈·〉µ
∑

β∈N0

(〈·〉−µFβ) ∗ φ(α+β)‖Lq

≤ 4|µ|
∑

β∈N0

‖Fβ ∗ (〈·〉|µ|φ(α+β))‖Lq ≤ C
∑

β∈N0

hβ

Mβ
‖〈·〉|µ|φ(α+β)‖L1

≤ Cα
∑

β∈N0

(Hαh)α+β

Mα+β
‖〈·〉|µ|φ(α+β)‖L1

≤ Cα
∑

β∈N0

(Hαh)γ

Mγ
‖〈·〉|µ|φ(γ)‖L1 <∞

for each α ∈ N0, where

C := 4|µ| sup
β∈N0

Mβ

αβ
‖Fβ‖; Cα :=

CAα

Mα
. (6.39)

(C and Cα are finite, in view of (6.38).) Hence f∗φ ∈ DLq,µ.

The proof of (iv) is similar.

To prove (v) suppose as before that f ∈ D′(Mp)
Lq,µ . By (6.38), condition

(2.1) and Young’s inequality, we obtain

∑

α∈N0

hα

Mα
‖〈·〉µ(f ∗ φ)(α)‖Lq

≤
∑

β∈N0

∑

α∈N0

hα

Mα
‖〈·〉µ|(〈·〉−µFβ) ∗ φ(α+β)| ‖Lq

≤ 4|µ|
∑

α,β∈N0

hα

Mα
‖Fβ ∗ (〈·〉|µ|φ(α+β))‖Lq

≤ C
∑

α,β∈N0

hα+β

MαMβ
‖〈·〉|µ|φ(α+β)‖L1

≤ AC
∑

α,β∈N0

(Hh)α+β

Mα+β
‖〈·〉|µ|φ(α+β)‖L1

≤ AC
∑

γ∈N0

(Hh)γ

Mγ
‖〈·〉|µ|φγ‖L1 <∞
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where C is the constant defined in (6.39). This means that f∗φ ∈ DLq,µ.

The proof of (vi) is similar.�

Theorem 6.8.2. Suppose that the sequence (Mp) satisfies conditions (M.1)

and (M.3′). Fix µ, ν ∈ R such that µ + ν ≥ 0 and q, r ∈ [1,∞] such that

1 ≤ 1/q + 1/r ≤ 2.

(i) If (Mp) satisfies additionally condition (M.2′) and if f ∈ D′
Lq,µ and

g ∈ D′(Mp)
Lr,ν , then f ∗ g = f ? g ∈ D′(Mp)

Ls,ρ and the mapping

D′
Lq,µ ×D′(Mp)

Lr,ν 3 (f, g) 7→ f ∗ g ∈ D′(Mp)
Ls,ρ (6.40)

is continuous, where ρ := min(µ, ν) and s := (1/q + 1/r − 1)−1 (then

s ∈ [1,∞]).

(ii) If (Mp) satisfies additionally condition (M.2) and if f ∈ D′(Mp)
Lq,µ

and g ∈ D′(Mp)
Lr,ν , then f ∗ g = f ? g ∈ D′(Mp)

Ls,ρ and the mapping

D′(Mp)
Lq,µ ×D′(Mp)

Lr,ν 3 (f, g) 7→ f ∗ g ∈ D′(Mp)
Ls,ρ , (6.41)

is continuous, where s and ρ are defined above.

Proof. The proof is divided into five steps.

1◦ We shall show that, for every strong approximate unit (ηk) in

D(Mp)(R2) and ψ ∈ D(Mp)

Ls/(s−1),−ρ, the limit

lim
k→∞

〈f ⊗ g, ηkψ4〉

exists and the mapping

D(Mp)

Ls/(s−1),−ρ 3 ψ 7→ lim
k→∞

〈f ⊗ g, ηkψ4〉 ∈ R

defines an element of D′
Ls,ρ

(Mp)
. This will imply that

f ∗ g = f ? g ∈ D′(Mp)
Ls,ρ .

By (6.36) and the representation

f =
∑

α≤α0

(〈·〉−µFα)(α), (Fα)α ∈ Lq, α ≤ α0,

we have

f ⊗ g =
∑

α≤α0

∑

β∈N0

F (α)
µ,α ⊗G(β)

ν,β ,

where, for simplicity of notation, we adopt

Fµ,α := 〈·〉−µFα, Gν,β := 〈·〉−νGβ ;
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the sum on the right side converges weakly in D′(Mp)
(R2).

Consider an arbitrary subsequence of a given strong approximate unit

(ηi) and select from it a subsequence (ηmi) for which there exist increasing

sequences of positive numbers (ai) and (bi) divergent to ∞ such that, for

all i ∈ N, we have ai < bi < ai+1, ηmi ≡ 1 on [−ai, ai] × [−ai, ai] and

supp ηmi ⊆ [−bi, bi]× [−bi, bi].
Let (pi) be another increasing sequence of positive integers. We shall

prove that ((A(mi, pi))i∈N
is a Cauchy sequence, where

A(mi, pi) :=
∑

α≤α0

∑

β≤pi

〈F (α)
µ,α ⊗G(β)

ν,β , η̄miψ
4〉.

It will also be seen that the limit does not depend on the sequences (mi)

and (pi) and this will imply that the limit

lim
i→∞

∑

α≤α0

∑

β∈N0

〈F (α)
µ,α ⊗G(β)

ν,β , ηiψ
4〉

exists and is equal to
∑

α≤α0

∑

β∈N0

lim
i→∞
〈F (α)
µ,α ⊗G(β)

ν,β , ηiψ
4〉.

First note that, for each ε > 0, there exists a β0 ∈ N such that

∑

β≥β0

Mβ

hβ
‖Gβ‖Lr < ε. (6.42)

Next, notice that the inequality succeeding (6.38), which follows from

(M.2′), and (2.3) imply that, for each d ≥ 1 and α, β, γ, δ ∈ N such

that γ ≤ α and δ ≤ β, we have

1

Mβ
≤ AβH(α+β)β

Mα+β
≤ (dAHβ)α+β

dβMα+β
≤ (dAHβ)α+β

dβMα−γ+β−δMγ+δ
. (6.43)

Now fix the sequence (mi) and denote η̄i = ηmi . Next fix indices i, k ∈
N so that i < k and denote for short a := ai, b := bα (hence we have

0 < a < b). It is easy to see that

supp (η̄k − η̄i) ⊆ K1 ∪K2,

where

K1 := (J1 ∪ J2)× J ; K2 := J × (J1 ∪ J2),

and

J1 := [−2b,−a]; J2 := [a, 2b]; J := [−2b, 2b].
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Putting

cα,βγ,δ :=

(
α

γ

)(
β

δ

)
, dγ,δ := ‖(η̄α − η̄i)(γ,δ)‖L∞ ,

for 0 ≤ γ ≤ α, 0 ≤ δ ≤ β, we have
∑

α≤α0
pi≤β≤pk

|〈F (α)
µ,α ⊗G(β)

ν,β , (η̄k − η̄i)ψ4〉| =
∑

α≤α0
pi≤β≤pk

∑

γ≤α
δ≤β

cα,βγ,δ dγ,δ(I1 + I2) (6.44)

where

Ii =

∫

Ki

|(Fµ,α ⊗Gν,β)(ψ(α−γ,β−δ))4| (6.45)

for i = 1, 2.

Assume first that ρ = ν, i.e., ν ≤ µ, µ ≥ 0. In this case, Peetre’s

inequality yields

〈x〉−µ〈t− x〉−ν ≤ 4|ν|〈x〉−µ+|ν|〈t〉−ν ≤ 4|ν|〈t〉−ν

for arbitrary x, t ∈ R and thus

I1 =

∫

J1∪J2

(∫

Jx

|Fµ,α(x)Gν,β(t− x)ψ(α+β−γ−δ)(t)| dt
)
dx

≤ 4|ν|
∫

J1∪J2

∫

J′

|Fα(x)Gβ(t− x)〈t〉−νψ(α+β−γ−δ)(t)| dx dt

where

Jx := {t ∈ R : t− x ∈ J}
and

J ′ := (J1 ∪ J2) + J = [−4b, 2b− a] ∪ [−2b+ a, 4b].

Now, assume that ρ = µ, i.e., µ ≤ ν, ν ≥ 0. We have, by Peetre’s

inequality,

〈y − t〉−µ〈y〉−ν ≤ 4|µ|〈y〉|µ|−ν〈t〉µ ≤ 4|µ|〈t〉−µ

for arbitrary y, t ∈ R; and, since J × Jy = (J1 ∪ J2)× Jx, we have

I1 =

∫

J

(∫

Jy

|Fµ,α(y − t)Gν,β(y)ψ(α+β−γ−δ)(t)| dt
)
dy

≤ 4|µ|
∫

J1∪J2

(∫

Jx

|Fα(x)Gβ(t− x)〈t〉−µψ(α+β−γ−δ)(t)| dt
)
dx

≤ 4|µ|
∫

J1∪J2

∫

J′

|Fα(x)Gβ(t− x)〈t〉−µψ(α+β−γ−δ)(t)| dx dt,
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where Jy := {t ∈ R : y − t ∈ J1 ∪ J2}.
Hence, putting C := 4|ρ|, Dα,β

γ,δ := ‖〈·〉−ρψ(α+β−γ−δ)‖Ls/(s−1) and de-

noting by F ′
α the function which equals to 0 on the interval [−a, a] and

coincides with Fα otherwise, we get in both cases

I1 ≤ C

∫ ∞

−∞
|〈t〉−ρψ(α+β−γ−δ)(t)|

(∫

R\[−a,a]
|Fα(x)Gβ(t− x)| dx

)
dt

≤ C

∫ ∞

−∞
|〈t〉−ρψ(α+β−γ−δ)(t)| (|F ′

α| ∗ |Gβ |)(t) dt

≤ C Dα,β
γ,δ ‖ |F ′

α| ∗ |Gβ | ‖Ls ≤ C Dα,β
γ,δ ‖F ′

α‖Lq ‖Gβ‖Lr , (6.46)

in view of Hölder’s and Young’s inequalities. Analogously, we prove that

I2 ≤ CDα,β
γ,δ ‖Fα‖Lq ‖G′

β‖Lr , (6.47)

where G′
β are functions equal to 0 on [−a, a] and to Gβ otherwise. Com-

bining (6.44) - (6.47) and taking into account that

sup
β,γ∈N0

(dAHβ)γ

Mγ
<∞, sup

α,β∈N0

(dAHβ)α

Mα
<∞,

we get
∑

α≤α0
pi≤β≤pk

|〈F (α)
µ,α ⊗G(β)

ν,β , (η̃k − η̃i)ψ4〉|

≤ C
∑

α≤α0
pi≤β≤pk

∑

γ≤α
δ≤β

cα,βγ,δ dγ,δD
α,β
γ,δ

·Mβ

hβ
(
‖Fα‖Lq(R\[−a,a]) ‖Gβ‖Lr + ‖Fα‖Lq ‖Gβ‖Lr(R\[−a,a])

)
.

