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Preface

Numerous papers have been written concerning ultradistribution
spaces (see [127], [7], [8], [82]-[86], [87], [56], [44], [11] and references
therein). Such spaces are related to the solvability and the regularity prob-
lems of partial differential equations. Because of this relation, the study of
the structural problems as well as problems of various operations and inte-
gral transformations in this setting is interesting in itself. The unpublished
book of Komatsu [86] and in general papers of Komatsu are the basis for
our approach. Important results in the framework of ultradistribution and
hyperfunction spaces (see [129]-[130], [77]) which will not be included in this
book were obtained by D. Kim, S. Y. Chung and their collaborators (see
[38]-[40], [41]-[42], [79]), Matsuzawa (see [98]-[100]), Vogt, Meise, Taylor,
Petzsche and their collaborators (see [104], [105], [110], [111]), the Italian
school with Rodino, Gramchev (see [124], [54]) and many others. A list of
papers with results on various problems within ultradistribution spaces is
given in the references which is, however, far from being complete.

This book is intended to be an analysis of various spaces of ultradis-
tributions considered as boundary values of analytic functions having ap-
propriate growth estimates, and deals, in particular, with the Cauchy and
Poisson integrals in the ultradistribution spaces D’(x, L®), with the convo-
lution of ultradistributions and tempered ultradistributions, and with the
integral transforms of tempered ultradistributions.

The problems of characterizing analytic functions whose boundary val-
ues are elements of the spaces of distributions, ultradistributions, hyper-
functions, infra-hyperfunctions and, conversely, of finding boundary value
representations of elements of the quoted spaces of generalized functions
by analytic functions have a long history; for references see e.g. [88]-[89],
[139]-[140], [147], [6], [152], [27] and references therein.
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Carmichael and his co-workers ([16]-[27], [33]-[35]) have studied the
Cauchy and Poisson kernels in appropriate tube domains. By considering
the Cauchy and Poisson integrals of distributions in appropriate subspaces
of the Schwartz space D’, they obtained characterizations of these sub-
spaces by the a priori estimates of the corresponding analytic or harmonic
functions in tube domains.

Boundary value characterizations for the spaces D'((Mp),),
D'({M,}),Q) of ultradistributions and the spaces &'((M,),Q),
E'({Mp}, Q) of infra-hyperfunctions, related to a non-quasianalytic and
quasianalytic sequence (M,,), respectively, are given in [127], [82], [111],
[125].

The spaces D'((M,), L*) and D'(({M,}),L*) for s > 1 related to a
non-quasianalytic sequence (M,,) are studied in papers by Carmichael and
Pilipovié. In this book, we investigate classes of analytic functions having
boundary values in these spaces. For the analysis of Hardy type spaces of
analytic functions, with bounds given by appropriate associated functions
corresponding to the sequences (M)), we apply the Cauchy and Poisson
integrals as well as the Fourier transforms. The geometry of tube domains
also is considered in this book. A complete boundary value characterization
for the spaces D'(*, L*) on R™, with s € (1, 00), is given by means of almost
analytic extensions, while in the cases s = co and s = 1 only partial results
are obtained.

One of the most important operations in the theory of generalized func-
tions (Schwartz distributions, ultradistributions of Beurling and Roumieu
type, hyperfunctions, Mikusiniski operators) is the convolution. In the lit-
erature, the convolution of two generalized functions is usually defined and
considered only in the case where one of them is of compact support and
the definition has many applications. For instance, this definition of the
convolution was used in the study of convolution equations in the space
of ultradistributions by various authors. However, such a definition is not
sufficient in many situations where the convolution of generalized functions
should be defined without any restrictions on the supports of the general-
ized functions involved.

General definitions of the convolution of this kind for distributions
(and tempered distributions) were considered by many authors (see
[36, 132, 57, 156, 135, 149, 151, 2, 45, 69]), and it appeared that most
of the definitions are equivalent (see [135, 45, 69]). Similar general def-
initions of the convolution for ultradistributions were first introduced in
[119]. Then other analogues of the definitions of the convolution of distrib-
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utions and tempered distributions were discussed for ultradistributions and
tempered ultradistributions in [92, 70, 72, 73], and their equivalence was
proved in [70] and in [73], respectively. Moreover, various sufficient condi-
tions for the existence of the convolution of ultradistributions were studied
in [71] in terms of the supports of ultradistributions involved (so-called
compatibility conditions) and in terms of the weighted ultradistributional
D/L(é\/[ ») spaces. The results of the quoted papers are collected and improved
in the book.

The book is organized as follows.

In this Preface we give historical comments below to the material pre-
sented in the book.

In Chapter 1 we define some notions connected with cones in R" as well
as the Cauchy and Poisson kernels corresponding to tube domains. We
present there results which will be used later in proving boundary value
representations.

Chapter 2 contains the definitions and main properties of the spaces of
ultradifferentiable test functions of Beurling and Roumieu type as well as of
the corresponding spaces of ultradistributions. We are mainly interested in
the spaces D(x, L*) and S* and their strong duals. After presenting basic
properties of the sequences (M) and ultradifferential operators generat-
ing the respective ultradistribution spaces, we prove structural theorems
for these spaces. We also give the definitions of the Fourier and Laplace
transforms.

Chapter 3 is devoted to characterizations of bounded sets in the spaces
D'(x, L) of Lt ultradistributions of Beurling and Roumieu type for ¢t €
[1,00] and in the spaces §™ of tempered ultradistributions of Beurling and
Roumieu type. The characterizations are given in terms of representations
of elements of these sets in the form of infinite series of derivatives of certain
functions of the class L' (of the class L?) whose norms satisfy the respective
estimates as well as in terms of images of ultradifferentiable operators of
bounded sets in the respective spaces of functions.

In Chapter 4, the Cauchy and Poisson kernels are studied as elements
of the ultradifferentiable spaces D(*, L") (Section 4.1). The Cauchy and
Poisson integrals of ultradistributions in D’ (x, L*) are defined in Sections 4.2
and 4.3. For s > 2 the use of Cauchy integrals gives a complete boundary
value characterization of elements in D’(x, L®). Notice that the Poisson
integral of an element of the space D’(x,L®), s > 1, converges to this
element in the corresponding general ultradistribution space.

In Chapter 5, we deal with the boundary values of analytic functions
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in appropriate tube domains. Section 5.1 concerns the Fourier transform
and suitable generalizations of Hardy spaces within ultradistribution classes
for r € (1,2]. In Section 5.2, we show that elements of such spaces have
boundary values in D’((M,), L'); while appropriate L* bounds for s > 2
lead to boundary values in D'((M,,), L") for r € (1,2]. The extension of the
results of Section 5.2 to the case r > 2 is given in Section 5.3 for appro-
priate cones. By means of almost analytic extensions and Stokes’ theorem,
we give in Section 5.4 the complete boundary value characterization for
the spaces D'((M,), L*) and D'({M,}, L*) with s > 1. The results given
in Section 5.4 for ultradistributions on the real line are true also in the
multidimensional case. In Section 5.5 the cases s = oo and s = 1 are
considered. Due to the method of Komatsu (see [82]) appropriate L> and
L' estimates are obtained for the corresponding boundary values in the
respective ultradistribution spaces.

In Chapter 6, we develop the theory of convolution of ultradistributions
and tempered ultradistributions. Various general definitions of the convo-
lution in the spaces of ultradistributions and tempered ultradistributions
of Beurling type are considered in an analogous way to the classical defini-
tions of the convolution in the theory of distributions given by Schwartz in
[132], Chevalley in [36], Vladimirov in [149], Dierolf and Voigt in [45], and
Kaminski in [69]. As in the case of distributions, the respective definitions
of the convolution of ultradistributions are equivalent both in D’ Mp) and
S’ (MP), although the proofs of the equivalence require new methods. Also
various sufficient conditions for the existence of convolution of two ultradis-
tributions are given: in terms of their supports (appropriate compatibility
conditions) and in terms of various subspaces of ultradistributions on which
the convolution is defined as a bilinear mapping. In particular, the weighted
ultradistributional D/L(éw”) spaces are studied.

In Chapter 7, different types of integral transforms in the spaces of
tempered ultradistributions of Beurling and Roumieu type are defined and
discussed. Various characterizations concerning the Fourier and Laplace
transforms, Bargmann transform, the Wigner distribution and the Hilbert
transform of tempered ultradistributions are given. Singular integral oper-
ators are studied in the spaces of tempered ultradistributions of Beurling
and Roumieu type. Moreover, the Hermite expansions of elements of the
spaces of test functions and their duals can be considered as a generalized
integral transform.

Historically, the representation of distributions and other generalized
functions as boundary values of analytic functions has its direct foundations
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in the two papers [88] and [89] by G. Kdéthe.

Motivated by suggestions of Kéthe, H.-G. Tillmann obtained in [139]
extensions and generalizations of the work of Kothe and did so with the
analysis being in n dimensions. Namely, Tillmann gave in [139] a character-
ization of the analytic functions which have the distributions with compact
support as boundary values and extended in [142] these results to vector
valued distributions. In 1961, Tillmann published two additional classical
papers, [140] and [141], in which the analytic functions with distributional
boundary values in D}, and &', respectively, were characterized. When
stated in one dimension, the principal characterization results of [140] and
[141] can be described in the following way.

Theorem 1. (see [140]) Every distribution U € D},, 1 < p < oo, is the
boundary value of an analytic function f of variable z = x+iy withImz # 0
for which

(@) 1f(2)] < Mmax{Jy|~®P=D/P Jy[~mH/Py 0y =TImz # 0

(b) ge = f(-+ie)—f(-—ie) € D}, fore >0 andthe set{g.: ¢ >0}
is bounded in D} ,;

(c) ge = U ase— 0+ in the strong topology of D}, .

Conversely, every analytic function f of variable z with Im z # 0 which
satisfies conditions (a) and (b) has an element U € D, as boundary value
in the sense of (c).

The analytic function constructed from U € D}, in the proof of the
sufficiency of Theorem 1 is the “indicatrix”of U or the Cauchy integral of
U. In [96], Z. Luszczki and Z. ZieleZzny obtained results similar to those of
[140] at about the same time. G. Bengel has extended in [6] the results for
D7}, to vector valued distributions.

Theorem 2. (see [141]) Every distribution U € S’ is the boundary value
of an analytic function f of variable z = x + iy with Im z # 0 for which

(@) [fEI<MA+ [Py~ y=Imz #0;
) g =f(+ie)=f(—i)eS, >0
(c) g: = U as ¢ — 0+ in the strong topology of S'.

Conversely, every analytic function f of variable z with Im z # 0 which
satisfies conditions (a) and (b) has as boundary value an element U € S’
in the sense of (c).
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Associates of Tillmann, such as R. Meise (see [101], [102]), H. J. Petzsche
(see [110], [111]), and D. Vogt (see [152]), have extended Theorem 2 and
the related results. Several authors have continued the investigation of
representing distributions and generalized functions as boundary values of
analytic functions and associated analysis, such as recovery of the analytic
functions from integrals of the boundary values. We mention the books of E.
J. Beltrami and M. R. Wohlers [4], H. J. Bremermann [12], and B. W. Ross
[126]. V. S. Vladimirov has extended much of the boundary value analysis
to functions analytic in tube domains in n dimensional complex space and
has discussed applications of this analysis to mathematical physics; we refer
in particular to the two important books [147] and [151].

A more recent survey of distributional boundary value analysis and ap-
plications has been given in the book of R. D. Carmichael and D. Mitrovié
[30]. Here the analytic representation of distributions in £ and O, in one
dimension is given. Distributional Plemelj relations and representations of
half plane analytic and meromorphic functions are obtained. The distribu-
tional boundary value results are applied to yield applications to boundary
value problems and singular convolution equations. Analytic functions in
tube domains in n dimensional complex space, as considered by Vladimirov,
are studied with results being used to obtain the analytic representation of
&’ distributions, both in the scalar and vector valued case, O/, distributions,
and D7, distributions in terms of functions analytic in tube domains. Im-
portant in this analysis is the construction and properties of the Cauchy
and Poisson kernel functions corresponding to tubes. Motivated by analy-
sis of J. Sebastio e Silva (see [133], [134]) and H.-G. Tillmann (see [141]),
the Cauchy integral of S’ distributions is constructed and analyzed in n
dimensions. The Hardy HP? functions in tubes are characterized in terms
of the form of the boundary value as a subspace of those analytic functions
which have &’ boundary values.