If now i, j with j > i vary so that i → ∞, then a = ai → ∞ and the

above estimate, in view of (6.42), shows that ((A(mi, pi))i∈N
is a Cauchy

sequence. It is easy to see that its limit does not depend on subsequences

(η̃i). Consequently,

〈f ∗ g, ψ〉 = lim
i→∞
〈f ⊗ g, ηiψ4〉

= lim
i→∞

∑

α≤α0
β∈N0

〈F (α)
µ,α ⊗G(β)

ν,β , ηiψ
4〉 =

∑

α≤α0
β∈N0

〈F (α)
µ,α ∗G(β)

ν,β , ψ〉.

Hence (see [119]) f and g are convolvable, f ∗ g = f ? g and

〈f∗g, ψ〉 =
∑

α∈N0
β∈N0

〈Fµ,α ∗G(α+β)
ν,β , ψ〉



May 14, 2007 15:29 World Scientific Book - 9in x 6in Newbook

Convolution of Ultradistributions 171

for each ψ ∈ D(Mp)

Ls/(s−1),−ρ, which finishes the proof of the first step.

2◦ Let us prove that under the assumptions of (ii), we have f ∗g = f ?g.

According to (6.36), there exist a sequence (Fα)α of elements of Lq, a

sequence (Gβ)β of elements of Lr(R) and h > 0 such that

f =
∑

α∈N0

F (α)
µ,α , g =

∑

β∈N0

G
(β)
ν,β ,

where the two series converge in the weak sense, and that
∑

α∈N0

Mα

hα
‖Fα‖Lr <∞,

∑

β∈N0

Mβ

hβ
‖Gβ‖Lq <∞.

It follows that

f ⊗ g =
∑

α∈N0

∑

β∈N0

F (α)
µ,α ⊗G(β)

ν,β ,

where the series on the right side converges weakly in D′(Mp)
(R2).

Conditions (2.1) and (2.3) imply that

1 ≤ AHα+βMαMβ

Mα+β
≤ A(dH)α+β

Mα−γ+β−δMγ+δ

MαMβ

dαdβ

for each d > 0, α, β ∈ N and γ, δ ∈ N such that γ ≤ α, δ ≤ β. Applying the

above estimate instead of (6.43) and repeating the arguments used in 10,

one can conclude that f and g are convolvable and

〈f∗g, ψ〉 =
∑

α∈N0

∑

β∈N0

〈Fµ,α ∗G(α+β)
ν,β , ψ〉

for ψ ∈ D(Mp)

Ls/(s−1),−ρ.
The next part of the proof is similar to the proof of Proposition 9 in

[107].

3◦ Suppose that condition (M.2′) holds. If f ∈ D′
Lq,µ is fixed , then the

mapping

D′(Mp)
Lq,ν 3 g 7→ f ∗ g ∈ D′(Mp)

Ls,ρ ,

has the closed graph. Indeed, if (gi) converges to zero in D′(Mp)
Lr,ν and (f∗gi)

converges to h in D′(Mp)
Ls,ρ , then

〈h, φ〉 = lim
i→∞
〈f∗gi, φ〉 = lim

i→∞
〈fi(ũ∗φ), 1〉

for each φ ∈ D(Mp) (see [107], Proposition 6). Note that f̃∗φ ∈ D(Mp)
Lq,µ .

Moreover, the multiplication, as a mapping from D(Mp)
Lq,µ × D′(Mp)

Lr,ν into
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D′(Mp)

L1,µ+ν , is separately continuous, and D′(Mp)

L1,µ+ν is continuously embed-

ded into D′(Mp)

L1 . This implies that gi(f̃∗φ) converges to zero in D′(Mp)

L1 as

i→ ∞. Therefore 〈h, φ〉 = 0 for each φ ∈ D(Mp). Consequently, the linear

mapping in question has the closed graph.

If g ∈ D′(Mp)
Lq,ν is fixed, then the mapping

D′
Lq,µ 3 f 7→ g ∗ f ∈ D′(Mp)

Ls,ρ

has the closed graph. Indeed, if (fi) converges to zero in D′
Lq,µ and (fi∗g)

converges to h in D′(Mp)
Ls,ρ , then

〈h, φ〉 = lim
i→∞
〈fi∗g, φ〉 = lim

i→∞
〈fi(g̃∗φ), 1〉

for each φ ∈ D(Mp) (see [119], Proposition 6, or [70]). We have g̃∗φ ∈ DLr,ν

and, moreover, the multiplication, as a mapping from DLq,µ × D′
Lr,ν to

D′
L1,µ+ν , is separately continuous, and D′

L1,µ+ν is continuously embedded

into D′
L1 . Therefore fi(g̃∗φ) converges to zero in D′

L1 as i → ∞ and

thus 〈h, φ〉 = 0 for each φ ∈ D(Mp). Consequently, the linear mapping in

question has a closed graph.

4◦ Similarly, one can prove that if condition (M.2) is satisfied and g ∈
D′(Mp)

Lr,ν is fixed, then the mapping

D′(Mp)
Lq,µ 3 f 7→ f ∗ g ∈ D′(Mp)

Ls,ρ ,

has the closed graph.

5◦ Note that

(a) the space D′(Mp)
Lq,ρ is the strong dual of a Fréchet space;

(b) the space D′
Lq,ν , q ∈ [1,∞], is an inductive limit of Banach spaces

(see [107], Theorem 9).

As we have noted, since D′(Mp)

L1 = (B(Mp)
C )′ and the space B(Mp)

C is

semireflexive (see [119]), it follows that D′(Mp)

L1 is barrelled. Therefore the

space D′(Mp)

L1,ν , which is isomorphic to D′(Mp)

L1 , is barrelled. It follows that the

spaces D(Mp)

L1,ν are distinguished Fréchet spaces (see [59], p. 228, Proposition

1). Thus D′(Mp)

L1,ν is a bornological space (see [59], p. 289, Theorem 1) and

hence, being complete, is an inductive limit of Banach spaces.

It follows from statements given in [123] (Appendix, p. 159, Theorem 3,

and p. 164) that if E is an inductive limit of Banach spaces (which implies

that E is ultrabornological), F is a strong dual of a Fréchet space and if

T : E → F is a sequentially closed linear mapping, then T is continuous.

Consequently, the convolution mappings (6.40) and (6.41) are partially con-

tinuous by the closed graph theorem. But then they are continuous (see

[59], p. 364, Exercise 10). �
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Chapter 7

Integral Transforms of Tempered

Ultradistributions

7.1 Introductory remarks

Various integral transforms on the spaces S ′(Mp)
and S ′{Mp} of tempered

Beurling and Roumieu type ultradistributions will be defined and analyzed

in this chapter (see [74] and [75]). Also the Hermite expansions of elements

of the basic spaces and their duals will be considered; the Hermite ex-

pansions can be regarded as generalized integral transforms in the sense of

[157], Chapter IX. The use of Hermite expansions will enable us to obtain in

Sections 7.3-7.4 , in a similar manner as was done in [118], results about the

Wigner distribution, the Fourier, Bargmann and Laplace transforms and

the boundary value representation of elements of S ′(Mp)
and S ′{Mp}(see

[75]). In particular, in Sections 7.3 and 7.4 we characterize basic spaces by

Fourier and Laplace transforms.

Janssen and van Eijndhoven (see [64]) studied the Gel’fand-Shilov in-

ductive limit type spacesWM×

M (see [52]), whereM× is the Young conjugate

of a suitable function M . They characterized elements of these spaces by

expansions in Hermite series, Fourier transform, Wigner distribution and

Bargmann transform. In the special case where M(x) = αx1/α, x > 0,

1/2 ≤ α < 1, and Mp = pαp, p ∈ N0, both of the spaces WM×

M and S{Mp}

are equal to the Gel’fand-Shilov space Sαα . But, in the general case, the

spaces WM×

M and the space S∗ are different. In the case of WM×

M , the func-

tion M tends to infinity faster than x and slower than x2. For S∗ the role

of M is taken by the function associated with the sequence (Mp), which is

increasing and tends to infinity slower than x. For example, if Mp = p!α,

α > 1, p ∈ N0, then M(x) ∼ Cx1/α, and Young’s conjugate for such a func-

tion does not exist at all. Using a technique which is quite different from

Janssen and van Eijndhoven’s method, we prove that results analogous to

173
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theirs hold also for the spaces S∗ .

For the sake of simplicity we give most of the definitions, theorems and

their proofs in the one-dimensional case in this chapter, although all of

the obtained results can be generalized to the multi-dimensional case. In

particular, the study of the Hilbert transform in Section 7.6 is presented

in both the one-dimensional case and the multi-dimensional case. Further,

Section 7.7 is obtained in the multi-dimensional case.

In Section 7.2 the basic definitions of test function spaces are recalled

and structural theorems are stated. The main assertion of the section

is Theorem 7.2.2, which essentially describes the properties of S (Mp) and

S{Mp} via Hermite expansions and which is the basis for the results of

Section 7.3. The proof of Theorem 7.2.2 is given in Section 7.5.

In Sections 7.6 and 7.7 we will study the Hilbert transform and, more

generally, singular integral operators on the spaces of tempered ultradistri-

butions of Beurling and Roumieu type.

Note that in this chapter we will use other versions, which we denote

F0 and F−1
0 , of the Fourier and inverse Fourier transforms instead of the

versions F and F−1 previously defined in (1.7) and (1.8), respectively. The

Fourier transform F0 and inverse Fourier transform F−1
0 are defined in the

n-dimensional case by

F0[ϕ](x) :=

∫

Rn

ϕ(t)e−i〈x,t〉 dt, ϕ ∈ L1, (7.1)

and

F−1
0 [ϕ](x) :=

1

(2π)n

∫

Rn

ϕ(t)ei〈x,t〉 dt, ϕ ∈ L1. (7.2)

This does not cause any misinterpretation of results that have been

obtained previously in this book. We do this in order to coordinate our

notation in this chapter of this book with the notation of the existing lit-

erature concerning the results of this chapter. Consequently, the Laplace

transform considered in Section 7.4 will be defined using the Fourier trans-

form F0 and will be denoted by L0.

7.2 Definitions

In the one-dimensional case, Hermite functions hα are defined by

hα(x) := (−1)α( 4
√
π
√

2αα!)−1 ex
2/2 (e−x

2

)(α), α ∈ N, x ∈ R. (7.3)
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In the n-dimensional case, we have a multi-indexed sequence of Hermite

functions:

hα(x) := hα1(x1)hα2(x2) · . . . · hαn(xn),

where α := (α1, . . . , αn) ∈ Nn, x := (x1, . . . , xn) ∈ Rn and hαi(xi) are

defined by (7.3). We will use the fact that the set of Hermite functions

forms an orthonormal base of the space L2(Rn).

The Wigner distribution and the Bargmann transform are defined, re-

spectively, by the formulas:

W(x, y; f) :=
1√
2π

∫

R

exp(−iyt)f(x+ t/2)f(y − t/2) dt,

x, y ∈ R, f ∈ L2,

(Af)(ζ) := π−1/4

∫

R

exp(−1/2(ζ2 + x2) +
√

2ζx)f(x) dx,

ζ ∈ C, f ∈ L2.

For the properties of the Wigner distribution and the Bargmann transform

we refer to [13], [62] and [63]. We will assume in this section that conditions

(M.1) and (M.3′) are satisfied and M0 = 1.

The basic spaces and ultrapolynomials are defined (see the cited papers

and [110]) in the n-dimensional case via the multi-indexed sequence Mα,

α = (α1, . . . , αn) ∈ N
n
0 . Notice that under (M.2) this multi-indexed se-

quence and the sequence M̃α =
∏n
i=1 Mαi , α ∈ Nn0 , define the same spaces

of ultradistributions and ultrapolynomials (see [110]).

The Wigner distribution and the Bargmann transform are investigated

only in the one-dimensional case in [13], [62], and [63]. Their n-dimensional

analogues may be similarly examined.

Let m > 0 and r ∈ [1,∞] be given. In Section 2.5, the definitions of

the norms σm,r, σm,∞, σ′
m,r, τm,r for m > 0, r ∈ [1,∞] and σ(ap),(bp),r(ϕ),

σ′
(ap),(bp),r(ϕ), τ(ap),(bp) for (ap), (bp) ∈ R and r ∈ [1,∞] have been given for

the spaces S(Mp) and S{Mp} (see Definitions 2.5.1 - 2.5.3). We will consider

now additional norms in these spaces.

Definition 7.2.1. Fix a ϕ ∈ S(Mp) with ϕ
L2

=
∑

k∈N0
ckhk. We define the

following norms:

σ′′
m,r(ϕ) :=

∑

α,β∈N0

mα+β

MαMβ
‖[xβϕ](α)‖Lr ;

τm(ϕ) :=
∑

k∈N0

| ck |2 exp[2M(m
√

2k + 1)]
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for m > 0, r ∈ [1,∞).

Fix ϕ ∈ S{Mp} with ϕ
L2

=
∑

k∈N0
ckhk. We define the following norms:

σ′′
(ap),(bp),r(ϕ) :=

∑

α,β∈N

‖[xβϕ](α)‖Lr

MαAαMβBβ
;

τ(ap)(ϕ) :=
∑

k∈N0

| ck |2 exp[2N(ap)(
√

2k + 1)]

for fixed (ap), (bp) ∈ R and r ∈ [1,∞), where

Aα :=

α∏

p=1

ap, Bβ :=

β∏

p=1

bp

if α, β ∈ N and A0 := 1 =: B0, according to the notation introduced in

(2.57).

Definition 7.2.2. Denote

S′′
r := {σ′′

m,r : m > 0}, S̃′′
r := {σ′′

(ap),(bp),r : (ap), (bp) ∈ R},
T := {τm : m > 0}, T̃ := {τ(ap) : (ap) ∈ R}

for r ∈ [1,∞].

Recall the following structural theorem (Theorem 2.5.1 in Section 2.5)

for S{Mp}:

Theorem 7.2.1. Let (ap), (bp) ∈ R and let S(Mp)

(ap),(bp) be the space of smooth

functions ϕ on R such that σ(ap),(bp),∞(ϕ) <∞, equipped with the topology

induced by the norm σ(ap),(bp),∞. We have

S{Mp} = proj lim
(ap), (bp) ∈ R

S(Mp)

(ap),(bp) .

Various norms defined above (recall Definitions 2.5.4 and 7.2.2) lead to

different characterizations of test spaces with ultrapolynomial decrease. We

prove the following in Section 7.5 below.

Theorem 7.2.2. The above defined families of norms have the following

properties:

(1) the families S∞ and S′
∞ (respectively, S̃∞ and S̃′

∞) of norms in the

space S(Mp) (respectively, S{Mp}) are equivalent;
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(2) if condition (M.2′) holds, then for every r ∈ [1,∞] the families Sr,

S′
r and S (respectively, S̃r, S̃′

r and S̃) of norms in the space S(Mp)

(respectively, S{Mp}) are equivalent;

(3) if condition (M.2) holds, the families S2, S′
2 and T

(respectively, S̃2, S̃′
2 and T̃) of norms in the space S(Mp)

(respectively, S{Mp}) are equivalent;

(4) if condition (M.2) holds and a given smooth function ϕ on R satisfies

for every (respectively, for some) ` > 0 the inequalities:

p`,β(ϕ) := sup
α∈N0

‖xβϕ(α)‖L2

`αMα
<∞ (7.4)

for all α ∈ N0 and

q`,α(ϕ) := sup
β∈N0

‖xβϕ(α)‖L2

`βMβ
, (7.5)

for all β ∈ N0, then for every (respectively, for some) ` > 0,

a`(ϕ) :=
∑

α,β∈N0

‖xβϕ(α)‖L2

`α+βMαMβ
<∞. (7.6)

Remark 7.2.1. Notice that a) if condition (M.2′) is satisfied , the space

S(Mp),m
2 in the definition of S∗ can be replaced by S(Mp),m

r , r ∈ [1,∞];

b) part (3) of Theorem 7.2.2 is a characterization of Hermite expansions of

elements of test function spaces for the space of tempered distributions;

c) part (4) of Theorem 7.2.2 is an analogue of the following Kashpirovski’s

result: Sαα = Sα ∩ Sα (see [78] and [46]).

Let us recall from [92] that S(Mp) and S ′{Mp}are (FS̄) spaces, that S{Mp}

and S ′(Mp)are (LS) spaces and if (M.2′) is satisfied then

D∗ ↪→ S∗ ↪→ E∗; S∗ ↪→ S; E ′∗ ↪→ S ′∗ ↪→ D′∗; S ′ ↪→ S ′∗.
The following theorem is a characterization of Hermite expansions of

tempered ultradistributions.

Theorem 7.2.3. If condition (M.2) is satisfied, then the spaces S (Mp)

and S ′(Mp)
are (FN)−spaces; and the spaces S{Mp} and S ′(Mp)

are

(LN)−spaces, respectively.

Proof. If condition (M.2) is satisfied, the spaces S(Mp) and S{Mp} are iso-

morphic to the spaces of projective and inductive limits of Köthe spaces

`2(bk) and `2(ck) (see [50]), respectively, where

bk = (b1,k, b2,k, . . .), bk,k = exp [M(k
√

2k + 1)],

ck = (c1,k, c2,k, . . .), ck,k = exp [M((1/k)
√

2k + 1)],
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respectively, for n, k ∈ N. The isomorphism is given by the mapping:

ϕ 7→ (ak), where ϕ =
∑∞

k=0 akhk (see Theorem 7.2.2). In order to prove

the assertion it is enough to show that the inequalities:
∑

k∈N0

bk,k/bk,` <∞,
∑

k∈N0

ck,k/ck,` <∞ (7.7)

are satisfied for some ` > k (see for example [50], p. 112, 4.3). It follows

from the inequalities

M(kρ) +M(ρ) ≤ 2M((k + 1)ρ), 2M(ρ) ≤M(Hρ) + log+A,

which are true for k ∈ N0 and ρ > 0, that

∑

k∈N0

bk,k
bk,`
≤
∑

k∈N0

exp(−M(
√

2k + 1)) <∞

for ` > H(k + 1); thus the first of the inequalities in (7.7) holds true. The

proof of the second inequality is similar. �

We now present another structural theorem for the spaces S ′∗.

Theorem 7.2.4. Assume that condition (M.2) is satisfied and let f ∈
D′(Mp)

(respectively, f ∈ D′{Mp}). Then f ∈ S ′(Mp)
(respectively, f ∈

S ′{Mp}) if and only if

f =
∑

k∈N0

akhk in S ′∗

and, for some (respectively, for every) δ > 0,
∑

k∈N0

| ak |2 exp [−2M(δ
√

2k + 1)] <∞.

Remark 7.2.2. All of the definitions given in this section can be easily

generalized to the n-dimensional case. For example SMp,m
r (Rn), r ≥ 0,

and m > 0, is the space of smooth functions ϕ on Rn which satisfy the

inequality

σm,r(ϕ) =



∑

α,β∈Nn
0

∫

Rn

| m
α+β

MαMβ
< x >β ϕ(α)(x) |r dx




1/r

<∞,

equipped with the topology induced by the norm σm,r. Similarly, it is easy

to verify that the proofs of the theorems of this section still hold in the n-

dimensional case. The proofs can be written in the same way if we use the

fact that the multi-indexed sequences Mα and M̃α, α ∈ Nn0 , where M̃α was
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defined in the third paragraph preceding Definition 7.2.1, determine the

same spaces of ultradistributions under the assumption that (M.2) holds,

and that the operator <α, α ∈ Nn0 , is defined by

<α = (x2
1 −

∂2

∂x2
1

)α1(x2
2 −

∂2

∂x2
2

)α2 . . . (x2
n −

∂2

∂x2
n

)αn , α = (α1, .., αn) ∈ N
n
0 .

Notice that αβ denotes α1
β1 . . . αn

βn , where α = (α1, . . . , αn) ∈ Nn0 and

β = (β1, . . . , βn) ∈ Nn0 as defined in Section 1.1.

7.3 Characterizations of some integral transforms

Suppose that conditions (M.1), (M.2) and (M.3′) are satisfied . The Fourier

transform is an isomorphism of S∗ onto itself. In the next theorem we give

the characterizations which are similar to the ones given in [64].

Theorem 7.3.1. Functions of the class S(Mp) (respectively, S{Mp}) can be

characterized in terms of certain integral transforms in the following way:

1. [Characterization via the Fourier transform] A function ϕ

belongs to S(Mp) (respectively, to S{Mp}) if and only if it is square integrable

and for every (respectively, for some) h > 0,

ϕ(x) = O (exp [−M(h | x |)]) and (F0ϕ) (x) = O (exp [−M(h | x |)]) .

2. [Characterization via the Wigner distribution] A function

ϕ ∈ S(Mp) (respectively, ϕ ∈ S{Mp}) if and only if for every (respectively,

for some) λ > 0

W(x, y;ϕ) = O(exp [−M(λ(x2 + y2)1/2)]).

3. [Characterization via the Bargmann transform] A function

ϕ ∈ S(Mp) (respectively, ϕ ∈ S{Mp}) if and only if for every (respectively,

for some) λ > 0 there exists a C > 0 such that

|(Aϕ)(ζ)| ≤ C exp [
1

2
|ζ|2 −M(λ|ζ|)], ζ ∈ C.

Proof. Parts (1) and (3) of Theorem 7.2.2 imply that our assertion 1

holds. Hence, according to parts (2) and (4) of Theorem 7.2.2 and a cal-

culation based on the properties of the function M , parts 2 and 3 of our

assertion follow. �
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7.4 Laplace transform

Assume that (M.1), (M.2) and (M.3) are satisfied.