A principal motivation of the present book is to present research con-
cerning the representation of ultradistributions as boundary values of an-
alytic functions and related topics that will aid in this study as the books
[4], [12], [126], [147], [151], and [30] have done for distributions. In par-
ticular, the book [30] can be considered to be a companion book to the
present one with the analysis there being for distributions as opposed to
ultradistributions here.
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Chapter 1

Cones in R"” and Kernels

1.1 Notation

We present the n-dimensional notation which will be used throughout. For
the origin in R", the n-dimensional Euclidean space, we use the standard
symbol 0 and it follows easily from the context if 0 denotes the number
or the vector. Thus 0 = (0,...,0) € R™. The operations on vectors in
R™ (in particular, in N* and Nj) and inequalities between them are meant
coordinatewise which, in particular, simplifies summation symbols involving
indices a = (a1,...,a,) and 8= (f1,...,5n) in Nj:

«aq [0 7%%
Z ag = Z Z agy,....0n-
0<p<a B1=1 Bn=1
Let « = (a1,...,a,) be an n-tuple of arbitrary reals (in particular,

arbitrary integers). If ¢ = (t1,...,t,) € R", we define t* := ¢ ... t&;
in particular, t¢ := t® -+ for t ¢ R, whenever the symbols t* make
sense. The symbol z* for z € C" is defined analogously. For «a,3 € Ny

with a < 8 we define & := a1 +... + ap, al ;= a1!...a,! and
a) (o a1
<ﬂ) o (ﬂl) <51)'
Given two vectors t = (t1,...,t,) and y = (y1,...,yn) in R™ we use the

symbol (¢, y) for their scalar product, i.e.,

<tvy> = tlyl +...+ tnyn-

A similar n-dimensional notation will be applied in the complex Eu-
clidean space C™.

Let « denote an n-tuple of nonnegative integers, i.e.,
a:= (aq,...,0pn) € NJ. The symbol D* = D¢ with ¢t = (¢1,...,t,) € R”
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denotes the differential operator given by

1 0%

DY — D . Do with DY = 1+ 97
! n Wl j 2t Ot

for j=1,...,n.

(1.1)
On the other hand, the symbol 0% = Bat_(:‘ with ¢t € R™ denotes the partial
differential operator defined analogously as in (1.1), but with the constant 1
instead of —(27i)~'. We also write ¢(®) (t) instead of % for functions ¢
on R”. A similar convention is applied to the symbols D¢, (,?:a and (¥ (2)
for z € C" and functions ¢ on C".
For z = (21,...,2,) € C"™ and, in particular, for x = (z1,...,z,) € R",
we denote

2= (Y 1) el = (O )2
j=1 Jj=1

i.e., |z] and |x| denote the Euclidean norms of z € C™ and x € R™, respec-
tively.

Functions and ultradistributions considered in the book can be treated
as real- or complex-valued functions defined on (subsets of) R™ or C". In
general, we will try to distinguish a value of a function from the function
itself, e.g. the symbols ¢(t), f(z) = f(z + iy) will mean the values of the
functions ¢, f at the points t € R", 2z = x+iy € T¢ = R"+iC C C", where
C C R™; consequently, for a given function f: T¢ — C and a fixed y € C,
the symbols f(- +iy), ||f(- +4y)||z= will mean the function g,: R™ — C
defined as gy(z) := f(z + iy) for € R™ and | gy|| 1=, respectively.

Sometimes, however, it will be convenient to use the same symbol f(x)
for the function f = f(-) and its value f(x) at the point z. For instance,
in case of the Cauchy and Poisson kernels the traditional symbols K (z — t)
and Q(z;t) will denote the values of the functions K and @ for concreate
z and t, where z = z + iy € T¢ = R" 4 iC, for a given cone C in R,
and t € R™, as well as the functions K and ) themselves. Similarly, if

a = (a1,...,a,) € Njj, then the symbol z® will mean both the power
function which assigns to each * = (x1,...,2,) € R” the number z% =
7t . .- 28 and its value at the given point x. Moreover, for arbitrary

B=(B1,---,B.) € NI, we denote by < 2 > both the function on R™ and
its value at the point x = (z1,...,2,) € R™ defined by the formula:

<z >P= ﬁ[l + ()% 72, (1.2)
j=1
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We shall apply the following very convenient notation for exponents
with two variables z, ¢ € C™:

E.(¢) := exp [2mi(z, ()], zeC", (eC™ (1.3)
We also denote
ey(t) == exp [—27(y, t)], yeR" teR™, (1.4)

i.e., we have E;, = e, for y € R™. In particular, e, (t) = exp(—2myt) for
y,t € R. The symbols g and T for a given real- or complex-valued function
g and ultradistribution 7" in R™ are meant as follows:
g(x) == g(—x), r € R™, (1.5)
and
(T, ) = (T, ) (1.6)
for every function ¢ from the respective space of test functions (see Section
2.3), where ¢ is defined in (1.5).
The Fourier transform of a real- or complex-valued L! function ¢, de-
noted by Flg] or by ¢, is defined by (and used in Chapters 1-5)

Fll@) = ¢@)i= [ et at= [owE0a 01
R7 R7
and the inverse Fourier transform of an L' function ¢, denoted by F~1[p]
or by ¢ is defined by

Fel) = (@) = [e@e e at = [eB L@ (18)
R® R

In Chapter 7, another version of the Fourier and inverse Fourier transforms,
Fo and F; !, will be convenient to be considered instead of 7 and F~! de-
fined in (1.7) and (1.8). This will not cause any misinterpretation, because
both versions of the definitions differ from each other by constants, and all

results remain true in both cases.
We assume familiarity on the part of the reader with properties of the
Fourier transform on L”, 1 < r < 2, the corresponding inverse Fourier
transform, and the associated Plancherel theory for the Fourier transform.

The inclusion of two sets will be denoted by means of the symbol A C B
and the proper inclusion by the symbol A C B. The closure of the set
A C R™ (in the sense of the Euclidean topology) will be denoted by A.

By the support of 1° a given function in R™; 2° a given ultradistribution
T in R™, denoted by 1° supp g, 2° supp T we will mean 1° the set

supp g := [t € R7: g(t) 7 0}; (1.9)
2° the smallest closed set A C R™ such that (T',¢) = 0 for all functions ¢
from the respective space of test functions such that supp ¢ C A€,
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1.2 Cones in R™

We introduce the definitions and notation associated with cones in R™ and
tubes in C™ (cf. [147], [151]).

A set C C R” is a cone (with vertex at zero) if y € C implies \y € C
for all positive reals A\. The intersection of the cone C' with the unit sphere
{y € R": |y| =1} is called the projection of C' and is denoted by pr(C'). If
Cy and Oy are cones such that pr(Cy) C pr(Cs), the cone C; will be called
a compact subcone of Co and we will write then C; CC C3. An open convex
cone C such that C' does not contain any entire straight line will be called
a reqular cone. The set

C*:={teR™: (t,y) >0 forallye C}
is the dual cone of the cone C. A cone is called self dual if C* = C. For

—k

every cone C, the dual cone C* is closed and convex. We have C* = C' =
(O(C))* and C** = O(C), where O(C) denotes the convex hull of C. The
function uc defined by
UC(t) = sup (_<tv Z/>)7 teR"
yepr(C)

is said to be the indicatriz of the cone C.

We have C* = {t € R": ug(t) < 0}. Moreover, uc(t) < uocy(t) for
all t € R and uc(t) = uoc)(t) for t € C*.

Given a cone C, put C, := R"™\ C*. The number

pc = sup uo(c)(t)/uc(t)
teC,

characterizes the convexity of C. Notice that a cone C' is convex if and
only if pc = 1. Further, if a cone is open and consists of a finite number of
components, then po < +o0.

We give some examples of cones and their dual cones. If C = (0, 00),
then C* = [0,00), uc(t) = —t and pc = 1. The case C' = (—00,0) is
analogous. If C'=R", then C* = {0}, uc(t) = |t| and pc = 1.

Let © be the set of all n-tuples whose entries are —1 or 1, i.e.,

O :={u=(u1,...,un) €ER": u; € {-1,1} for j=1,...,n}. (1.10)

Fix u = (u1,...,u,) € O, an arbitrary element of the 2" elements of O.
Then

Cy:={yeR": ujy; >0 for j=1,...,n} (1.11)

is a self dual cone in R for every u € ©. Each of the 2" sets C,, with u € ©
will be called an n-rant in R™.
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Each n-rant C, in R" (u € ©) defined in (1.11) is an example of a
regular cone. The forward and backward light cones, defined by

It ={yeR": y1 >3 +...+y2)"/?},
D™= {yeR" g < —(y3+...+ )%,

respectively, are important self dual cones in mathematical physics.
For an arbitrary cone C' in R™ the set

TC:=R"+iC={z=xz+iy: teR", yeC}

will be called a tube in C™. The set {z = z +iy: z € R", y = 0} is
called the distinguished boundary of the tube T¢, while R™ +i0C, with 9C
denoting the boundary of C, is the topological boundary of TC.

We now present two important lemmas concerning cones and dual cones
which will be of particular use in the construction and analysis of the
Cauchy and Poisson kernel functions below. The lemmas are proved in
[147], Section 25; we give here a separate proof of the second lemma.

Lemma 1.2.1. Let C be an open connected cone in R™. The closure O(C')
of O(C) contains an entire straight line if and only if the dual cone C* lies
in some (n — 1)-dimensional plane.

Lemma 1.2.2. Let C be an open (not necessarily connected) cone in R™.
For every y € O(C) there exists a positive 6 (depending on y) such that

(y,t) = o [ylltl, teC. (1.12)

Further, if C" is an arbitrary compact subcone of O(C), then there exists a
d > 0 (depending only on C' and not on y € C') such that (1.12) holds for
ally € C' and all t € C*.

Proof. Since uc(t) = uo(c)(t) for t € C*, we have (y,t) > 0 for all
y € O(C) and all t € C*. For an arbitrary y € O(C), we have

y:=y/lyl € pr(0(C)) C O(C),

since O(C) is a cone. Moreover, O(C) is open, because C is open. Thus
there exists a ¢ = d,, > 0 such that

N(3,20) == {y": |y’ — 9| <20} C O(C).
Hence

y—(t/It]) 6 € N(y,20) C O(C)
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and thus
(G —(t/]t]) 6,8) = 0

for every t € C*, but this implies (1.12). Now, let C’ be an arbitrary com-
pact subcone of O(C'). Let d be the distance from pr(C”) to the complement
of O(C) in R™, that is,

d:=inf{|y1 —y2|: y1 € pr(C’), y2 &€ O(C)}.
Obviously, d is positive and depends only on ¢’ and not on y € C’. Define
now & = d/2. The preceding considerations show that (1.12) holds for all
y € C" and t € C*. The proof is complete. [J

For C' being an open connected cone in R", we denote the distance from
y € C to the topological boundary 9C of C by
d(y) = inf{ly —y1|: y1 € OC}.
It has been shown in [151], p. 159, that

d(y) = inf (t,y), eC. 1.13
() teﬁﬁm)< y) y (1.13)

Let C’ be an arbitrary compact subcone of C. It follows from Lemma 1.2.2
and (1.13) that there exists a 6 = 6(C") > 0, depending only on C’ and not
on y € C', such that

0 < dly| <d(y) <y, yeC' ccC. (1.14)

Let C' be an open connected cone in R™. We make the following con-
vention concerning the notation y — 0, y € C, which normally means that
y varies arbitrarily within C while y — 0. But frequently the above symbol
will mean that y — 0,y € C’ for every compact subcone C’ of C. We shall
distinguish between these two convergences only when necessary; in most
relevant situations the analysis clearly shows which of the interpretations
of the symbol y — 0,y € C, is used in a given case.