Denote by S ′∗+ the subspace of S ′∗ consisting of elements supported

by [0,∞). Let g ∈ S ′∗+. For fixed y < 0 we define the ultradistribution

g exp [y ·] as an element of S ′∗ such that

〈g exp [y ·], ϕ〉 := 〈g, % exp [y ·]ϕ〉, ϕ ∈ S∗,
where % is a function in E∗ such that, for some ε > 0, %(x) = 1 if x ∈ (−ε,∞)

and %(x) = 0 if x ∈ (−∞,−2ε). As an example of such a % we may take

% := f ∗ ω, where ω ∈ D∗,
∫
ω = 1, suppω ⊆ [−ε/2, ε/2] and f(x) = 1 if

x ≥ −3ε/2, f(x) = 0 if x < −3ε/2. (For the existence of a function ω with

the mentioned properties we refer to [82], Theorem 4.2.) It is easy to see

that the definition does not depend on the choice of %. As in the case of

S ′+ (see for example [149]) we define the Laplace transform of g ∈ S ′∗
+ by

(L0g)(ζ) := F0(g exp [y·])(x), ζ = x+ iy ∈ C−.

Clearly, L0g is an element of S ′∗for every fixed y < 0.

Let

G(ζ) := 〈g, η exp [−iζ·]〉, ζ = x+ iy ∈ C−, (7.8)

where η is as above. The function G is analytic on C− and does not depend

on η.

The next two theorems were proved in [118] for the spaces of Beurling-

Gevrey tempered ultradistributions Σ′
α = S(pαp), α > 1/2, on the real line,

supported by [0,∞). Their proofs in the general case are quite analogous.

Theorem 7.4.1. Let g ∈ S ′(Mp)
+ (respectively, g ∈ S ′{Mp}

+ ) and let G be

defined by (7.8). Then

1. for every ε > 0 there are a k > 0 and a C > 0 (respectively, for every

ε > 0 and k > 0 there exists a C > 0) such that

|G(ζ)| ≤ C exp
(
εy +

(
M(k|x|) + M̃

(
k|y|−1

)))
, ζ = x+ iy ∈ C−;

2. (L0g)(x+ iy) = G(x + iy), for every fixed y < 0 and for all x ∈ R;

3. there is a G(·+ i0) in S ′(Mp)
+ (respectively, in S ′{Mp}

+ ) such that

G(x + iy)→ G(x + i0) as y → 0−
in the sense of convergence in S ′(Mp)(respectively, in S ′{Mp}) and

G(x+ i0) = (F0g)(x), x ∈ R;

4. if Gk(ζ) = (Lgk)(ζ) for ζ ∈ C− and k = 1, 2 and G1(x + i0) =

G2(x+ i0) for x ∈ R, then g1 = g2.
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Applying the above theorem, as in [118], one can obtain a representation

of elements of the space S ′(Mp)
, Mp = pαp, of tempered ultradistributions as

boundary values of appropriate harmonic functions in the lower half-plane,

which are expanded into series of Hermite functions of second type.

Let b > 0 (respectively, (bp) ∈ R) be given and let Pb (respectively,

P(bp)) be an entire function such that, for some constants L > 0 and C,

|Pb(ζ)| ≤ C exp[M(L|ζ|)]
(

respectively, |P(bp)(ζ)| ≤ C exp[N(bp)(L|ζ|)]
)

(7.9)

for all ζ = x+ iy ∈ C and

exp[M(b|ζ|)] ≤ Pb(ζ)
(

respectively, exp[N(bp)(|ζ|)] ≤ P(bp)(ζ)
)
, (7.10)

for ζ = x + iy ∈ C such that |x| ≥ |y|. If conditions (M.1), (M.2) and

(M.3) are satisfied, an example of such an entire function is

Pb(ζ) =

∞∏

α=1

(1 +
ζ2

b2m2
α

)

(
respectively, P(bp)(ζ) =

∞∏

α=1

(1 +
ζ2

bα
2m2

α

)
)
, ζ ∈ C.

From [82] , p. 91, it follows that this entire function satisfies (7.9). Notice

that (7.10) holds, because for ζ = x+ iy ∈ C and |x| ≥ |y|, we have
∣∣∣∣∣

∞∏

α=1

(1 +
ζ2

b2αm
2
α

)

∣∣∣∣∣ ≥ sup
β∈N

β∏

α=1

∣∣∣∣1 +
ζ2

b2αm
2
α

∣∣∣∣

≥ sup
β∈N

β∏

α=1

∣∣∣∣
ζ2

b2αm
2
α

∣∣∣∣ = exp[2Nbp(|ζ|)].

Theorem 7.4.2. [characterization via the Laplace transform]

Let G be an analytic function on C−. Then G is the Laplace transform

of some g ∈ S ′(Mp)
+ (respectively, S ′{Mp}

+ ) if and only if for every ε > 0

there are a constant k > 0, an ultradifferential operator Pb and constant C
(respectively, for every ε > 0 there is an ultradifferential operator Pbp such

that for every k > 0 there exists a constant C) for which
∥∥∥∥
G(·+ iy)

Pb(·+ iy)

∥∥∥∥
L2

≤ C exp(εy + M̃(k|y|−1)), y < 0,

(
respectively,

∥∥∥∥
G(·+ iy)

Pbp(·+ iy)

∥∥∥∥
L2

≤ C exp(εy + M̃(k|y|−1)), y < 0

)
.
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Moreover,

(F0g)(x) = lim
y→0−

G(x+ iy), x ∈ R,

in S ′(Mp)
(respectively, in S ′{Mp}).

Remark 7.4.1. The proofs of the theorems of this section are valid in the

n-dimensional case; they can be written in the same way if we use the

conventions mentioned in Remark 7.2.2.

7.5 Proof of equivalence of families of norms

In order to prove the assertion of Theorem 7.2.2 we need the following two

lemmas concerning Hermite functions proved in [78] (see also [3]).

Lemma 7.5.1. Let m, k ∈ N. Then

xmhk(x) = 2−m/2
m∑

j=0

c
(k)
j,m hk−m+2j(x), x ∈ R, (7.11)

where

|c(k)j,m| ≤
(
m

j

)[
(2k + 1)m/2 +mm/2

]
, (7.12)

with the convention hk−m+2j = 0 in case k −m+ 2j < 0.

Let <0 be the identity operator, <j = (x2 − d2/dx2)j for j ∈ N and

denote < := <1.

Lemma 7.5.2. The operator < is self-adjoint in S, < hk = (2k+ 1)hk for

k ∈ N and <j is of the form

<jϕ(x) =
∑

p+q=2k
0≤k≤j

C(j)
p,qx

pϕ(q)(x), (7.13)

where the coefficients Cp,q satisfy the estimate

|C(j)
p,q | ≤ 10j jj−

p+q
2 (7.14)

for ϕ ∈ S, x ∈ R and j ∈ N.
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We now give the

Proof of Theorem 7.2.2.

Recall that Parts (1) and (2) already have been proved in Theorem

2.5.2. We give here the proofs of Parts (3) and (4).

Proof of Part (3). Let us prove the equivalence of systems {bm,2 : m >

0} and {τm : m > 0} of norms, which together with the fact that

s′m,2(ϕ) =
1√
2π
bm,2(F0ϕ), ϕ ∈ S∗,

and

τm(F0ϕ) = τm(ϕ), ϕ ∈ S∗,
implies the equivalence of the systems {s̄m,2, m > 0} and {θδ, δ > 0} of

norms. It is enough to prove that if (7.6) holds then the estimation
∑

k∈N0

|ak|2 exp[2M(δ
√

2k + 1)] <∞, (7.15)

holds for δ = (
√

20e (1 +H)4`)−1, and conversely that (7.15) implies (7.6)

with ` = H
√

8/δ.

Proof of Part (4). Suppose that (7.6) holds. In the estimates which are

to follow we shall use the fact that for every k ∈ N0 and L > 0,

L−(j−k) j!

k!

Mk

Mj
→ 0 as j →∞, (7.16)

which follows from (M.3′) since, for j > k,

L−(j−k) j!

k!

Mj

Mk
=

j

Lmj
· j + 1

Lmj+1
. . .

j − k + 1

Lmj−k+1
→ 0 as j →∞,

where mk := Mk/Mk−1, k = 1, 2, . . . (see [82], (4.5)).

By Theorem 7.2.4 and Lemma 7.5.2, we have, for every j ∈ N0,

<jϕ =
∑

k∈N0

ak<jhk =
∑

k∈N0

ak(2k + 1)2jhk,

so, by (7.13), (7.14), (7.4) and (7.5), there exists a constant C > 0 such

that
(
∑

k∈N0

|ak|2(2k + 1)2j

)1/2

= ‖<jϕ‖L2

∑

p+q=2k
0≤k≤j

C(j)
p,q ‖xpϕ(q)‖L2

≤ C(10j)j
∑

p+q=2k
0≤k≤j

(
p+ q

2

)− p+q
2

`p+qMpMq.
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Hence, by formula (2.3) obtained due to condition (M.1), by the two in-

equalities following from Stirling’s formula and by condition (M.2), we get

(
∑

k∈N0

|ak|2(2k + 1)2j

)1/2

≤ C(10j)j
∑

0≤k≤j
k−k`kM2k

≤ C(20eH2`2)j
∑

0≤k≤j

j!

k!2k
MkMk

(Hl)2(j−k)MjMj
M2j

≤ C (20eH2`2)jM2j .

Moreover, from the above and condition (M.2′), it follows, for some C, that

(
∑

k∈N0

|ak|2(2k + 1)2j−1

)1/2

≤ C (20eH4`2)jM2j−1.

Thus there exists a constant C such that, for every j and k ∈ N0,

|ak|2(2k + 1)j ≤ C (
√

20e (1 +H)2 `)2jM2
j .

By putting j + 2 instead of j in the above inequality and by using (M.2′)
it follows that for every j, k ∈ N0 and δ = (

√
20e (1 +H)4 `)−1 there exists

a C > 0 such that

|ak|2δ2j(2k + 1)j

M2
j

≤ C
(2k + 1)2

,

which implies

|ak|2 exp[2M(δ
√

2k + 1 )] = |ak|2 sup
j∈N0

δ2j(2k + 1)j

M2
j

≤ C
(2k + 1)2

.

Therefore,
∑

k∈N0

|ak|2 exp[2M(δ
√

2k + 1)] <∞.

Suppose that (7.15) holds for some δ > 0 and fix an m ∈ N0. Apply-

ing inequalities (7.11) and (7.12) in Lemma 7.5.1 and the Cauchy-Schwarz

inequality we have

‖xmϕ‖L2 = ‖
∑

k∈N0

akx
mhk‖L2 ≤ 2−m/2

∑

k∈N0

|ak|


∑

j≤m

(
m

j

)
C̄k




≤ 2m/2

(
∑

k∈N0

|ak|2C2
k

)1/2(∑

k∈N0

C2
k C̄

2
k

)1/2

,



May 14, 2007 15:29 World Scientific Book - 9in x 6in Newbook

Integral Transforms of Tempered Ultradistributions 185

where

Ck := exp[M(δ(2k + 1))], C̄k := (2k + 1)m/2 +mm/2.

Hence there exists a constant C such that

‖xmϕ‖L2 ≤ C 2m/2

[
∑

k∈N0

C2
kC̄

2
k

]1/2

≤ C 2m/2 C̄

[
∑

k∈N0

exp[−M(δ(2k + 1))]

]1/2

≤ C
(

2

δ

)m/2
Mm δ

m/2C̃ +
δm/2mm/2

Mm
,

where

C̄ := sup
k∈N0

[(2k + 1)m/2 +mm/2] exp[−1

2
M(δ(2k + 1))]

and

C̃ := sup
k∈N0

(2k + 1)m/2 exp[− 1
2M(δ(2k + 1))]

Mm
.

Notice that

δm/2mm/2

Mm
≤ m!emδm/2

Mm

and

δm/2C̃ =
1

Mm
sup
k∈N0

(
δm(2k + 1)m

exp[M(δ(2k + 1))]

)1/2

for all m ∈ N. Since

lim
m→∞

m!emδm/2

Mm
= lim
m→∞

√
Mm

Mm
= 0,

which follows from [82], (3.3), we conclude that

‖xmϕ‖L2 ≤ C
(√

2/δ
)m

Mm. (7.17)

Applying the Fourier transform, we get

‖ϕ(k)‖L2 =
1√
2π
‖F0[ϕ(k)]‖L2 =

1√
2π
‖xkF0[ϕ]‖L2

=
1√
2π
‖xk

∑

j∈N0

ajhj‖L2 =
1√
2π
‖xkϕ‖L2

≤ C
(√

2

δ

)k
Mk (7.18)
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for every k ∈ N0.

Fix α, β ∈ N0 and denote γ := min{α, 2β}. We have
(
‖xβϕ(α)‖L2

)2

= (xβϕ(α), xβϕ(α))L2 = |((x2βϕ(α))(α), ϕ)L2 |

≤
∣∣∣∣∣

γ∑

κ=0

(
α

κ

)
(2β)!

(2β − κ)!
(x2β−κϕ(2α−κ), ϕ)L2

∣∣∣∣∣

≤
γ∑

κ=0

(
α

κ

)(
2β

κ

)
κ! ‖x2β−κϕ‖L2 ‖ϕ(2α−κ)‖L2 .

Hence, by (7.17), (7.18) and conditions (M.1), (M.3′) and (M.2), we obtain

(‖xβϕ(α)‖L2)2 ≤ C
γ∑

κ=0

(
α

κ

)(
2β

κ

)
κ! (2/δ)(α+β−κ) M

2
κ

M2
κ

M2α−κM2β−κ

≤ C
γ∑

κ=0

(
α

κ

)(
2β

κ

)
(2/δ)(α+β−κ) κ!

M2
κ

M2αM2β

≤ CH2(α+β)M2
αM

2
β

γ∑

κ=0

(
α

κ

)(
2β

κ

)
(2/δ)α+β

≤ C 8α+β H2(α+β) δ−(α+β)M2
αM

2
β , (7.19)

which imply that (7.6) holds for ` = 4H/
√
δ.

Applying analogous reasoning as in (7.19) one can prove the last part

of the theorem. �

7.6 Hilbert transform

The Hilbert transform on distribution and ultradistribution spaces has

been studied by many mathematicians, see e.g. Tillmann [142], Beltrami

and Wohlers [4], Vladimirov [149], Singh and Pandey [136], Ishikawa [61],

Ziemian [159] and Pilipović [112]. In all of these papers the Hilbert trans-

form is defined by one of two methods: by the method of adjoints or by

considering a generalized function on the kernel which belongs to the cor-

responding test function space.

Ziemian [159] defined the right and left Hilbert transform of a tempered

distribution T ∈ S ′(R) as an element of S ′(R), using the kernel

G(z) :=

∫ ∞

0

ϑ(x)x−z−1 dx, z ∈ C \ {0},

where ϑ ∈ C∞
0 (R) and ϑ = 1 in a neighborhood of zero.
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Koizumi in [80] and [81] considered the generalized Hilbert transform

H for f ∈ W 2(R) defined by

Hf(x) := lim
ε→0+

x+ i

π

∫

|t|>ε

f(x− t)
t(x− t+ i)

dt,

where W 2(R) is the space of functions f such that g ∈ L2(R), where g(x) :=

f(x)/(1 + |x|) for x ∈ R. A generalization of the same type was given by

Ishikawa [61] who extended the Hilbert transform to the space of tempered

distributions.

We follow this latter method and extend Ishikawa’s generalized Hilbert

transform to the spaces of tempered ultradistributions first in the one-

dimensional and then in the n-dimensional case. Our generalization of

the Hilbert transform is defined as the composition of the classical Hilbert

transform with the operators ϕ 7→ Pϕ and ϕ 7→ (1/P )ϕ, where P is an

elliptic ultradifferential operator.

Subsection 7.6.1 below is devoted to the generalized Hilbert transform

defined on the spaces S ′(Mp)(R) and S ′{Mp}(R). Structural properties of

the basic spaces imply that the Hilbert transform of a tempered ultradis-

tribution is defined uniquely in the sense of hyperfunctions.

In Subsection 7.6.2 we define the Hilbert transform on the spaces

S ′∗(Rn). The simple structure of the kernel enables us to define this trans-

form as the iterations of the one-dimensional Hilbert transform.

7.6.1 One-dimensional case

In order to define the Hilbert transform on S ′∗ we follow Ishikawa’s ideas of

introducing this transform for tempered distributions (see [61]) and repre-

sent S(Mp) (respectively, S{Mp}) as the projective limit of the spaces D(Mp)
a ,

a > 0 (respectively, D{Mp}
(ap) , (ap) ∈ RN). We follow here Ishikawa’s method

of notation using the symbolsD(Mp)
a , a > 0 (respectively,D{Mp}

(ap) , (ap) ∈ RN)

instead of the symbol S with respective indices to avoid too many spaces

denoted by the symbol S in the book. Consequently, it should be remem-

bered that members of the space D(Mp)
a (respectively, D{Mp}

(ap) ) do not have

compact support in general.

In contrast to the case of tempered distributions, the space S (Mp) (re-

spectively, S{Mp}) is not dense in the space D(Mp)
a (respectively, D{Mp}

(ap) ) in

general. We overcome this difficulty because of parts 4 and 5 of Theorem

7.6.3 below.
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Let us now give definitions and a structural characterization of basic

spaces which will be used in our investigation of the Hilbert transform.

As in Section 2.2, R will denote the family of all sequences of positive

numbers increasing to ∞. Recall (see (7.9)-(7.10)) that, for a given b >

0 (respectively, (bp) ∈ R), we denote by Pb (respectively, by P(bp)) an

arbitrary entire function such that there exist positive constants C and L

for which the following inequalities are satisfied:

|Pb(ζ)| ≤ C exp [M(L|ζ|)]
(
respectively, |P(bp)(ζ)| ≤ C exp [N(bp)(L|ζ|)]

)

for all ζ ∈ C and

exp [M(b|ζ|)] ≤ Pb(ζ)
(
respectively, exp [N(bp)(|ζ|)] ≤ P(bp)(ζ)

)

for all ζ ∈ C such that |Re ζ| ≥ |Im ζ|. We recall that M means here the so-

called associated function for the sequence (Mp) and N(bp) is the associated

function for the corresponding sequence (Np), given by Np := Mp

∏p
j=1 bj

for p ∈ N; that is,

M(t) := sup
p∈N0

log+(tp/Mp), N(bp)(t) := sup
p∈N0

log+(tp/Np)

for t > 0, where log+ t := max (log t, 0). Since we assume that the sequence

(Mp) satisfies conditions (M.1) and (M.3′) (clearly, (Np) also fulfills these

conditions), it is easy to see that the associated function M (and so N(bp))

is a nondecreasing function on [0,∞), equal to 0 in a right neighborhood

of 0.

In case conditions (M.1), (M.2) and (M.3) are satisfied, an example of

such an entire function is given by

Pb(ζ) :=

∞∏

p=1

(
1 +

ζ2

b2m2
p

)(
respectively, P(bp)(ζ) :=

∞∏

p=1

(
1 +

ζ2

bp
2m2

p

))

for ζ ∈ C, where mp := Mp/Mp−1 for p ∈ N. It follows from (7.9) (see

Proposition 4.5 in [82]) that Pb(D) (respectively, P(bp)(D)) is an ultradif-

ferential operator of the class (Mp) (respectively, {Mp}). It is easy to see

that

|Pb(ζ)| ≤ Pb(|ζ|)
(

respectively, |P(bp)(ζ)| ≤ P(bp)(|ζ|)
)

(7.20)

and the functions Pb and P(bp) are non-decreasing on the positive half-line

of the real axis.

In the sequel, we shall need some estimates of the derivatives of both

Pb (respectively, P(bp)) and 1/Pb (respectively, 1/P(bp)). We will formulate
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and prove these estimates in the lemma below for the functions P(bp) and

1/P(bp), but the corresponding inequalities hold for Pb and 1/Pb and can

be proved in a similar way.

Lemma 7.6.1. If P(bp) satisfies (7.9) and (7.10), we have

(a) for every r > 0 there is a positive constant C (depending on r) such

that

|
(
P(bp)(ζ)

)(γ) | ≤ C γ!

rγ
P(bp/2)(|ζ|), ζ ∈ C, γ ∈ N0, (7.21)

and in particular,

|
(
P(bp)(ξ)

)(γ) | ≤ C γ!

rγ
|P(bp/2)(ξ))|, ξ ∈ R, γ ∈ N0; (7.22)

(b) there exist an r > 0 and a C > 0 such that
∣∣∣∣∣

(
1

P(bp)(ξ)

)(γ)
∣∣∣∣∣ ≤ C

γ!

rγ
exp [−N(2bp)(|ξ|)], ξ ∈ R, γ ∈ N0. (7.23)

The corresponding inequalities hold for Pb.

Proof. (a) Fix r > 0. Applying Cauchy’s formula and (7.20), we get

∣∣∣
(
P(bp)(ζ)

)(γ)
∣∣∣ =

∣∣∣∣∣
γ!

2πi

∫

|z−ζ|=r

P(bp)(z)dz

(z − ζ)γ+1

∣∣∣∣∣

≤ γ!

rγ
P(bp)(|ζ|+ r) ≤ Cr

γ!

rγ
P(bp/2)(|ζ|)

for ζ ∈ C, where Cr := P(bp/2)(r); and (7.21) is proved. To obtain (7.22) it

is enough to notice that

0 ≤ P(bp/2)(|ξ|) = P(bp/2)(ξ)

for every ξ ∈ R.

(b) Since P(bp)(0) 6= 0, there exist positive r and C1 such that

|P(bp)(ζ)| ≥ C1 for |ζ| ≤ (1 +
√

2)r. By the Cauchy formula,
∣∣∣∣∣

(
1

P(bp)(ξ)

)(γ)
∣∣∣∣∣ ≤

γ!

2π

∫

|ζ−ξ|=r

dζ

|P(bp)(ζ)| · |ζ − ξ|γ+1

≤ γ!