Let V be an ultradistribution and let f be a function of the variable
2z =x+iy € TC for a given cone C. By f(-+iy) — V in the weak topology
of the ultradistribution space as y — 0,y € C, we mean the convergence

(f(-+iy), o) = (V. )
asy — 0,y € C, for each fixed element ¢ in the corresponding test function
space. By f(-+1iy) — V in the strong topology of the ultradistribution
space as y — 0,y € C, we mean

(f(-+iy), o) = (V.)
asy — 0, y € C, where the convergence is uniform for an arbitrary bounded
set of functions ¢ in the corresponding test function space. Then V is called
the weak or strong, respectively, ultradistributional boundary value of f and
is defined on the distinguished boundary of the tube T°¢.
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1.3 Cauchy and Poisson kernels

Let C be a regular cone in R”, that is C' is an open convex cone such that C
does not contain any entire straight line. The Cauchy kernel corresponding
to the tube T¢, denoted traditionally by K (z —t), is defined as a function
of variables z = x 4 iy € T and t € R™ by the formula

K(z—t)::/Ez,t(u)du:/exp 27i(z —t,u)]du, z€TC tecR™
c* *

(1.15)
Note that the Cauchy kernel K (z — t) is well defined for z = 2 + iy € T¢
and t € R"™, because (y,u) >0 for y € C and u € C* and

|Ezi(u)| = [exp [2mifz — t,u)] exp [=27(y, w)]| = exp [-27 (y, u)].

Moreover, denoting by I+ the characteristic function of C* and using the
definition (1.8) of the inverse Fourier transform F~!, we can write formula
(1.15) in the form:

K(z—1) ::/exp [—27it] B, (u) du=F I~ E.)(t), 2€TC teR"
O
(1.16)
In case C = C, is any of the 2™ n-rants in R", the Cauchy kernel
K(z—t) = K,(z —t) takes the classical form

L (_l)u - —1 n . n
K(z—1t):= (%i)ng(tj—zj) ,  z€R"4iC,, teR",
since C = C,, in this case.

The Poisson kernel Q corresponding to the tube T¢ is the function of
variables z € T and t € R™ given by

K(z—t)K(z—1t)

K (2iy) ’

In case C' = C, is any of the n-rants, the Poisson kernel Q(z;t) =
Qu(z;t) reduces to the classical form

Q(z;t) == z=x+iyeTY teR™  (1.17)

(=D* 17 Yi , ,
Q(zt) = ~— , z=z+iy e R"+iC,, teR".
G Jl;ll (tj —23)* + v

If the cone C' above had been assumed to be open and connected but
not necessarily convex, we would have defined the kernels K(z — ¢) and

Q(z;t) for z € TO() and would obtain all the properties concerning the
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kernels for z € T9(©), Thus we have assumed that C' is convex without loss
of generality. From Lemma 1.2.1, the dual cone C* will lie in an (n — 1)-
dimensional plane if C' contains an entire straight line. In this case the
Lebesgue measure of C* would be zero. Hence the Cauchy kernel K (z —t)
would be zero and the Poisson kernel Q(z;t) would be undefined. To avoid
this situation we have to assume that C' does not contain any entire straight
line. Therefore we consider regular cones unless explicitly stated otherwise.

We conclude this section with several technical lemmas which will be
used in our analysis concerning the Cauchy and Poisson kernels.

Lemma 1.3.1. Let C be an open connected cone in R™.

L. Fiz arbitrarily z € TY = R"+iC and denote by Ic~ the characteristic
function of C*. Then E,Ic+ € LP for all p, 1 < p < oo.

II. Assume that g is a continuous function on R™ with support in C*
such that, for arbitrary m > 0 and compact subcone C' of C,

lg(t)| < M(C',m)exp[2m({w, t) + o|w|)], t e R", (1.18)

whenever o > 0 and w € C'\ (C' NN (0,m))), where N(0,m) is the closure
of the ball with center at 0 and radius m and M(C’,m) is a constant. Then,
for an arbitrary y in C, y # 0, we have eyg € LP, whenever 1 < p < co.

Proof. To prove part I fix z in T¢ and let y = Im 2. Applying Lemma
1.2.2, we find a 0 = J,, > 0 such that

|E.(t)] Ic=(t) = ey (t) Io= (t) < espy([t]) Ic-(t) <1 (1.19)

for all z =z +iy € TC and all t € R", since Ic«(t) = 0 for t ¢ C*. Part
I of the lemma for p = oo follows from (1.19). For 1 < p < oo, we use
(1.19) and integration by parts n — 1 times (or the gamma function after
the change of variable for v = 27dply|r)) to get

[1E 010 dt < [ eyt at
]Rn

Rn
=Q, /T’L_lep(;‘y‘(r) dr = (n — ! Q,(2mop|y|) ", (1.20)
0

where 2, is the surface area of the unit sphere in R™. The estimate in
(1.20) proves part I of the lemma for 1 < p < oo.

To prove part II fix a point y in C. Since C is open, there exists a
compact subcone C’ of C and a m > 0 such that y € C"\ (C' N N(0,m)).
Since y ¢ N(0,m)), we have |y| > m. Choose w := \y, where ) is an
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arbitrary number such that m/|y| < A < 1. Since C” is a cone, y € C' and
Aly| > m, we have w = Ay € C"\ (C"NN(0,m)), i.e., the estimate given by
(1.18) is true for w just chosen. Since C' CC C, it follows from Lemma 1.2.2
that there is a § = §(C”) > 0, not depending on y € C’, such that (1.12)
holds for all t € C*. Hence, denoting A(o, A, y) := M(C’",m)exp[2moA|y|],
we have

ley(1)g(t)] < Ao, A y)e—xnyy (1) < Ao, A y)e—ysiy (2]
for t € C*. Integrating by parts (or using the gamma function) yields

[1Ba@ar < [ eyaonane de

Rn C*

= Q"[A(UvA’y)]p/T"*16p<1fx>zs|y|(7") dr
0

= (n = D! Q[A(0, A, )P [27p(1 = A)dly[] ™" < oo,
since supp g C C*. This completes the proof of part II and the lemma. [

Lemma 1.3.2. Let C be a regular cone. The Cauchy kernel K(z —t) is an
analytic function of the variable z € T for each fized t € R™.

Proof. Let Io+ denote the characteristic function of C*. By the proof
of Lemma 1.3.1, Ic~E,_; € L' for fixed z € T¢ and t € R". Let K be
an arbitrary compact subset of T7¢ and let z € K C T¢. There exists
a compact subcone C’ of C such that y = Im2 € C’ and y has positive
distance (say k) from 0. By Lemma 1.2.2, there is a 6 = 6(C’) > 0,
depending only on C’, such that

(e (u) Bzt (u)] = Io- (u) exp [=27(y, u)] < Io«(u) exp [=27dk[ul] (1.21)

for t € R™ and v € C*. The right side of (1.21) is an L' function of variable
u € R™ for arbitrary z € K and ¢t € R", according to the proof of Lemma
1.3.1, and the function z +— Ic«(u)E,_¢(u) is analytic in z € T¢ for each
fixed t € R™ and v € R™. To conclude the assertion it remains to use a well

known theorem concerning integrals involving a parameter (see e.g. [15],
pp. 295-296). O

Lemma 1.3.3. Let C be a reqular cone and fix w = u +iv € TC. The
function

K(z+w) := /Ez+w(u) du, 2eT,
C*
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is analytic in z € T and
|K (2 +w)| < M, < o0, 2 €T,
where M, is a constant which depends only on v = Imw.

Proof. The proof that K (z + w) is analytic in z € T is the same as in
the proof of Lemma 1.3.2. We have (y,u) > 0 for y € C' and u € C*. B
Lemma 1.2.2, there is a § = 8, > 0 such that (v,u) > §|v||u| for v € C and
u € C*. The assertion now follows by similar analysis as in (1.20). O

Lemma 1.3.4. Let h € L?, 1 <p <2 and let g :== F~1[h] in the sense of
the space LP. Assume that gE, € L' for z € T and suppg C C* almost
everywhere. We have
/g(u)Ez(u) du = /h(t)K(z —t)dt, zeTC. (1.22)
c* R
Proof. Let z € T¢. Let 1 <p < 2and 1/p+1/qg = 1. As a result
of the remarks below, K (z —t) as a function of ¢ € R™ belongs to LY, i.e.
K(z—-) € L4, for every z € TC. Therefore the integral on the right side

of (1.22) is well defined. First consider p = 1. By Lemma 1.3.3, Fubini’s
theorem and definition (1.8) of the inverse Fourier transform F~![h] of h,

[rox-na= [roa [t
R™ C'*

Rn

= /62”<Z7“> du /h(t)E, (t)dt = /g(u)EZ(u) du,  (1.23)
C* R"
which proves (1.22) for p=1. Incase 1 < p < 2, the function g is the limit
in the L? norm of the sequence (g) of the functions

w@i= [ WOB.@d (ke

[t|I<k
and so, by Holder’s inequality,

we have

/ 19B: — guBx|du < g — gillzalleyll Ly — 0

C*
as k — oo for every z € TY (i.e. y € C). Consequently, applying Fubini’s
theorem, we conclude from (1.23) that

[ 9B (w) du= Jim / i (u

C*
khm h(t dt/Ezt du-/h K(z—t)d

ti<k
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for z € T¢, which shows (1.22) in the cases 1 < p < 2 and Lemma 1.3.4 is
thus proved. O

The Poisson kernel defined in (1.17) has been known for some time to be
an approximate identity. We state this in the following lemma (see [137],
p. 105):

Lemma 1.3.5. Let C' be a regular cone, let = € TC and t € R™. The
Poisson kernel Q(z;t) has the following properties:
(i)  Qxt)=0, zeT% teR™
(i) [ Q(zt)dt =1, z € TC;
R’!‘L
(i14) lim [ Qzt)dt =0, §>0

z—tg,2€TC ‘t—t0‘>5
uniformly for all tg € R™.

We shall prove later that the Cauchy and Poisson kernels are in certain
ultradifferentiable function spaces.
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Chapter 2

Ultradifferentiable Functions and
Ultradistributions

2.1 Sequences (Mp)

We define subspaces of some of the Schwartz test spaces through the use
of sequences of positive real numbers which satisfy certain conditions.
The corresponding dual spaces then contain the generalized functions of
Schwartz.

By (Mp) = (M,)pen, we will denote a sequence of positive numbers
which satisfies some of the following conditions:

(M.1) M} <M, 1My, peN;
(M.2) there are positive constants A and H such that
M, < AH” min M,M,—,,  peNp

(M.3) there is a constant A > 0 such that

> Mgy /My < ApM,/M,y,  peN.
q=p+1

Sometimes (M.2) and (M.3) will be replaced by the following weaker
conditions:

(M.2") there are constants A and H such that

My 1 < AHP M, p € No;
(M.3) S20° M1 /M, < o0

13
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It is worth noting that constants A and H in conditions (M.2), (M.2')
and (M.3) can be assumed to be greater than 1 and condition (M.2) has
the following equivalent symmetric form:

(M.2) there are positive (greater than 1) constants A and H such that
Mpiq < AHPYIM,M,, p,q € No. (2.1)
In Lemma 2.1.1 below, we will show that condition (M.1) implies
MMy, < MoMp4q, P, q € No; (2.2)

that is, the inequality (2.2) is in the converse order of that in (2.1) (with
My assuming the role of the constant A and the constant 1 assuming the
role of H in (2.1)). Conversely, the inequality (2.2) together with condition
(M.2) imply the following weaker version of condition (M.1):

(M.1") there are positive (greater than 1) constants A and H such that
M? < AHPM, 1M,;, peN.

Sequences (M,,) satisfying some or all of these properties are the basis for
the ultradistributions to be studied here. The paper of Komatsu [82] serves
as a basic reference for these sequences. If s > 1, the Gevrey sequences
(M,) given by M, = (p!)*, M, = pP® and M, = I'(1+ ps), where I" denotes
the gamma function, are basic examples of sequences satisfying some of the
above stated conditions.

We will prove some properties of sequences (Mp). It will be convenient
to consider together with a given sequence (M) also its multi-dimensional
variant M, with multi-indices oo = (a1, ..., a,) € Nj defined by

Ma = a14..tan o = (041, ey O[n) S Ng

Lemma 2.1.1. Let (Mp) be an arbitrary sequence of positive numbers.
(7) If the sequence (M) satisfies condition (M.1), then

MMy < MoMpyq, P, q € No. (2.3)
(i) If the sequence (M) satisfies condition (M.2), then
M
MZD 2 pid pe NO) qc Na (24)

(AM,)aHpP+1 | Hpt+a’
where the positive constants A and H are from (M.2), and
M, < BE“M,, ... M,, (2.5)

for every o = (a1, ..., an) € Ny, where B and E are positive constants.
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Proof. Applying (M.1) repeatedly, we get

My, Moo Mo
Mp+1 Mp Ml

Using this and similar arguments, we have
Mp _ Mp Mp+1 Mp+q71 < %% qul _ %

Mpiq Mp 1 Mo Mpyq = My My M, Mq’

from which (2.3) follows. Inequalities (2.4) and (2.5) follow by repeated
applications of (M.2). O

Let (Mp) and (Np) be sequences of positive numbers which satisfy
(M.1). Following Komatsu [82], Definition 3.1, p. 52, we write

M, C N,
if there exist constants L > 0 and B > 0, independent of p, such that
M, < BLPN,, p € Np. (2.6)
Following [82], Definition 3.9, p. 53, we write
M, < N, (2.7)

if for each L > 0 there is a constant B > 0, independent of p, such that
(2.6) holds.