C1rγ
≤ C2

γ!

rγ
exp [−N(2bp)(|ξ|)] (7.24)

for ξ ∈ R such that |ξ| ≤
√

2r, where C2 := C−1
1 exp [N(2bp)(

√
2r)]. Now

let ξ ∈ R, |ξ| >
√

2r and let Kξ be the circle with radius |ξ|/
√

2 and center

at ξ. Evidently, every point ζ of Kξ satisfies the inequality |Re ζ| ≥ |Im ζ|.
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Applying the Cauchy formula for the circle Kξ and the estimate (7.10), we

obtain
∣∣∣∣∣

(
1

P(bp)(ξ)

)(γ)
∣∣∣∣∣ ≤

γ!

2π

∫

Kξ

dζ

|P(bp)(ζ)| · |ζ − ξ|γ+1

≤ γ!2γ/2|ξ|−γ sup
Θ∈[0,2π]

exp [−N(bp)(|ξ + |ξ|eΘi|/
√

2)]

≤ γ!r−γ exp [−N(bp)(|ξ|/2)] ≤ γ!r−γ exp [−N(2bp)(|ξ|)]

for every γ ∈ N0 and ξ ∈ R, |ξ| >
√

2r. This and (7.24) imply (7.23) and

the proof is finished. �

For the sake of convenience, we will use in the sequel the following

notation for given (ap), (bp) ∈ R :

Aα :=

α∏

p=1

ap , Bβ :=

β∏

p=1

bp , α, β ∈ N , A0 := B0 := 1. (7.25)

Definition 7.6.1. Let a, b > 0 and let (ap), (bp) ∈ R. The spaces D(Mp),b
a ,

D(Mp)
a,b , D{Mp},(bp)

(ap) , and D{Mp}
(ap),(bp) are defined to be the sets of all smooth

functions ϕ on R such that

pa,b(ϕ) := sup
α∈N0

aα

Mα
‖(Pbϕ)(α)‖L∞ <∞,

qa,b(ϕ) := sup
α∈N0

aα

Mα
‖Pbϕ(α)‖L∞ <∞,

p(ap),(bp)(ϕ) := sup
α∈N0

‖(P(bp)ϕ)(α)‖L∞

MαAα
<∞,

q(ap),(bp)(ϕ) := sup
α∈N0

‖P(bp)ϕ
(α)‖L∞

MαAα
<∞,

respectively, where Aα, Bα are defined in (7.25), equipped with the topolo-

gies induced by the norms pa,b, qa,b, p(ap),(bp) and q(ap),(bp), respectively.

Further, we define

D(Mp)
a := proj lim

b > 0
D(Mp),b
a , D{Mp}

(ap) := proj lim
(bp) ∈ R

D{Mp},(bp)

(ap) ,

D(Mp),b := proj lim
a > 0

D(Mp),b
a , D{Mp},(bp) := proj lim

(ap) ∈ R
D{Mp},(bp)

(ap) .
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Theorem 7.6.1. If condition (M.2′) is satisfied, we have

S(Mp) = proj lim
a > 0

D(Mp)
a = proj lim

b > 0
D(Mp),b

and

S{Mp} = proj lim
(ap) ∈ R

D{Mp}
(ap) = proj lim

(bp) ∈ R
D(Mp),(bp).

Proof. We shall prove the assertion only in the case ∗ = {Mp}, which

is more complicated than for ∗ = (Mp), but the ideas of the proof in both

cases are similar.

First recall that every sequence (Mp) satisfying conditions (M.1) and

(M.3′) tends very quickly to infinity. More precisely, it follows from these

conditions that pMp−1/Mp → 0 as p→∞ (see [82], (4.6)) and this implies

that

app!

Mp
→ 0 as p→∞ (7.26)

for an arbitrary a > 0.

Define

γ(ap),(bp)(ϕ) := sup
α,β∈N0

sup
x∈R

〈t〉β |ϕ(α)(t)|
MαAαMβBβ

,

where 〈t〉 := (1 + t2)1/2 for t ∈ R. Since 〈t〉β ≤ 2β/2(1 + |t|β) for t ∈ R,

we get from (7.26) and the definition of the functions N(bp) the following

estimate:

γ(ap),(bp)(ϕ) ≤ sup
α,β∈N0

2β/2‖ϕ(α)‖L∞

MαAαMβBβ
+ sup
α,β∈N0

sup
t∈R

2β/2|t|β |ϕ(α)(t)|
MαAαMβBβ

≤ C
(

sup
α∈N0

‖ϕ(α)‖L∞

MαAα
+ sup
α∈N0

‖ exp [N(bp/
√

2)]ϕ
(α)‖L∞

MαAα

)

≤ C sup
α∈N0

‖P(bp/
√

2)ϕ
(α)‖L∞

MαAα
= Cq(ap),(bp/

√
2)(ϕ)

for each ϕ ∈ C∞, where the constants Aα, Bα are defined in (7.25). On the

other hand, inequality (7.9) yields

q(ap),(bp)(ϕ) ≤ C sup
α∈N0

sup
t∈R

exp[N(bp)(L|t|)]|ϕ(α)(t)|
MαAα

≤ C sup
α∈N0

sup
β∈N0

sup
t∈R

|〈t〉βϕ(α)(t)|
MαAαMβ(Bβ/Lβ)

≤ Cγ(ap),(bp/L)(ϕ)
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for every ϕ ∈ C∞. The two estimates just proved show that the families

{q(ap),(bp) : (ap), (bp) ∈ R} and {γ(ap),(bp) : (ap), (bp) ∈ R} of seminorms

are equivalent.

Let us prove now the equivalence of the families {p(ap),(bp) : (ap), (bp)

∈ R} and {q(ap),(bp) : (ap), (bp) ∈ R}. First notice that for an arbitrary

(ap) ∈ R we have ApAq ≤ Ap+q and, because of condition (M.1), MpMq ≤
Mp+q for p, q ∈ N. Therefore, applying (7.22) for a fixed r > 0 and (7.26),

we have

p(ap),(bp)(ϕ) = sup
α∈N0

‖
(
P(bp)ϕ

)(α) ‖L∞

MαAα

≤ sup
α∈N0

1

MαAα

∑

γ≤α

(
α

γ

)
‖P (γ)

(bp)ϕ
(α−γ)‖L∞

≤ C sup
α∈N0

∑

γ≤α

(
α

γ

)
γ!

Mα−γAα−γMγAγrγ
‖P(bp/2)ϕ

(α−γ)‖L∞

≤ C sup
α∈N0

1

2α
sup
γ≤α

γ!

MγA′
γ

‖P(bp/2)ϕ
(α−γ)‖L∞

Mα−γA′
α−γ

∑

γ≤α

(
α

γ

)

≤ Cq(ap/2),(bp/2)(ϕ),

where Aα, Bα are defined in (7.25) and

A′
γ :=

γ∏

p=1

ap/2, γ ∈ N; A′
0 := 1. (7.27)

Let (ap) and (bp) be given sequences in R and choose (b′p) ∈ R such that

b′p ≤ bp/(2L) for p ∈ N, where L is the constant from (7.9). This implies

that

Ñ(t) := exp [N(bp)(L|t|)−N(2b′p)(|t|)] ≤ 1, t ∈ R. (7.28)

Inequalities (7.9), (7.23), (7.28) and the properties of the sequences (Mp)

and (Ap) mentioned above imply that there exist constants C > 0 and r > 0
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such that, for every ϕ ∈ C∞, we have

q(ap),(bp)(ϕ) = sup
α∈N0

1

MαAα
‖P(bp)ϕ

(α)‖L∞

= sup
α∈N0

1

MαAα

∥∥∥∥∥∥
P(bp)

∑

γ≤α

(
α

γ

)(
1/P(b′p)

)(α−γ)

(P(b′p)ϕ)(γ)

∥∥∥∥∥∥
L∞

≤ C sup
α∈N0

∑

γ≤α

(
α

γ

)
(α− γ)!

rα−γMαAα
‖(P(b′p)ϕ)(γ)‖L∞

≤ C sup
α∈N0

1

2α

∑

γ≤α

(
α

γ

)
(α− γ)!

Mα−γA′
α−γ

1

MγA′
γ

‖(P(b′p)ϕ)(γ)‖L∞

≤ C sup
β∈N0

1

MβA′
β

‖(P(b′p)ϕ)(β)‖L∞ = Cp(ap/2),(b′p)(ϕ),

where Aγ and A′
γ are defined in (7.25) and (7.27). �

Remark 7.6.1. From the preceding proof it follows that for every a > 0

(respectively, (ap) ∈ R) there exists a b > 0 (respectively, (bp) ∈ R) with

a < b (respectively, (ap) � (bp), i.e., ap ≤ bp for sufficiently large p ∈ N)

such that D(Mp)
b ⊆ D(Mp)

a (respectively, D{Mp}
(bp) ⊆ D

{Mp}
(ap) ) and the inclusion

mapping is continuous.

Definition 7.6.2. For given a > 0 and (ap) ∈ R, we define the Hilbert

transformsHa andH(ap) on D(Mp)
a and D{Mp}

(ap) , respectively, in the following

way:

(Haϕ)(x) :=
1

πPa(x)
pv

∫ ∞

−∞

Pa(x− t)ϕ(x− t)
t

dt,

ϕ ∈ D(Mp)
a , x ∈ R,

and

(H(ap)ϕ)(x) :=
1

πP(ap)(x)
pv

∫ ∞

−∞

P(ap)(x − t)ϕ(x− t)
t

dt,

ϕ ∈ D{Mp}
(ap) , x ∈ R.

Theorem 7.6.2. For given a > 0 and (ap) ∈ R, the Hilbert transforms

Ha : D(Mp)
a → D(Mp)

a and H(ap) : D{Mp}
(ap) → D

{Mp}
(ap) are linear continuous

surjections such that

HaHaϕ = −ϕ, ϕ ∈ D(Mp)
a ;

H(ap)H(ap)ϕ = −ϕ, ϕ ∈ D{Mp}
(ap) .
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Proof. We give the proof only in the case ∗ = {Mp}; the proof in the

case ∗ = (Mp) is analogous. The linearity and the continuity of H(ap) follow

immediately from the fact that H(ap) is a composition of the three linear

and continuous mappings T(ap) : D{Mp}
(ap) → D

{Mp}
L2 , H : D{Mp}

L2 → D{Mp}
L2

and T−1
(ap) : D{Mp}

L2 → D{Mp}
(ap) , defined by the formulas:

T(ap)(ϕ)(x) := P(ap)(x)ϕ(x), ϕ ∈ D{Mp}
(ap) , (7.29)

(Hϕ)(x) :=
1

π
pv

∫ ∞

−∞

ϕ(t) dt

t− x , ϕ ∈ D{Mp}
L2 , (7.30)

T−1
(ap)(ϕ) := ϕ(x)/P(ap)(x), ϕ ∈ D{Mp}

L2 , (7.31)

for x ∈ R. Note that the Hilbert transform is considered in [112] only on

D(Mp)

L2 , i. e. in the Beurling case, but it can be examined in a similar way

in the Roumieu case.