Komatsu has proved in [82], p. 74, that p! < M), for every sequence (M)
satisfying (M.1) and (M.3’). This and Stirling’s formula imply p? < M,
(with the convention 0° = 1 and the assumption My = 1), as noticed by
Pilipovié¢ in [113], p. 209. Moreover, I'(s + p) < M, s > 0, by Lemma 4.1
in [82], p. 56, and analysis as in [82], p. 74. We summarize these facts in
the following lemma.

Lemma 2.1.2. Let the sequence (M) satisfy conditions (M.1) and (M.3').
We have p! < M,, p? < M, and T'(s+p) <M, fors>D0.

For a sequence (M) the associated functions M and M* of Komatsu,
are defined by

M(p) := sulg log, (p? Mo/M,), 0<p<oo; (2.8)
pelNo

M*(p) := su§ log, (p"p!Mo/My), 0<p< oo, (2.9)
pelNo

where log, p := max (logp,0). Some properties of the associated function
M are collected in the following lemma.
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Lemma 2.1.3. If the sequence (M)) satisfies (M.1), then

k k
1 j=1

Jj=
for arbitrary k € N. If the sequence (M,) satisfies (M.1) and (M.2), then
2M(p) < M(Hp) +log, (AMy),  p>0, (2.11)

where A and H are the constants in (M.2); if L > 1, then there is a constant
K > 0 such that

M(Lp) < (3/2LM(p)+ K, p>0; (2.12)

if L > 1, then there is a constant B > 0 and a constant Er, > 0 depending
on L such that

LM (p) < M(B*"'p) + Ep, p > 0. (2.13)

Proof. Inequality (2.10) for k¥ = 2 was proved by Petzsche in [111],
p. 142 (Lemma 1.10), under the assumption that (M,) satisfies (M.1).
However, we will need inequality (2.10) in the general form for arbitrary
k € N (see (5.89) in the proof of Lemma 5.2.9). Therefore we give here the
proof of the general case. Since log, is a nondecreasing function on (0, c0),
we have

()1 )" Mo (kmasi < t))"Mo _ N~ (kty)" Mo
log, === < log N, S s
+ M, + M, ; TM,
k (kt;)) 1My &
< Z sup log JT < ZM(ktj)
J=1 q€Np q j=1

for arbitrary ¢i,...,t; € (0,00) and p € N. Hence

k k k

P

M(th) = sup log M < ZM(ktj).
j=1 p&lo M, j=1

Inequality (2.11) is shown by Komatsu in [82], p. 51 (Proposition 3.6)
and by Petzsche in [111], p. 138 (Lemma 1.4), under conditions (M.1) and
(M.2) on the sequence (Mp).

Inequalities (2.12) and (2.13) are proved in [111], Lemma 1.7, p. 140.
(]
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2.2 Ultradifferential operators

We denote by R the family of all sequences (r,) of positive numbers which
increase (not necessarily strictly) to infinity. This set is partially ordered
and directed by the relation (r,) < (sp), which means that there exists po
such that r, < s, for every p > po.

An operator of the form P(D) = ZaeNg caD®, cq € C, is called an
ultradifferential operator of class (M,) (respectively, of class {M,,}) if there
are constants A > 0, h > 0 (respectively, for every h > 0 there is an A > 0)
such that

h
lea] < T a € N. (2.14)

Special classes of entire functions will be needed. We recall some facts
from [82], [86].

Let r > 0 and m,, := M,/M,_; for p € N and let n’ be a fixed integer
greater than n/2. Put

P(C):=(14+C+...+)" 72"> ; ¢eCn™, (2.15)

~ .
I
—

where ¢ = ((1,...,(,) and n’ is a fixed integer greater than n/2. If con-
ditions (M.1), (M.2) and (M.3) hold, then P.(D) is an ultradifferential
operator of class (M,,); it maps D((Mp),R™) (cf. the next paragraph) into
itself and

FIP(D)¢l(§) = Pr(§)@(§),  £eR™, (2.16)
for ¢ € D((M,),R™). Put, for a given (rp),

( +C1 '+<n H<1+7mg—’_>a Ce(cn

T3
(2.17)
If conditions (M.1), (M.2) and (M.3) are satisfied, the function P, )
is of class {M,}. For elements of D({M,},R") and the ultradifferential
operator P, (D) equation (2.16) holds as well.
For a given sequence (M) and (r,) € R we consider the corresponding
sequence (Np), defined by

e
3
il
<
—
Iy
N
i

Ny =M, [[r;, peN

If the associated function corresponding to the sequence (Mp), given by
(2.8), is denoted by M, then the associated function corresponding to the
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sequence (N,) defined above is denoted by N and, according to the defini-
tion in (2.8), is given by the formula

N(p) = sup{log, (p"No/Np): p € No},  p>0.

If an element of R is denoted by (7)), the corresponding associated function
is denoted by N. It follows from the definition that for every (r,) € R and
constants C > 0 and ¢ > 0 there are (7)) € R, and pg > 0 such that

CN(cp) < N(p),  p> po. (2.18)

Assume the conditions (M.1), (M.2) and (M.3) are satisfied. From [82],
Proposition 4.5 and p. 91, it follows that there exist constants D > 0 and
¢ > 0 such that

Dexp[=N(clé])] < [1/Pq,) () <exp[-N(§)],  £eR".  (2.19)
Using the Cauchy formula

Tp) 27T’L F1 <1 51 k1+1 (Cn - gn)knJrl ’
for k € N§j and { € R", where I'; := {Cj. |¢; — &| = d} with d > 0 for
j=1,...,n, we see that there exists a C' > 0 such that
10"(1/ P,y ()] < Ckld " exp [-N(€)/C], € €R™ (2:20)

The two-dimensional version of Lemma 3.4 from [86] will be needed.

Lemma 2.2.1. Let a, 4 > 0 for p,q € No.
(1) There ezists a constant h > 0 such that

a
sup {255 pg € No} < o0 (2.21)
if and only if
a
sup{Rpg : p, g €Ng} < 0 (2.22)
rP~a

for arbitrary sequences (r;), (s;) in R, where
P q
Ro=8 =1, Rp:=][r Sq=]][si» paeN (2.23)

(i) There exist sequences (r;),(s;) € R such that

sup{RpSqapq: p,q € N} < o0, (2.24)
where Ry, and Sy are given by (2.23), if and only if
sup {h** % a, ,: p,q € No} < 0 (2.25)

for every h > 0.
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Proof. One has only to prove the if parts.
(i) Assume that (2.22) holds for arbitrary (r;), (s;) € R, but (2.21) does
not hold for any h > 0, i.e. there exists a sequence (pg,qx) in N3 such that

DPk41 + Qk+1 > Pk + Gk, hmrtag Sk (k € Np).

According as the sequences (pg), (gx) are bounded or not, the following
cases may appear:

(a) there is a jo € Ny and a subsequence (G ), Gm := ¢k, , of (qx) such
that (pj,,dm) is a subsequence of (pg, qx) and (g,) is strictly increasing;

(b) the symmetric case to the previous one;

(c) there are subsequences (Pm,), Dm = Pk,,, and (Gm),Gm = qk,,, of
(pr) and (gx) such that (Pm,Gm) is a subsequence of the sequence (pg, i)
and both (p,,) and (g.,) are strictly increasing sequences.

Assume (c) and let (hg) be a sequence strictly increasing to co. Define

rji=h1,1<j<p1,r= (hﬁmh_pm_l)l/@m_ﬁm_l),ﬁm—l <J < Pm;

m 'Ym—1

sj:=h1,1 <j<q,s;:= (hdmh, )V @n=tm-t) g < <G,

where m = 2,3,.... The constructed sequences (r;) and (s;) increase to
oo, i.e. are elements of R, but they do not satisfy (2.22), since if we put
i:= Pk, J := qj for arbitrary k € N, we have

k
_ P _ pb1 Dj3—Dj—1 _ 1Pk, L Q. _ 1k
Ri =Ry, = h th hiZi =M S5 =Sg = hy',
Jj=2
ie.
Aij Qpy,qp

RiSj - h£k+¢7k

>k,
which contradicts the assumption in case (¢). The proof in cases (a) and
(b) is similar.

(74) Let us assume now that condition (2.25) is satisfied for every h > 0.
Denote Ny :={(p,q): p,q € Ng, p+ ¢ =k} and

b :=sup{apq: (p,q) € Ni}; Chi ::sup{hkap,q: (p,q) € Ni}; (2.26)
Ch, :=sup {h*by: k € No}; Cp:=sup {h**%a, ,: p,q € No} (2.27)
for k € Ny and h > 0. Obviously, C ; = b, and Cj ;, = h¥by,. Moreover let
Hy :=sup{h*C;*: h>1}, keN. (2.28)
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By assumption, Cj, < oo for every h > 0. According to (2.26) and
(2.27),

Oh,k < Ch, h >0, keNy, (2.29)
which implies that b, = C, < oo for k € Ny. Since
thrqap,q <Chr= hkbk < éh (2.30)

for any fixed p,q € Ny with k := p 4 ¢, we see that C}, < Ch, by definition
of O} in (2.27). As a matter of fact, we have C}y, = C}, because

éh ZSup{Ch,k: kENo} SC}L,
by definition of Cy, in (2.27), equality in (2.30) and inequality (2.29). Hence
h* C
Hpiqapq < sup N g : h>15 <sup Zhk >1,<1 (2.31)
’ Ch Ch

for arbitrary p, ¢ € Ng, where k := p + ¢, due to (2.28), (2.26) and (2.29).
Put Ty =85 = Hj/Hj—l fOI'j € N. Since
W\
<C_h) <H; 1H;1

for every h > 1, we get H;/H;_1 < H;y1/H; for j € N, i.e. the sequences
(rj) and (s;) are increasing. Moreover, for every h > 0, we have

Hy _ 1 (ho’ .

WZC}LO <7 — 00 as j — 0o,
where hy is fixed so that hg > max(h, 1). Hence it follows that the sequences

(rj) and (s;) are unbounded and so increase to infinity, i.e. (r;), (s;) € R.
Since the sequence (s;) is increasing, we have

P q p+q
RpSqap,q = H Tj H 55 Qp,q < H Tjapq = Hpiqapq <1,
Jj=1 j=1 Jj=1

in view of (2.31), i.e. condition (2.25) holds for the sequences (r;), (s;),
constructed above, so the assertion is proved. [J

2.3 Functions and ultradistributions of
Beurling and Roumieu type

In this section, we introduce ultradifferentiable functions and various types
of spaces of test functions and ultradistributions meant as elements of the
respective dual spaces.
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Let (Mp), p € Ny, be a sequence of positive numbers. We define
D((M,), ) (respectively, D({M,},Q)), where Q is an open set in R”,
to be the set of all complex valued infinitely differentiable functions ¢ with
compact support in € such that there exists an N > 0 for which

sup [0%p(t)] < Nh*M,, a € Ny, (2.32)
teRn

for all h > 0 (respectively, for some h > 0). Here the positive constants
N and h depend only on ¢; they do not depend on «. The topologies of
D((M,),2) and D({M,},Q) are given in Komatsu [82], p. 44, which is a
good source of information concerning these spaces. Let D(h, K) denote the
space of smooth functions supported by a compact set K for which (2.32)
holds and D((M,), K) and D({M,}, K) denote subspaces of D((M,),)
and D({M,}, Q) consisting of elements supported by K, respectively. Recall
that

DM (Q) = D((M,),Q) := ind lim proj lim D(h, K)
KccQ h>5o0

= ind lim D((M,), K);
KccQ

DM (Q)=D({M,},Q) := ind lim ind lim D(h, K)
K CcCcQ h—0

= ind lim D({M,}, K).
KccQ
The notation DY := D((M,), K) and DM} .= D({M,}, K) is also used.
The strong duals of the above spaces, denoted by D'(M»)(Q) = D'((M,), Q)
and DMe}(Q) = D'({M,},Q) are called the spaces of Beurling and
Roumieu ultradistributions, respectively.