From the definition of H(ap) and the properties of the classical Hilbert

transform on D{Mp}
L2 , it follows that

H(ap)(H(ap)ϕ) = T−1
(ap)(HT(ap)(T

−1
(ap)(H(T(ap)ϕ))))

= T−1
(ap)(H(H(T(ap)ϕ))) = T−1

(ap)(−T(ap)ϕ) = −ϕ

for every (ap) ∈ R and ϕ ∈ D{Mp}
(ap) . This completes the proof. �

Definition 7.6.3. The generalized Hilbert transforms Ha and H(ap) are

defined for f ∈ D′(Mp)
a and f ∈ D′{Mp}

(ap) by

〈Haf, ϕ〉 := −〈f,Haϕ〉, ϕ ∈ D(Mp)
a ,

and

〈H(ap)f, ϕ〉 := −〈f,H(ap)ϕ〉, ϕ ∈ D{Mp}
(ap) ,

respectively.

In the theorem below, we list several properties of the Hilbert transforms

Ha and H(ap) defined above. In particular, we shall prove that

〈F0(H∗f), ϕ〉 =

{−i〈F0f, ϕ〉, if supp ϕ ⊂ (0,∞),

i〈F0f, ϕ〉, if supp ϕ ⊂ (−∞, 0),
(7.32)

for every ϕ ∈ D(Mp) if f ∈ D′(Mp)
and for every ϕ ∈ D{Mp} if f ∈ D′{Mp},

where the symbol H∗ means H(Mp) and H{Mp} in the respective cases.
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Theorem 7.6.3. The above defined Hilbert transforms Ha : D′(Mp)
a →

D′(Mp)
a and H(ap) : D′{Mp}

(ap) → D′{Mp}
(ap) have the following properties:

1. Ha and H(ap) are linear continuous surjections;

2. Ha(Haf) = −f for f ∈ D′(Mp)
a and H(ap)(H(ap)f) = −f for f ∈

D′{Mp}
(ap) ;

3. If f ∈ D′(Mp)
a , formula (7.32) holds for all ϕ ∈ D(Mp); and if f ∈

D′{Mp}
(ap) , formula (7.32) holds for all ϕ ∈ D{Mp};

4. Under conditions (M.2) and (M.3), if f ∈ D′(Mp)
a (respectively,

f ∈ D′{Mp}
(ap) ) with 0 < a < b (respectively, (ap) � (bp)) such that

f |D(Mp)

b

∈ D′(Mp)
b (respectively, f |D{Mp}

(bp)

∈ D′{Mp}
(bp) ) (see Remark 2.1), we

have that Haf −Hbf |D(Mp)

b

(respectively, H(ap)f −H(bp)f |D{Mp}

(bp)

) is an ul-

trapolynomial of the class (Mp) (respectively, {Mp});
5. If f, g ∈ D′(Mp)

a (respectively, f, g ∈ D′{Mp}
(ap) ) and f |D(Mp) = g|D(Mp)

(respectively, f |D{Mp} = g|D{Mp}), we have that Haf −Hag (respectively,

H(ap)f − H(ap)g) is an ultrapolynomial of the class (Mp) (respectively,

{Mp}).

Proof. We shall prove the assertion only in the case ∗ = {Mp}. Parts 1

and 2 follow immediately from Theorem 7.6.2.

Let us prove part 3. Let ϕ ∈ D{Mp} and supp ϕ ⊂ (0,∞). From the

properties of the classical Fourier and Hilbert transforms of functions in

L2, we have

〈F0(H(ap)f), ϕ〉 = 〈H(ap)f,F0ϕ〉 = 〈f, T−1
(ap)HT(ap)F0ϕ〉

= 〈f, T−1
(ap)HF0(P(ap)(D)ϕ)〉 = 〈f, T−1

(ap)F0(−iP(ap)(D)ϕ)〉
= −i〈f, T−1

(ap)T(ap)F0ϕ〉 = −i〈f,F0ϕ〉 = −i〈F0f, ϕ〉.
In a similar way we can prove part 3 in the case ϕ ∈ D{Mp} and supp ϕ ⊂
(−∞, 0).

Let us now prove part 4. For each ϕ ∈ D(Mp) with supp ϕ ⊂ (0,∞),

we have

〈F0(H(ap)f −H(bp)f), ϕ〉 = 〈F0(H(ap)f), ϕ〉 − 〈F0(H(bp)f), ϕ〉
= −i〈F0f, ϕ〉 − (−i)〈F0f, ϕ〉 = 0.

Analogously, we have

〈F0(H(ap)f −H(bp)f), ϕ〉 = 0
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for ϕ ∈ D{Mp} with supp ϕ ⊂ (−∞, 0). Therefore supp F0(H(ap)f −
H(bp)f) ⊆ {0}. Theorem 3.1 in [82] implies the existence of an ultradiffer-

ential operator P (D) such that

F0(H(ap)f −H(bp)f) = P (D) δ. (7.33)

Applying the inverse Fourier transform on (7.33), we obtain

(H(ap)f −H(bp)f)(x) = P (x), x ∈ R,

which proves property 4.

Assertion 5 follows from the fact that

supp F0(H(ap)f −H(ap)g) ⊆ {0},
which can be proved analogously as in part 4. �

Definition 7.6.4. Since for every f ∈ S ′(Mp)
(respectively, f ∈ S ′{Mp}),

there is an a > 0 (respectively, (ap) ∈ R) such that f has a linear and con-

tinuous extension F on D(Mp)
a (respectively, D{Mp}

(ap) ), we define the Hilbert

transform H(Ma)f (respectively, H{Ma}f) of f ∈ S ′(Mp)
(respectively, f ∈

S ′{Mp}) by

H(Mp)f := HaF
(

respectively, H{Mp}f := H(ap)F
)
.

Theorem 7.6.3 shows that the Hilbert transform of an element of the

space S ′∗ is defined uniquely up to an ultrapolynomial of class ∗.

7.6.2 Multi-dimensional case

We now extend the definition of the Hilbert transform given in the preceding

subsection to the n-dimensional case. We shall show that all of the results

of Subsection 7.6.1, namely Lemma 7.6.1, Theorem 7.6.1, Theorem 7.6.2

and Theorem 7.6.3, remain true in the n-dimensional case.

If a = (a1, . . . , an) ∈ Rn and α = (α1, . . . , αn) ∈ N0
n, we denote

aα := (a1)α1 · . . . · (an)αn ; Mα := Mα1+...+αn .

By Rn we denote the family of all sequences (ap) of elements of Rn of the

form

ap = (a1
p, . . . , a

n
p ), (ajp) ∈ R, j = 1, . . . , n. (7.34)

For a given sequence (ap) ∈ Rn of the form (7.34) and α =

(α1, . . . , αn) ∈ N0
n, we shall use the following extension of the notation

(7.25): Aα := Aα1 · . . . ·Aαn , where A0 := 1 and

Aαj :=

αj∏

p=1

ajp whenever αj ∈ N
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for j = 1, . . . , n.

Let a = (a1, . . . , an) ∈ Rn+, i.e., aj > 0 for j = 1, . . . , n, and let (ap) ∈
Rn with elements of the form (7.34). We define

Pa(ζ) := Pa1(ζ1) · . . . · Pan(ζn); P(ap)(ζ) := P(a1
p)(ζ

1) · . . . · P(an
p )(ζ

n)

for ζ = (ζ1, . . . , ζn) ∈ Cn.

Remark 7.6.2. The n-dimensional version of Lemma 7.6.1 is valid and the

estimates (7.21) and (7.23) in the multi-dimensional case follow easily from

the one-dimensional case.

Now the definitions of the seminorms pa,b and qa,b, for

a = (a1, . . . , an) ∈ Rn+ and b = (b1, . . . , bn) ∈ Rn+, and the definitions

of the seminorms p(ap),(bp) and q(ap),(bp), for (ap) ∈ Rn and (bp) ∈ Rn, are

obtained by modifications of the ones given in Definition 7.6.1 with all of

the least upper bounds being taken over α ∈ N
n
0 . The definitions of all

spaces given in Definition 7.6.1 are modified accordingly.

Remark 7.6.3. With the above conventions, the n−dimensional analogue

of Theorem 7.6.1 is true and its proof is obtained in the same way as in the

one-dimensional case.

Definition 7.6.5. For given a ∈ Rn+ and (ap) ∈ Rn, we define the Hilbert

transforms Ha and H(ap) on the spaces D(Mp)
a and D{Mp}

ap , respectively, by

the formulas:

(Haϕ)(x) :=
1

πnPa(x)
pv

∫ ∞

−∞
. . .

∫ ∞

−∞

Pa(x− t)ϕ(x − t)∏n
j=1 t

j
dt1 . . . dtn

for ϕ ∈ D(Mp)
a and

(H(ap)ϕ)(x)

:=
1

πnP(ap)(x)
pv

∫ ∞

−∞
. . .

∫ ∞

−∞

P(ap)(x − t)ϕ(x− t)∏n
j=1 t

j
dt1 . . . dtn

for ϕ ∈ D{Mp}
(ap) , where x = (x1, . . . , xn), t = (t1, . . . , tn) ∈ R

n.

Remark 7.6.4. The above defined Hilbert transforms Ha and H(ap) have

the same properties as those mentioned in Theorem 7.6.2 and their proofs

are analogous. In particular, H(ap) is the composition of the mappings given

by formulas (7.29), (7.31) and the following extension of formula (7.30):

(Hϕ)(x) =
1

πn
pv

∫ ∞

−∞
. . .

∫ ∞

−∞

ϕ(t1, . . . , tn) dt1 . . . dtn∏n
j=1(tj − xj)
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for x = (x1, . . . , xn) ∈ Rn. Though in [112] only the one-dimensional

Hilbert transform is considered on D{Mp}
L2 , we can easily extend it to the

n-dimensional case and prove that this is an isomorphism of the space

D{Mp}
L2 (Rn), because there is a constant C > 0 such that

‖H(ϕ(α))‖L2 ≤ C‖ϕ(α)‖L2 , α ∈ N
n, ϕ ∈ D{Mp}

L2 .

Definition 7.6.6. For given a ∈ Rn+ and (ap) ∈ Rn, we define the n-dim-

ensional Hilbert transforms Ha and H(ap) on the dual spaces D′(Mp)
a and

D′{Mp}
(ap) by

〈Haf, ϕ〉 := −〈f,Haϕ〉, ϕ ∈ D(Mp)
a ,

for f ∈ D′(Mp)
a , and

〈H(ap)f, ϕ〉 := −〈f,H(ap)ϕ〉, ϕ ∈ D{Mp}
(ap) ,

for f ∈ D′{Mp}
(ap) .

Remark 7.6.5. Theorem 7.6.3 remains valid in the n-dimensional case and

the proof of parts 1-3 and 5 can be easily transferred to this case. We shall

give below the proof of part 4 for the Hilbert transform Haf of an arbitrary

f ∈ D′(Mp)
a .