In case Q = R", we shall use simpler symbols D(M») D'M) and DM}
DM} instead of DM2)(R™) = D((M,),R"), D'M)(R") = D' ((M,,), R™)
and DIM}(R™) = D{M,},R"), D'MI(Rr) = D/({M,},R"), respec-
tively.

The spaces of test functions and ultradistributions which correspond to
the spaces Dps = Drs((R™) and D'rs = D's((R™) of L. Schwartz (see
[131], pp. 199-205) will be basic for our work. The space D((M)), L*)
(respectively, D({M,},L®)), 1 < s < oo, is defined to be the set of all
complex valued infinitely differentiable functions ¢ such that there is a
constant N > 0 for which

[0%pllLs < Nh*M,,  a€Ng (2.33)
for all h > 0 (respectively, for some h > 0). We have
D((M,),L°) C D({M,},L?), 1<s<o0.
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Further,

DWMe) « D((M,), L*), 1<s< oo,
and

DL c D({M,},L°), 1<s<oo.

A natural topology is defined on D((M,), L?), 1< s < oo, as follows.
First put

9%l| e
lollon = sup %, h >0, (2.34)
and
D((M,),h, L) :={p € C®: |@|lon <0},  h>0. (2.35)

Now, since D((Mp), h1,L*) C D((Mp), he, L®), whenever 0 < hq < ha, we
may equip the set D((M,,), L®) with the projective limit topology by putting

D((Mp), L?) :== proj lim D((Mp), h, L?). (2.36)
h —0
A net (py) of elements of D((M,),L*) converges to ¢ € D((Mp),L*) as

A — oo in this topology, and we write @) — ¢ in D((M)), L®) as A — oo,
if

Jim [[0%(ox = @)l =0, a €N, (2.37)
and, in addition, there is a constant N > 0, independent of )\, such that
10%(ox — @)||lLs < Nh™M,, a € Ny, (2.38)

for all h > 0.

In D({Mp},L?), 1 < s < oo, we define the inductive limit topology in
the following way:

D({M,},L°) = i}rlld lim D((Mp),h,L*),

where the spaces D((Mp), h, L®) are defined in (2.35) with the topology
given by the family of norms defined in (2.34). In this topology a net (¢x)
of elements of D({M,}, L®) converges to ¢ € D({M,}, L*) as A\ — oo, and
we write oy — ¢ in D({M,}, L) as A — oo, if (2.37) holds and, in addition,
there are constants N > 0 and h > 0, independent of A and «, such that
(2.38) holds.

Throughout we assume that the sequence (M) will satisfy at least con-
ditions (M.1) and (M.3’) so that D((M,),L*) and D({M,}, L®) contain
sufficiently many functions (see Komatsu [82], p. 26).
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Note that the spaces D((M,), L®) defined above in (2.36) and the spaces
D}Y?’(R"), defined by Pilipovié in [112], §3, coincide for 1 < s < o0;
it is easy to verify that the norms in (2.34) are equivalent to the norms
vs.h () in the sense of [112], §3. Various important properties of the spaces
D((M,), L*) are proved in [112], §3; among them the fact that DM») is
dense in D((M,), L), whenever 1 < s < co. An additional function space
is B(*,R”), corresponding to the Schwartz space B. The space B(*,R")
is defined to be the completion of D(x,R™) in D(x, L>=). We denote by
D'((M,),L?) and D'({M,}, L*) the spaces of continuous linear forms on
D((M,), L*) and D({M,}, L®), respectively. Following several authors, we
call D'((Mp),L*?) (respectively, D'({Mp}, L*)) the space of ultradistribu-
tions of class (M)) or of Beurling type (respectively, of class {M,} or of
Roumieu type). Following Komatsu (see [82], pp. 47 and 61), we use the
notation D(x, L*) and D’(*, L*), where x is the common notation for the
symbols (M,,) and {M,}

We now present characterization results for D’(x, L*). We prove the
result for D'({M,}, L*) here. The proof for D’((M,), L®) is similar and can
be found in Pilipovié [112] (Theorem 5).

Theorem 2.3.1. Let 1 < s < 0o. Let {ga}aeNg be a sequence of functions
in L", 1/r+1/s =1, such that for all k >0

1
lgallLr = O(kO‘Ma) as |a] — oo. (2.39)
Then
V=> 0%a (2.40)
aeNy

is an element of D'({Mp},L*). Conversely, if V. € D'({Mp},L*), then
V' has the form (2.40) where {go}aeny is a sequence of functions in L"
satisfying (2.39) for all k > 0.

Proof. Let ¢ € D({Mp},L*) and let V be given by (2.40) with {g.}
satisfying (2.39).
First we shall show that the series

> [oaored (2.41)
a€NG pn

converges absolutely and (V, ¢) is a well defined complex number. Indeed,
by the definition of D({M,}, L*), there exist constants N > 0 and H > 0
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such that

> | [aattome@dt| < 3 lgalerloell

aeNYy Rn aeNYy
< Y NH"Mal|gallzr- (2.42)
aeNYy
By (2.39), there exist a > 0 and ay € Njj such that
lgallr < a/(k*Ma),  a & Ao,
for all k > 0, where Ag := {8 e Ny: < ap}.
Choosing k := 2H we have
S HOM,llgall <a 3 (1/2) < o0, (2.43)
aZAg ag Ao
which proves that the series on the right of (2.42) converges and the series
in (2.41) converges absolutely.
Let (¢;) be a sequence in D({M,,}, L*) such that p; — 0in D({M,}, L®)
as j — oo. We have
Vo)l < ) llgallerl0%ellze. (2.44)
aeNy
From the convergence in D({M,}, L") it follows that there exist N > 0 and
H > 0, which are independent of a and j, such that
||aag0j||Ls < NHaMa, o€ Ng

This together with (2.43) and (2.39) shows that the series on the right
of (2.44) converges uniformly in j. This in turn yields [(V,¢;)| — 0 as
j — oo, since ¢; — 0 in D({Mp},L®) as j — oo. This proves that V is
continuous on D({M,}, L*). The linearity of V on D({M,}, L*) is obvious.
Consequently, V € D'({M,}, L®).

We now prove the converse. In the Roumieu case we put F := L°® and
consider the space E(L®, {Mp}) of Roumieu (see [127], p. 43). Put

S({Mp}, L?) == {{(-1)0%p}taen,~: ¢ € D({Mp}, L*)},
where 1 < s < oo. From the defining properties of D({M,,}, L*) we conclude
O({M,}, L) C BE(L*,{M}), 1<s< o0,

and the topology of the subspace ®({M,}, L*) is induced by the topology
of E(L*,{M,}). Let V € D'({M,},L?). We define now an element V; €
@' ({M,}, L?), corresponding to V', by

V1, {(=1)%0%}aen,m) == (Vip), ¢ € DMy}, LP). (2.45)
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By the Hahn - Banach theorem there is an element Vo € E'(L®,{M,})
such that Vi = V2 on ®({M,},L?). Thus, by the characterization of
E'(L*,{M,}) given in Roumieu (see [127], Proposition 3, p. 45), we can
find a sequence {ga}aeNg such that g, € L" with 1/r4+1/s =1 for a € N}
and (2.39) holds for all k£ > 0 such that

(Vi A(=1)"0%0}aeren) = D (gas (—1)*0%¢) (2.46)
aeNy

for ¢ € D({M,}, L*). Notice that (2.45) and (2.46) yield (2.40). The proof
is thus complete. [

As previously noted, a similar characterization result is true for
D'((M,), L?) and we now present it. The proof is similar to that of Theorem
2.3.1 and can be found in Pilipovié [112] (Theorem 5).

Theorem 2.3.2. Let 1 < s < 0o. Let {ga}tacn,» be a sequence of functions
in L™ with 1/r 4+ 1/s = 1 such that, for some k > 0,

1
lgallLr = O(kO‘Ma) as |a] — oc. (2.47)
Then
V=Y 0"a (2.48)
aeNy

is an element of D' ((M,), L®). Conversely, if V € D'((Mp), L*?), then' V has
the form (2.48), where {ga tacn, S a sequence of functions in L™ satisfying
(2.47) for some k > 0.

Condition (2.47) on the sequence {g,} is equivalent to
sup(k”Ma||gall L) < o0 (2.49)

for some k > 0. The derivatives in (2.40) and (2.48) are to be taken in the
usual ultradistribution sense.

Notice that D'((M,), L*) and D' ({M,}, L?) are not distribution spaces
in the sense of Schwartz but are ultradistribution spaces in the sense of
Komatsu and Roumieu. These spaces are generalizations of the Schwartz
spaces D'rs. Theorems 2.3.1 and 2.3.2 show the difference between dis-
tributions in D’ s which are finite sums of distributional derivatives of L"
functions and ultradistributions in D’(*, L*) which are infinite sums of ul-
tradistribution derivatives of L functions satisfying conditions (2.39) or
(2.47), respectively.
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2.4 Fourier transform on D(*, L®) and D’(*, L*®)

We now consider the Fourier transform acting on D(x, L*) and study the
resulting spaces. Using this analysis we are able to define an inverse Fourier
transform on the dual spaces of these Fourier transform spaces which will
map the dual spaces to D’'(x,L®). We use these results in some of our
ultradistributional boundary value analysis presented later.

Consider the spaces D(x,L"), 1 < r < 2, where * is either (M) or
{M,}. Put

FD(x, L") :={¢: ¢ €D(x,L")}, 1<r<2,

where ¢ = F[p] denotes the Fourier transform of the function ¢ defined by
formula (1.7). We have

FD(x, L") C L*, 1/r+1/s=1,
and the Fourier transform is a one-to-one mapping of D(x, L") onto
FD(x,L"). To determine a topology on FD(x, L") let ¢ € D(x,L") and
recall from the Fourier transform theory that
FDYp] =a2“p € L*
with 1/r +1/s =1 for every n-tuple « of nonnegative integers.

For an arbitrary ¢ € D((M,), L") (respectively, ¢ € D({Mp},L")) and
v =¢ e FD((M,),L"), (vespectively, v = @ € D({Mp},L")), we have

oup e = ow Il <omp 208 <o 250)
for all (respectively, for some) h > 0, in view of the Parseval inequality and
(2.16).

On the space FD((M,), L") (respectively, on the space FD({M,},L"))

define the family {7} },~0 of norms as follows:

7h(¢) = sup % (2.51)
for all ¢ € FD((M,), L") (respectively, for all » € FD({M,},L")). We en-
dow the space FD((M,), L") (respectively, the space FD({M,},L")) with
the projective (respectively, inductive) limit topology with respect to this
family of norms.

A net (¢) of functions in FD((Mp),L") (respectively, in
FD({Mp,},L")) converges to zero as A — oo in this topology in
FD((M,), L") (respectively, in FD({M,},L")) if

lim ||z%Ya|Ls =0
A—00



Ultradifferentiable Functions and Ultradistributions 27

for all n-tuples a of nonnegative integers and for every h > 0 there is a
constant N > 0 which is independent of « and A (respectively, there are
constants N > 0 and h > 0 which are independent of o and \) such that
[EONITR
T
for all h > 0 (respectively, for the given i > 0).
Using this meaning of convergence, we have the following lemma.

Lemma 2.4.1. The Fourier transform is an isomorphism from
D(x, L") onto FD(x,L") for 1 <r < 2.

Proof. We have previously noted that the Fourier transform is a one-
to-one mapping of D(x, L") onto FD(x, L"), 1 <r < 2. Now let (py) be a
net in D(*, L") which converges to zero in D(x, L") as A — oo. Since

FID*] =a"¢ € L',
with 1/r +1/s = 1, for every ¢ € D(x,L") and o € N, we conclude
from the Parseval inequality, (2.50), and the definition of convergence in
D(x, L"), given in Section 2.3, that 1) = ¢ converges to zero in FD(*, L")
as A — oo. Consequently, the Fourier transform is a continuous mapping
from D(x, L") to FD(*,L"). The proof of Lemma 2.4.1 is complete. [J

Let F'D(x, L") for 1 < r < 2 denote the space of all continuous linear
forms on FD(x, L"). We now define the inverse Fourier transform F~! on
the space F'D(x, L") in case 1 <r < 2.