For given a = (a1, . . . , an) ∈ Rn and b = (b1, . . . , bn) ∈ Rn, we have

Haf −Hbf :=
n∑

j=1

(Hajf −Haj−1f),

where a0 := b and aj := (a1, . . . , aj , bj+1, . . . , bn) for j = 1, . . . , n. Moreover

Hajf = Hãj (Hajf), (7.35)

where ãj := (a1, . . . , aj−1, bj+1, . . . , bn) ∈ Rn−1 for j = 1, . . . , n. By part 4

of Theorem 7.5.3, it follows from (7.35) that Hajf −Haj−1f is equal to

Hãj (1x1 ⊗ · · · ⊗ 1xj−1 ⊗ P (xj)⊗ 1xj+1 · · · ⊗ 1xn), (7.36)

where P (xj) is an ultrapolynomial in xj . Since we have

‖(H 1

Pb
)(α)‖L2 ≤ C‖( 1

Pb
)(α)‖L2

for some constant C > 0, Lemma 7.6.1 implies that (7.36) is an entire

function.
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7.7 Singular integral operators

In this section we consider general singular integrals with odd and even ker-

nels of tempered ultradistributions. For the L2 theory of singular integrals

we refer to [137]. We use the classical results of Pandey [108] and follow his

ideas in our definition of singular integral operators on the spaces of tem-

pered ultradistributions with values in certain spaces of ultradistributions

which contain S ′(Mp)
(Rn) and S ′{Mp}(Rn), respectively.

Let Ω be an arbitrary function on Rn, homogeneous of degree zero,

such that Ω ∈ C∞(Rn \{0}). Clearly, this function is integrable and square

integrable on Σn−1 = {x : |x| = 1}. Put

K(t) :=
Ω(t′)

|t|n , t ∈ R
n, t 6= 0, t′ = t/|t|. (7.37)

If the mapping t′ 7→ Ω(t′) is an odd function on Σn−1, we say that K is an

odd kernel. If
∫
Σn−1 Ω(t′) dt′ = 0, we say that K is an even kernel. Clearly,

an odd kernel is also an even kernel (see [137], Chapters IV and VI).

Let the symbol pvK denote the principal value of K; clearly, it is a

tempered distribution. Let

K̃ := F0(pvK), (7.38)

where F0 is understood as the Fourier transform of a tempered distribution.

The convolution ϕ∗(pvK), where ϕ ∈ Lp, 1 < p <∞, yields the singular

integral operator K with the kernel K. More precisely, the singular integral

operator K on Lp with the kernel K is defined by

(Kϕ)(x) := lim
ε→0
δ→∞

∫

δ≥|t|≥ε>0

ϕ(x− t)K(t) dt, ϕ ∈ Lp. (7.39)

If the dimension of the space is n = 1 and Ω(t) = sgn t/π then the

singular integral operator K defined by (7.39) is the Hilbert transform.

The operator K defined on Lp, 1 < p < ∞, by (7.39), where K is an

even kernel, is called an integral operator with even kernel.

We denote by Ŝ∗(Rn) the set of all elements of S∗(Rn) whose supports

are contained in Rn \ {0} with the topology induced by the space S∗(Rn)

and let

S∗F̂0
(Rn) := F0

(
S∗(

◦
R
n)
)
,

where F0 denotes the classical Fourier transform of a function as given in

(7.1).
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Theorem 7.7.1. Let K be of the form (7.37) with the corresponding K̃

and Kϕ, given by (7.38) and (7.39), respectively. We have

1. K̃ is homogeneous of order zero on Rn and K̃ ∈ C∞(Rn \ {0});
2. Kϕ ∈ S∗(Rn) for every ϕ ∈ S∗F̂0

(Rn) and K̃ψ ∈ Ŝ∗(Rn) for every

ψ ∈ Ŝ∗(Rn); moreover, the mappings

S∗F̂0
(Rn) 3 ψ 7→ Kψ ∈ S∗(Rn); Ŝ∗(Rn) 3 ψ 7→ K̃ψ ∈ Ŝ∗(Rn)

are continuous;

3. The space S∗F̂0
(Rn) is dense in S∗(Rn).

Proof.

1. For this assertion we refer to Corollary 9.5 in [109], p. 108.

2. If ϕ ∈ S∗F̂0
(Rn), we have

Kϕ = (pvK) ∗ ϕ = F−1
0 (F0(pvK) · F0(ϕ)) = F−1

0 (K̃ · F0(ϕ));

hence Kϕ ∈ S∗(Rn).

Now, if ψ ∈ Ŝ∗(Rn), then ϕ := F−1
0 (ψ) ∈ S∗F̂0

(Rn); and Kϕ ∈ S∗(Rn),

as we have just shown. Hence

F0(Kϕ) = F0((pvK) ∗ ϕ) = K̃ · ψ ∈ Ŝ∗(Rn).

The above facts and the continuity of the Fourier transform and its inverse

imply the assertion.

3. Let ψ be an arbitrary function in E∗ such that

ψ ∈ C∞0 (Rn), ψ ≥ 0,

∫

Rn

ψ(x)dx = 1;

and let ψk(x) := ψ(kx) for x ∈ Rn. Fix θ ∈ S∗(Rn) and put κ := F−1
0 (θ).

Then κψk ∈ S∗(
◦
R
n) for k ∈ N and (κψk) → κ as k → ∞ in S∗(

◦
R
n). This

implies that F0(κψk) ∈ S∗F̂0
(Rn) for k ∈ N and F0(κψk) → θ as k →∞ in

S∗(Rn), which completes the proof of Theorem 7.7.1. �

We define now the singular integral with an even kernel of a given tem-

pered ultradistribution f ∈ S ′∗ as an element of (S∗F̂0
(Rn))′ by

〈Kf, θ〉 := 〈f,Kθ〉, θ ∈ S∗F̂0
(Rn). (7.40)

It is easy to prove the following theorem.

Theorem 7.7.2. Suppose that K is an even kernel of the form (7.37) with

the mentioned properties. Then the mapping K : S ′∗(Rn) → (S∗F̂0
(Rn))′

defined by (7.40) is linear, continuous and injective.
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Now consider the operator K on D∗
L2(Rn).

Theorem 7.7.3. If K is an even kernel, then the mapping

D∗
L2 3 ϕ 7→ Kϕ ∈ D∗

L2

is continuous.

Proof. By [137], Chapter VI, Theorem 3.1, the mapping

L2 3 ϕ 7→ Kϕ ∈ L2

is well defined and there exists a constant C > 0, depending on the dimen-

sion n but not on ϕ, such that

‖Kϕ‖L2 ≤ C‖ϕ‖L2 .

If ϕ ∈ D∗
L2 , then for each α ∈ N

n
0 we have

(Kϕ)(α) = ((pvK) ∗ ϕ)(α) = (pvK) ∗ ϕ(α) = K(ϕ(α)),

in the sense of distributions. Since the functions ((pvK)∗ϕ)(α) and (pvK)∗
ϕ(α) are smooth, they are equal in the space L2. Therefore there exists a

constant C > 0, which does not depend on α or on ϕ, such that

‖(Kϕ)(α)‖L2 ≤ C‖ϕ(α)‖L2 .

This implies that

‖Kϕ‖D∗
L2
≤ C‖ϕ‖D∗

L2

and this completes the proof. �

Using relations (7.29) -(7.31) in the n-dimensional version (see Remark

7.6.4) and Theorem 7.6.2, we define, for a = (a1, . . . , an) ∈ Rn+ and (ap) ∈
Rn with ap = (ap

1, . . . , ap
n) for p ∈ N (where (ajp) ∈ R for j = 1, . . . , n),

the transforms Ka and K(ap) which act from the spaces S ′(Mp)(Rn) and

S ′{Mp}(Rn) into themselves, respectively, by the formulas:

〈Kaf, ϕ〉 = 〈f,Kaϕ〉, Kaϕ = P−1
a KPaϕ,

for f ∈ S ′(Mp)
(Rn) and ϕ ∈ S(Mp)(Rn), and

〈K(ap)f, ϕ〉 = 〈f,K(ap)ϕ〉, K(ap)ϕ = P−1
(ap)KP(ap)ϕ,

for f ∈ S ′{Mp}(Rn) and ϕ ∈ S{Mp}(Rn).

Theorem 7.7.2 implies the following property.

Corollary 7.7.1. The transform Ka(respectively, the transform

K(ap)) is a continuous linear mapping of the space S(Mp)(Rn)

(respectively, the space S{Mp}(Rn)) onto itself.
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Let us remark that, in general, we do not have a uniqueness type result

(up to ultrapolynomials) as in the case of Hilbert transform for different a,

b ∈ Rn+ and (ap), (bp) ∈ Rn, respectively.

Remark 7.7.1. If n = 1 and Ω(t) = sgn t/t, then formula (7.40) defines

the Hilbert transform on S ′∗. Notice that for every a > 0 and (ap) ∈ R,

we have

Haf |S(Mp)

F0
(
◦
R

n)
= Kf, H(ap)f |S{Mp}

F0
(
◦
R

n)
= Kf,

for f ∈ S ′∗(Rn), where K is defined via K(t) := 1/πt.

Remark 7.7.2. An important class of singular integral operators with

odd kernels is the one consisting of the Riesz transforms. In n dimensions

these are n singular integral operators R1, R2, . . . , Rn defined by the kernels

Kj(x) :=
Γ((n+ 1)/2)

π(n+1)/2

xj
|x|n+1

for j = 1, 2, . . . , n, where x = (x1, . . . , xn) ∈ Rn.

It is well known that
∑n

j=1 R
2
j = −I on L2(Rn). We can apply Corollary

7.7.1 to

Ka,j = T−1
a RjTa, K(ap),j = T−1

(ap)RjT(ap),

with a ∈ Rn+ and (ap) ∈ Rn, respectively, for j = 1, 2, . . . , n. Put

K2
a,j := Ka,j ◦Ka,j , K2

(ap),j := K(ap),j ◦K(ap),j ,

for j = 1, 2, . . . , n. If f ∈ S ′(Mp)
and ϕ ∈ S(Mp) with supp ϕ ⊆ Rn \ {0},

we have
n∑

j=1

〈F0K
2
a,jf, ϕ〉 =

n∑

j=1

〈f, T−1
a Rj

2Taϕ̂〉 = −〈f, ϕ̂〉 = 〈f̂ , ϕ〉.

Thus if a, b ∈ Rn+ and a 6= b, then
n∑

j=1

(K2
a,j −K2

b,j)f = P,

where P is an ultrapolynomial of the class (Mp). Analogously if (ap), (bp) ∈
Rn and (ap) 6= (bp), we have

n∑

j=1

(K2
(ap),j −K2

(bp),j)f = P,

where P is an ultrapolynomial of the class {Mp}.



May 14, 2007 15:29 World Scientific Book - 9in x 6in Newbook

Integral Transforms of Tempered Ultradistributions 203

Remark 7.7.3. Let

Ω(x/|x|) :=

m∑

α=1

Yk(x/|x|),

where the Yk are spherical harmonics of degree k. The kernel K(x) :=

Ω(x′)/|x| is an example of a singular integral with an even kernel.

Other examples can be deduced on the basis of Theorem 4.7 in [155], Chap-

ter IV.
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[71] A. Kamiński, D. Perǐsić, S. Pilipović, Existence theorems for convolution of
ultradistributions, Dissertationes Math. 340 (1995), 79-91.
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Ḃ{Mp}, 42, 44
˙̃B
{Mp}

, 44
FD(∗, Lr), 26, 103, 105
D(h, K), 21
DLs , 21
Sα

α , 177
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