For V € F'D(x, L"), we define F~'[V] =: V by the Parseval formula:

<~7:71[V]7 @) =(V,p) = (V,$), v €D(x, L"), (2.52)
where ¢ = F [¢] denotes the Fourier transform of ¢ defined by formula
(1.7) and @(z) := ¢(—x) for 2 € R” according to the notation introduced
in (1.5). If we denote v := F~1[V] and ¢ := @, the definition (2.52) of
F~YV] can be written in the form:

<U790> = <Va¢>a QPGID(*vLT)a ¢:¢€fD(*7LT),
For V € F'D(x,L"), we have U = F~1[V] € D'(x,L"), i.e., U is a con-
tinuous linear form on D(x, L"). Linearity is obvious and continuity of U
on D(x, L") follows, because the convergence of a given net () to zero
in D(x, L") implies the convergence of the respective net (1)) to zero in
FD(x,L"), according to the inequality in (2.50). In this way, we have
proved the following assertion:

Lemma 2.4.2. The inverse Fourier transform defined on F'D(x,L") by
formula (2.52) maps F'D(x, L") to D'(x, L") for 1 <r < 2.
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We shall use the construction (2.52) in boundary value results subse-
quently.

2.5 Ultradifferentiable functions of ultrapolynomial growth

We assume that (M.1) and (M.3') hold. The spaces of Gelfand-Shilov
type S whose elements are ultradifferentiable functions of ultrapolynomial
growth are the test spaces for spaces of tempered ultradistributions. These
spaces are studied in [56], [115], [92], [70], [38], [39], and many other papers.
Here we follow the preprint [75].

Definition 2.5.1. Let m > 0 and r € [1,00) be given. Denote by
SMp)m ST(MP)’m (R™) the space of smooth functions ¢ on R™ such that

1/r
Tmr(0) = > / I, M e (@) " da| < oo,
K ,BENy
that is,
r 1/r
moth "
_ 8 ([,
)= | X (Fiapl<e>¢@l) | <o @5
| 0.8eNy
Denote by SAp)m SéoM”)’m(R”) the space of smooth functions ¢ on R”
such that
a+pg
Omool) = sup H <z >% o 1w < 0. (2.54)
a,BeNy M,

The spaces ST(MP)’m and Sf,o Pl are equipped with the topologies induced
by the norms o, , and o, «, respectively.

The spaces SﬁMp)’m are Banach spaces for r € [1,00]. In particular, the
space Sy (Mn)m 45 o Hilbert space with the scalar product defined by

moz—‘rﬁ 2 _
(o) = / )2 () (2)p(@) () da
aﬂzeN(MaMﬁ) (@) (2)90) (z)
) 0 Rn
for ¢, € SéMp)’m.

Now we give the fundamental definition for our considerations of the
spaces SMr) and SMr} and the dual spaces S’ (Mr) and S'{Mr} of tempered

ultradistributions of Beurling and Roumieu type, respectively.
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Definition 2.5.2. Let

SMp) — §(Mp) (R™) = proj lim S{M”™ (R™) (2.55)
and
S} = SIMp}(RM) = ind lim S (R™) (2.56)

The structure of the test spaces is described in the following two theorems.
A simple consequence will be, if (M.2') is satisfied, that SM») and StM»!
are the projective (as m — oo) and the inductive (as m — 0) limits not

My),m but also of the spaces ST(M")’m

only of the spaces of the spaces 82(
respectively, where r € [1, 00].

In the theorem below and further on we shall use a convention, analogous
to that applied for the one-dimensional case in (2.23), which will simplify
the notation of products of subsequent elements of sequences belonging to
the family R described in Section 2.2. Namely for a given sequence (a,) € R
and a = (a1,...,a,) € Ny we define the associated sequence (Aa)aeNg of

products of subsequent elements of (a,) as follows:

a
Ag =1; Ay = H aj, aeNy, a#0, (2.57)
j=1
where @ := a3 + ... + a,. Analogous products of subsequent elements

of sequences (b;), (r;), (s;) etc. in R will be denoted by Ba, Ra, Sa etc.,
respectively, for a given o € Np.

Theorem 2.5.1. Let (M,) satisfy (M.1) and (M.3"). Then

Sy = projlim  SMY)
(GE)L (ll]7j) cr  (a3)(bs)

where Séﬁf;’)(bj) is the space of functions ¢ € C*° such that

L H <z >B SD(O‘)HL2 . n
T(ay),(b;),2(P) = sup{ Mo AMBy a,B e Ny p < oo,

where < x >P means the function given by < x >P= (1 4 |22|)P/? (see

(1.2)).

Proof. From Lemma 2.2.1 it follows that ¢ € C*°(R™) belongs to S{*»}
if and only if o(4,),(5,),2() < oo for arbitrary (a;), (b;) € R.
Every norm (4, (s,),2, Where (a;), (b;) € R, is continuous on the space

S}(LMP), h > 0, and so on the space STMr},
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Since StMr} is reflexive, every continuous seminorm p is bounded by
the seminorm p?, where B is a bounded set in S’ My} , defined by

pP(p) ==sup{| < f.¢ > |: feB}.

We have

pP(p) <sup Y || < x>0 o],
feBaBEN”

By Lemma 2.2.1, it follows that there exist (a;) and (b;) from R such that
for some C' > 0 we have

PP (#) < Coa)), ) ().
The proof of Theorem 2.5.1 is completed. [

Definition 2.5.3. Let (ap), (by) € R and let S
smooth functions ¢ on R™ such that

(a )(b .00 be the space of

2807 0o
U(ap),(bp),oo(SD) = sup M < 00, (2.58)

a,8eNy MaAaMpBg

equipped with the topology induced by the norm o(q4,),t,),00-

In addition, consider in S b )00 Uhe morms oy, r(m>0,7 € [1,00])
defined in (2.53) and (2.54) as well as the following ones:

/ m s
T () = > ML, "' || w5 (2.59)
a,B€Ny
meth o
Tpoo () 1= P 280 oo, ; (2.60)
[o'N 0 [e3%
._ M @) exp (M : 2
T, (@) = sup 0 ' exp [M (m] - )]l ; (2.61)
a€Ng «
._ m* () .
Tim,oo() 3= sup = [l exp [M(m] - )] ; (2.62)
a€Ng @
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for arbitrary m > 0 and r € [1,00) and

Z | <a>Ff SD(Q)HLT .

= 2.
T(ap).(by)r () VoA By (2.63)
a,3€Ny
8 (@)
! o [ R
Tl (@) = D Frosp (2.64)
a,B€Ny
a1
U/a 00 = sup Hx(’oiL; 2.65
(ap)(bp),00 (P) S AL, B, (2.65)
1t exp [Ny, (|- D]l e
= s ; 2.66
T(ap).(bp).r () s VA , (2.66)
||90(a) exp [V, by (- Dl zee
Tlap),(bp),00 () 7= sUD &) L (267)

«a,B€Ny MaAa 7
for arbitrary (ap), (bp) € R and r € [1, 00).

Definition 2.5.4. It will be convenient to denote various families of norms
in the following way:

S, = {Um,r m > 0}7 ST = {U(ap),(bp),r : (ap)a (bp) € R}7

.= Gyt m>0h 8= (ol s (ap) () € R,

Tr = {Tm,r T m > 0}7 TT = {T(ap)7(bp)xr : (Clp), (bp) € R}
for r € [1, o0].

From the theorem below it follows that the space S((i\f’)’)(bp) « endowed with
the topology of any of the above families of norms coincides with the space
S{Mp} In Section 7.2 we will consider additional families of norms in this
space.

Theorem 2.5.2. The above defined families of norms have the following
properties:

(1) The families Soo and S, (respectively, Soo and S..) of norms in the
space SMr) (respectively, SIMr}) are equivalent;

(2) If condition (M.2") holds, then for every r € [1,00] the families S,,
S! and S (respectively, S, é’r and §) of norms in the space S(Me)
(respectively, STMr}) are equivalent.

Proof. For the sake of simplicity we will prove the assertions in the case
n = 1. Parts of respective assertions given in parentheses can be proved in
a similar way.
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Proof of Part (1). Obviously, oy, (#) < 0m.co(p) for every smooth
function ¢ and m > 0. Condition (M.3") implies that, for every m > 0,
mFE!
My,
(see [82], (4.8)), so there is a constant C,,, > 1 such that m* /M, < C,, for
all k € Ny. Since

(z)? < 2°/2 max (1, |z|7) < 2° max (1, lz|7) x €R, B €Ny,

—0 as k — oo (2.68)

for every m > 0 there exists a C},, > 0 such that, for every smooth function
¢ and a, 8 € Ny, we have
ma+s

M, Mg

(e m +B [e3% (e
)%l < 2" max (el 0% 1)

(2m) () (2m) B ()
< - 7 oo r~ [,

29m)x+8
< Cyp sup (2m)

2 2P e = O o .
BeNo MaMﬁ ||£C ¥ ||L mGQm,oo((p)

Therefore, for every m > 0 there exists a Cp, > 0 such that oy c0(¢) <
Cin0y, 00 () for every smooth function ¢. Thus the families So and S,
of norms are equivalent. The equivalence of the families ém and égo of
norms follows, by Lemma 2.2.1.

Proof of Part (2). We start by introducing additional notation for arbi-
trary ¢t € [1,00]. For a given function ¢ denote by |[1/||%¢, ||¢[|7. and [|9)| ¢
its L' norms on the sets [—1,1], R\ [-1,1] and R, respectively.

Let o, 8,7 € Ng and ¢ € [1,00). For a given smooth function ¢ denote

ta,5(9) = |22 || Lo b, s () = (|27 0]}
Ca,p(p) = |27 ®]| oo
AL () = |22 || s B s(9) = |20 @)

Ca () = ll2P @ e
Moreover, denote by I,; the L' norm of the function 7(z) = 277 on R\
[-1,1] and R.
Due to (M.2), for every m > 0 there exists a constant D > 0 such that
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, a+0
TP S D 2 [00,0(0) + baia ()
a,feN, aB
motB metB B
— Z MaM Ca,ﬁ(go) + D Z MaMﬁ+ Ca,ﬁ‘*"}’(gp)
«,3€Ny a,BeN
< DU:n(l—&—HW),oo(sD) (2.69)

for every smooth function .
Clearly,

270 (2)] < BCa,p,1(¢) + Cat1,8,1(¢)

for o, 8 € Ny and « € R. Hence, by condition (M.2'), for every m > 0
there exists a D > 0 such that

a,,a+0

H%m
Thool@) <D sup —————(2°Cu 51 (0) + Hm* ?Coy1,51(9))
a,8eNg Mat1Mp

< Doy 1411y,1(P) (2.70)

for every smooth function .

Now let t € (1,00), q := t/(t — 1) and v := [1/q] + 1. The Holder
inequality, (2.68) and (M.2') imply that for every m > 0 there exists a
D > 0 such that, for every smooth function ¢,

mots

Pt (@)= 3 A (Aa01(9) + Bapa(9))
a,B€Ny ol
mots
< Z DAa,Oﬂf((P) + Ba76+%t(90)1—%q]
ﬁeNo
mets
=D Z M, Mg (||‘P(a)||Lt+||335+7%0(°‘)||Lt)
«,3€Ny
<D[Y —||<P @)L + Z ||$B+”<P(Q)I|Lt]
a€ENg a,B€Ny
= Co—m(lJrH“f),t((P)‘ (2.71)

The equivalence of the families {7}, ,.: m > 0} and {0}, ,: m > 0} for
r,p € [1,00] follows from (2.69), (2.70) and (2.71).

The proof of the equivalence of {0y, ,: m > 0} and {os,,: m > 0},
where 7, p € [1, 00], is analogous.



34 Boundary Values and Convolution in Ultradistribution Spaces

Condition (M.2') implies that for every ¢ € SM») and every m > 0
there exists D > 0 such that for every «, 3 € Ny and |z| > k > 1, we have

mots me(mH )P+

L PC IR €9) <D B (@)
x x x x
T 1P @) < D T — 0 )
D m®(mH)"* 2P+ 1p@ ()] < =

— k  MyMgi ~ k
Therefore, for every m > 0 and ¢ € S(M») |

mots

|28 () (z)| — 0 (2.72)
Mo Mg

as || — oo uniformly in a, 8 € Ny. From the definition of the space S(M»)
it follows that, for every m > 0, the convergence to zero in (2.72) is uniform
inzeRasa+ [ — oo.

Hence, for a given element ¢ of SM») and every m > 0 there are
g, Bo € Ng and x¢ € R such that

a+3 m&o=+05o

sup 5 () (o)

a,B€Ny MOtMﬁ MBOMOZO

+5
= H sup [ sup m*
BeNy " aeN, MaMpg

I

+6
I sup [ sup =z ]|,

aeNy BeNo MaMpg

mots
o?]eJlgo [H 55}:'1150 M, B

|x6@(a)| ||L°°]

_ m®
= sup (—||¢*" exp | M (m] ).

The proof of Theorem 2.5.2 is completed. [

Remark 2.5.1. It is easy to verify that the proofs of the theorems of this
section hold in the n-dimensional case. In particular, if (M.2) holds, they
can be presented in the same way.

Corollary 2.5.1. S{M»} = proj lim S((éwz;)(b ),00°
(ap), (bp) € R PTED
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Using an analogous idea as in the proof of Theorem 1 in [50] (p. 29,
Satz 1), one can prove the following assertion:

Theorem 2.5.3. A set B is relatively compact in SQ(M”)’m if and only if
(i) the set By = {(x)Pp(®) . € B} is a relatively compact subset
of L? for each o, 3 € Ng and

2
(m}ﬂtp(o‘)(a}) dx converges uniformly

(i) the series ‘
aﬁENoR M MB

for ¢ € B.

Proof. We give the proof in the case n = 1.

We are going to prove that B fulfills (i) by checking that the set Bf :
a, € Ny, fulfills the assumptions of Kolmogorov’s theorem (see [50]). It
is obvious that for each «,3 € No the set B = {(z)Pp(® » € B} is
bounded in the space L?. Applying the Cauchy-Schwarz inequality and the
Fubini-Tonelli theorem we see that, for arbitrary ¢ € B and «, 8 € Ny,

/ [+ )70 (@ + 1) — (2)°6) )| da

[

IN

2
(2 + th)P ol (z + th))‘ dt) dx

&|Q‘

[z + th)P (@ (2 + th)] ‘2 dt) da

B

(/]

<52h2/1(/‘<x+th>ﬁgp(o‘)(x+th)‘2dx) dt

1

+h2/ /‘ z + th) go(aﬂ)(x—i-th)’ dx) dt
0

— 3212 /’ VB (¢ df +h2 /’ YBplath) (E)‘zdi)

IN
B
o—__ O\H

M M M, 1M,
2( g2 MotV a+1Vp
<h (ﬁ ma+B + matB+1 )

Hence, the integral

/ (& + B @ (& + ) — ()P0 (2) 2 du
R
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converges to zero as h — 0 uniformly for ¢ € B.
For each ¢y € Band k >0

(k)2 / 1()%6@ (@) die < / ()1 ()] de

R\[—k,k] R\[—k,k]
Mo Mgy
- potB+l
Therefore
a — MaM 1
(@)@ @) de < (B2 e B,
R\[—k,k]

According to the theorem of Kolmogorov, it follows that the set
B?. «a,f3 € Ny, is relatively compact in L2,

Let us prove that B fulfills condition (i¢). For each € > 0 there exists
1 € Ng such that m® <em® for all « > p. Hence

ma+5 2 m0t+5 2
T @@ e < Y [ | EE @) de
; ]R/ M, Mg ; J M, Mg

BENg

BENg

<ée?

for each ¢ € B and the proof of assertion (ii) and the whole theorem is
completed. [J

Now we are in a position to prove the following theorem:

Theorem 2.5.4.
1. The spaces SMv) and StMr} are (FS) and (LS) spaces, respectively.
2. If (M.2") is satisfied, then

DF s S§F s EF ST S
&St D", 8§87

Proof. Again, we give the proof for the case n = 1. Recall that a locally
convex topological vector space is a (F'S) space (respectively, a (LS) space)
if it is a projective limit (respectively, an inductive limit) of a countable,
compact specter of spaces. If the mentioned specter is also nuclear, the
space is called a (FN) space (respectively, a (LN) space); for more details
see [50].
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1. In order to prove the first part of the assertion it is enough to show
that the inclusion mapping

i SQ(M”)’m — SQ(M”)’m, m < m,
is compact. Since SéMp)’m and SéMp)’m are Banach spaces, it suffices to
prove that the unit ball B := {¢: o5 .2(p) < 1} of the space 82(M”)7m is a
relatively compact set in Sg(Mp)’m, where 05, 2(¢) is defined in (2.53). But
this follows from Theorem 2.5.3 and the proof of assertion 1 is completed.
2. Since the proofs of the second assertion in the Beurling case x =
(M,) and the Roumieu case * = {M,} are analogous, we will prove the
assertion only in the first case. Let ¢ € D(») and supp ¢ C [k, k], k> 1.
Condition (M.3") implies that for each m > 0 there exists C' > 0 such that
meth (mk)Pm

sup ()P || = sup

VM Y ||90(Q)Hoo
a,B€Ny aiVlp a,BENg B

m%
< C sup — |||
aEeNp MO&

It follows that the inclusion mapping i : D») — S(Mp) ig continuous.
The sequence (p;) with ¢;(x) := p(x/j)e(x), j € N, where p is a func-
tion of the class D™=) such that p = 1 in a neighborhood of 0, converges

|28 p(*) ()] converges uniformly in

ma
to ¢ in th SMa) g
o ¢ in the space since N,
o, 3 € Ny as |z| tends to infinity for arbitrary fixed ¢ € SM») and m > 0.

It follows that D7) is dense in S™») and the assertion of Theorem 2.5.4
is proved. [

2.6 Tempered ultradistributions

A non-trivial example, in case n = 1, of an element of the space &’* is

(fro) = [ fedz, peS”,
/

where f is a locally integrable function in R of ultrapolynomial growth of
the class *, that is

[f(2)] < P(z), zeR,

where P is an ultrapolynomial of the class . Note that if (M.2') is sat-
isfied, then the function f is of ultrapolynomial growth of the class (M))
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(respectively, {M,}) if and only if there exists an m > 0 and there exists a
C > 0 (respectively, for every m > 0 there exists a C' > 0) such that

[f(z)| < Cexp[M(ml|z])], xR
Let us now give the structure theorems for the space S'*.

Theorem 2.6.1. Assume that condition (M.2') holds, r € (1,00] and f €
(M) (respectively, | € D'{MP}). Then
1. fe S/ M) (respectively, | € S'{M”}) if and only if f is of the form

F=Y" () Fap), (2.73)

a,B€Ny

(M)

S’{MP}), where

in the semse of convergence in S’ (respectively,
(Fap)a,Ben, 15 a sequence of elements of L" such that for some
(respectively, each) m > 0 we have

MM SNV
Z /‘ e Fa )} da:) < o0, (2.74)
o ﬂENoR

in case r € (1,00), and

My Mg
S F, ) < 00, 2.75
S (ma% |Fa,p(z)|) < o0 (2.75)
xER

n case r = 00.
2. Let (M.2) and (M.3) be satisfied. Then f € 8’ if and only if f is of
the form

f=P(D)F, (2.76)

where P is an ultradifferentiable operator of the class * and F is a contin-
uwous function of R of ultrapolynomial growth of the class *.

Proof. First notice that the weak and the strong sequential convergence
are equivalent in S’

1. In the Beurling case * = (Mj), the proof of assertion 1 is quite
analogous to the proof given in [115]. In the Roumieu case x = {M,}, it
follows easily that (2.73) determines an element of S’ M} g prove the
converse we will use the dual Mittag-Leffler lemma (see [82], Lemma 1.4)
similarly as in the proof of [82], Proposition 8.6.

Denote

X = SM™ Y= {(Pas)aspeno: |(@ays)lly,, < 00},
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where ¢ =r/(r — 1) and
|| T sl
9 YTn :: Sup AT AT 9 ‘
Igeslhin = sup T sl

The space Y,, is a reflexive Banach space. According to Alaoglu’s theorem,
a bounded set in Y, is weakly compact in Y,,. Therefore the inclusion
mapping i : Y, — Yy, m’ > m is weakly compact. We will identify X,
with a closed subspace of Y,,, in which X, is mapped by

(@D X 3 ¢ = ()70 D)ap € Y.

Clearly (X,,) and (Y;,) are injective sequences of Banach spaces and if
m' > m, then X, NY,, = X,,. It follows that the quotient space Z,, =
Y/ Xm (with the quotient topology) is also an injective weakly compact
sequence of Banach spaces. It follows from the dual Mittag-Leffler lemma
that

_1)a D (z)B
(0} — (ind lim X, =297 Gndtim )
m — 0 m — 0
is topologically exact (see [82]). The above fact together with the identities:
proj lim X/ = (ind lim X,,)’
m — 0 m — 0
and
proj lim Y, = (ind lim Y,,)’
m — 0 m — 0
imply that the space limind,,,—0X,, has the same strong dual as the closed
subspace lim ind,;, X, of limind,,oY;,. Since Y, is the Banach space
of all = (Fy ), Fap € L", with

MaM T 1/r
( ‘T;Faﬁ(x) dx) < 00, T e (]—7 OO)?
a,BENgR | T
I flly: = o
e} 5 B
S ( oy |Faﬁ(33)|) < 0, R
xE€ER

the assertion is proved. [J

In [75], the spaces §* are characterized in terms of Hermite expansions.
The following theorem is based on these expansions.

Theorem 2.6.2. If condition (M.2) is satisfied, then S(M»), S Mo} e
(FN) spaces and S1Mr}, S'Mp) e (LN) spaces, respectively.
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2.7 Laplace transform

Suppose that conditions (M.1), (M.2) and (M.3') are satisfied.

We will give the definition of the Laplace transform based on (1.7) in
the case n = 1. For n > 1 the definitions can be extended easily.

Denote by &’ i(R) the subspace of S’ consisting of elements supported
by [0,00). Let g € 8",. For fixed y > 0, we define gexp[—27ry-] as an
element of S'* by

(gexp (=2my-), ) := (g, oexp (—27y-)p), ¢ € S*(R),

where p is an element of £*(R) such that, for some ¢ > 0, o(z) = 1 if
z € (—g,00) and o(x) := 0 if z € (—o0,—2¢). It is easy to see that the
definition does not depend on the choice of p.

An example of such a function is ¢ := f x w, where f is a function
such that f(z) := 1 for x > —3¢/2 and f(z) := 0 for x < —3¢/2, and w
is a function in D* such that [w = 1 and suppw C [—&/2,¢/2]; for the
existence of such a function w see [82], Theorem 4.2. Clearly, the function
o so defined belongs to £*.

As in the case of S’ (see e.g. [151]), we define the Laplace transform of
ge S’ by

(£g)(C) = Flgexp (=2my))(x),  (=z+iyeCy.

Clearly, if y > 0 is fixed, £g is an element of S’*.
Let

G(C) = <ga nexp (27”( )>» C =zr+iy € (CJra

where 7 is as chosen above. The function G is analytic on C4, and its
definition does not depend on 7.



Chapter 3

Boundedness

3.1 Boundedness in D’(*, L*®)

Denote by Cy the space of continuous functions f on R™ vanishing at oo,
i.e., such that lim|;|_ f(2) = 0, equipped with the norm || - [| . Its dual
space, the space of measures, is denoted by M?! as in [60]. We denote the
dual norm in M! by ||-|| pq:. Note that, under conditions (M.1) and (M.3'),
the space D* is dense in Cy.

Theorem 3.1.1. If (M,) satisfies conditions (M.1) and (M.3"), then
(i) aset BCD'((Mp),L"), te (1,00, is bounded if and only if every
f € B can be represented in the form

f=> 0%  fa€l', aeN"
a=0

and, moreover, there e;ist d > 0 and C > 0, independent of f € B, such
that

S My ol < C (3.1)
(i) aset B C D’((M:), 0Ll) is bounded if and only if the representation
of f in (i) holds with f, € M' and the condition in (i) holds with the norm
Hfa”A41;
(i4i) an element f of DM} belongs to D'({M,}, L") fort € [1,00] if
and only if f is of the form
f=> 0"fa,

aeNg
where fo, € Lt if t € (1,00] and fo € M ift = 1 for a € N, moreover,
for every d > 0, we have

Z d* M| fallLt < o0 in case t € (1,00];
aeNy

41
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Z d* My || fallrmr < 00 in case t=1.
a€eNy

Proof. Clearly, the conditions given in (i) - (ii7) are sufficient. We will
prove that they are necessary.

(i) Notice that D((M,), L) with s =t/(t—1) € [1,00) is barrelled , the
set B is equicontinuous in D’'((M,), L*) and, for some d > 0 and C' > 0,

|<fﬂ §D>| < CH(,O‘ Ls,d, f € B, pE D((Mp)vLs)'

Hence, by the Hahn-Banach theorem, elements of B can be extended to
constitute an equicontinuous set B; on D(L“fg). Let Y 4 be the space of all

sequences () in L*® such that
lalina=sup { L2zl ey} <o

equipped with this norm. Again by the Hahn-Banach theorem, elements
of B; can be extended to constitute an equicontinuous set Bs on Y; 4. An
equicontinuous set on Y 4 consists of all sequences (f,) from L' for which
(3.1) holds and this implies assertion (7).

(#7) Let X0, be the space of all smooth functions ¢ such that ¢(®) € Cy
and |||l Le,n < oo for every o € N, equipped with the norm || - || o 5. We
have

leallze

BM) — proj lim X p,
h—0
which implies that BMz») is barrelled. Thus, using the same reasoning as
in (¢), the proof of (ii) follows.
(43) Let Y, p, with s € [1,00] and h > 0 be the space of all sequences
(¢a) = (Pa)aeny in L?, for s € [1,00), and in Cp, for s = oo, such that

l[#allLe
s = : S Nn < 5
Ls,h Sup{ hO‘Ma « 0 o0

(o)l

equipped with the above norm.
For a given h > 0, let X, = D((M,), h, L*?), for s € [1,00), and X 5,
be as in the proof of (i7). We identify X j, with the corresponding subspace
of Ys 1, for s € [1,00] and h > 0 via the mapping ¢ — (¢(*)). Notice that

B} = ind lim X .

h — oo

According to this identification, we have

D{M,},L*) C Yy = indlim Y., s¢[l,o00),

h — oo
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and
B} c Y, = indlim Ya .
h — oo
Since the inclusion mappings are continuous, every continuous linear func-
tional on D({M,}, L) or on B} is continuous on this space, equipped
with the induced topology from Y for s € [1,00]. Thus the Hahn-Banach
theorem implies the assertion (7ii), because
(ind lim Y )" = projlim Y[, s € [1,00],
h — oo h — oo
in the set theoretical sense, which completes the proof of the last assertion
of Theorem 3.1.1. [J

Remark 3.1.1. With the notation as in (¢ii) for s € (1, 00), the sequence
(Ys.n)nenn is weakly compact. This implies that the sequences (X5 5)nenn
and (Zs p)nhenn, where Zsp = Y 5/X, n, are weakly compact, as well.
Thus the dual Mittag - Leffler lemma (see [82], Lemma 1.4) implies that
the sequence

{0} — pzoj lim X7, «— projlim Y],

— 00 h — oo
is exact, where
. 7. ! ! . . i
proj lim X, = X, = (ind lim X, 3)
h — oo ’ h — oo
and

proj lim Yy, =Y, = (ind lim Y, )’

h — oo h — oo
in the topological sense. This implies that D({M,}, L®) and X, equipped
with the induced topology from Y;, have the same strong duals (see [82],
Lemma 1.4, (i7i)). We do not know whether the space X with the induced
topology is quasi-barrelled and, consequently, we do not have a characteri-
zation of bounded sets in D'({M,}, L?) for t € (1, 00).

Denote by D({M,}, (ap), L*), with (ap) € R and s € [1, ], the space
of all smooth functions ¢ such that

o ol
b =P T )
« j=

el a € Ny} < oo,

equipped with the above norm, and let

ﬁ({Mp},LS) = proj lim D({Mp}ﬂ (ap)vLS)'
(ap) ER
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For the completion of DIM»} in the space D({M,},L>®) we use
the symbol B{Mr}.  The corresponding dual spaces are denoted by
D'({M,}, L") for t = s/(s — 1) € (1,00] and by D'({M,}, L'), respectively.

Theorem 3.1.2. If (M,) satisfies (M.1) and (M.3'), then
(i) D{M,},L°) = D{Mp},L*) for s € [1,00) in the set theoretical

sense; the same is true for BMo} gnd B " ;

(i) the inclusion mappings iy : D({M,},L*) — D({M,},L*) for s €

) =1
[1,00) and iz: BM»} R are continuous.

Proof. Note that
={Mp} -
B = proj lim Xu (q4,)
(ap) ER
where X (q,) is the space of all smooth functions ¢ such that 0@ € ¢y
for a € Nij and |||/ (4,) < 00, equipped with this norm.

The set theoretical equalities in (¢) follow from Lemma 3.4 in [82]. The
continuity of the inclusion mappings i1 and io in (i7) follows from the in-
equality

||§0||L5,(ap) < C(ap),h||90||L37h7 pe D({MP}7 h, LS)?
where (a,) € R, h > 0 and C(q,),, > 0 is a suitable constant. The proof of
Theorem 3.1.2 is thus completed. O

From here to the end of this section we shall assume that conditions
(M.1), (M.2) and (M.3) are satisfied.

The following assertion of Komatsu will be used. Note that the first
part of this assertion is also proved in [43].

Lemma 3.1.1. (see [84]) Let K be a compact neighborhood of zero, r > 0
and (ap) € R. Then

(i) there are a w € D((My),r/2,K) and ¢ € D((M,), K) such that
P.(D)u =0+, (3.2)
where Py is of the form (2.15).
(1) there are a u € C* and v € D({M,}, K) such that

Play(D)u =6+, suppu C K (3.3)
and
(@)
Egg % — 0, as o — 00, (3.4)

where P, is of the form (2.17).
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Theorem 3.1.3. If A C D', then

(i) A is a bounded subset of D'((My), L") for t € [1,00] if and only if
there are an v > 0 and bounded sets A1 and Ay in Lt such that every f € A
is of the form

f=P.(D)F, + F5, FreA, FeAy

(i1) A is an equicontinuos subset of D'({M,}, L") for t € [1,00] if and
only if there are an (ap) € R and bounded sets A1 and Az in Lt such that
every f € A is of the form

f = P(ap)(D)Fl + F5, F, € Al, F e As. (35)

Proof. Notice that we do not know whether the basic space is quasi-
barrelled and therefore we assume in (i) that A is equicontinuous. We
shall prove only assertion (i), because it is more complicated. Since P,
maps continuously the spaces D({M,},L®), s € [1,00) and BMe} into
themselves, (3.5) implies that A is bounded in D'({M,}, L").

We shall now prove the converse for t = s/(s —1) with s > 1. Fort =1
(i.e. s = 00) the proof is similar. Let Q be a bounded open set in R"
containing zero, K = Q and ¢ € D({M,}, K).

First we show that, for every f € A, the functional T' defined by T'(¢) =
f * ¢ is a continuous linear functional on the space DIMr} endowed with
the topology of L®. Since A is equicontinuous, there are a constant C' > 0
(which does not depend on f € A) and an (a,) € R such that

|<frpv>|=|<figx>]<Cllo*y|
< Ollell a1l < Chlly

for every ¢ € DM} where ¢(—z) = ().
Since DIMr} is dense in L®, it follows that {f * p: f € A} is a set of
(continuous) functions bounded in L*. Moreover, (3.6) implies that

sup{[|f * ¢lle: f € A} < Ollollk (ap)-
Consequently, if B is a bounded set of D({M,}, K) then

LS’(ap)
e (3.6)

sup{||f *¢|Lt: f €A, ¢ € B} <oc.

Next, we show that there is (another) (a,) € R such that {f*6: f € A}
is a bounded set in L* for every 6 € D({M,}, (ap), ). Let By be the unit
ball in L* and B be a bounded subset of D({M,}, K).
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We have
| <fxh,g>|=|<froah>]<|f ol

Lo = [If * @l

<D<

for all f € A, 1 € By N DM} and p € B, where D does not depend on ¢
and f. This implies that the set

{f*d: feA ¢eB nDMh

is bounded in D'({M,}, K). Since D({M,}, K) is barrelled, this family is
equicontinuous in D'({M,}, K). This implies that there exists a neighbor-
hood V{4, (¢) of zero in D({M,}, K) of the form:

Viap)(€) ={0 € DUM,}, K): 0]k (a,) < €}

with & > 0, such that 0 € V(,,)(¢) implies that
| <frdf>=]<frb0>]<1,
for f € Aand ¢ € ByNDMr}. The same is true for the closure of V() (¢)
in D({Mp}a (ap)v K)
Let now 0x(t) = kw(kt) for t € R and k € N, where w € DMp},
0<w<1and

and let 0 (z) = d(x1) - ... - Op(xy) for z € R™ and k € N.

One can easily prove that, for every p € D({Mp}, (ap), ), the se-
quence (g * dg) of elements of D({M,}, K) converges to p in the norm
Il - & (ap)- For an arbitrary 6 € D({M,},(a,),), there is an N > 0
such that ||0/N|k (4,) < € and there exists a sequence in V(,,)(¢) which
converges to 6/N in the norm | - ||k (4,)- This implies that, for every
0 € D({M,}, (ap), ), there is a constant C' > 0 such that

| <fxd0>|=|<fx0,9>]|<C,
for f € A and ¥ € By N DIMr}, Consequently,
| <[00 > <Cl¢]lL

for f € A and ¢ € DIMe}, This proves that {f «6: f € A} is a bounded
set in L* for every § € D({M,}, (ap), ).

Lemma 3.1.1 implies that there exist functions v € D({M,}, (ap), )
and ¢ € D({M,}, Q) such that

f:P(ap)(u*f)_/(/)*f
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for every f € A. Since {ux* f: f € A} and {¢ x f: f € A} are bounded
sets in L*, the proof is completed. [

Let r > 0 (respectively, (ap) € R) be given. There is a # > 0 (re-
spectively, (a,) € R) such that the function P, (respectively, P, ) is
continuous for ¢ € D((M,),7/2, K) (respectively, ¢ € D({M,}, (ap), K)).

Hence Theorems 3.1.2 and 3.1.3 imply the following corollary:

Corollary 3.1.1. Suppose that f € D'*. An ultradistribution f is an ele-
ment of the space D'((M,),L") (respectively, D'({My}, L')) for t € [1, 0]
if and only if for every compact set K there is an v > 0 (respectively,
(ap) € R) such that f+@ € L' for every p € D((M,),r/2,K) (respectively,
¢ € D({Mp}, (ap), K)).

3.2 Boundedness in 8’

The following structural theorem is true for tempered ultradistributions.

Theorem 3.2.1. Let (M,) satisfy conditions (M.1) and (M.3'). A set
B c &M» (respectively, B C S'{M"}) is bounded if and only if every
f € B can be represented in the form

f= Y 0<z>" fapl,

a,BENy

where fo 5 € L? for a, 8 € N are functions with the following property: for
some d > 0 (respectively, for every d > 0) there exists a D > 0, independent
of f € B, such that

> MMl faslle < D
a,BeNy

Proof. We shall prove the assertion only in the more difficult Roumieu
case * = {M,}.
Note that the space SMr} is barrelled and thus B is an equicontinuous

subset of &/ 1Mr}

Let Wy, h > 0, be the space of all sequences (¢a,5) = (Pa,8)a,peny in
L? such that

||SDO¢7B||L2 . a,ﬂ c Ng} < 00,

I(@a.8)llz2n = S“p{m'
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equipped with the above defined norm. We identify S,SMP) with the cor-

responding subspace of Wj,. Since the inductive sequences (W )nen and
(S,(LM”)) nen are weakly compact and compact, respectively, it follows from
Lemma 1.4, (¢i7) in [82] that the sequence
{0} — proj lim (S)Y — proj lim W},
h — oo h — oo

is exact, where
proj lim (S,(lMp))’ = &™) = (ind lim S}(LMP))’

h — oo h — oo
and

proj lim W, = W' = (ind lim W,)".
h — oo h — oo
Since the space S{M»} is Montel, by Lemma 1.4, (v) in [82], it is a closed
subspace of W; and, by the Hahn-Banach theorem, the equicontinuous set
B c 8™} can be extended to the equicontinuous set B in W’. Thus B
consists of all sequences (fa,3) = (fa.8)a,peny € L? from L? such that for
every d € N there is a constant C' > 0, independent of the elements of B,
such that
> A MaMgl|fa sl < C.
a,BeNy

The mapping T' given by

which implies the assertion. [J

Theorem 3.2.2. Assume that the sequence (M,) satisfies conditions
(M.1), (M.2) and (M.3). Let B C (M) (respectively, B C D’{MP}). The
set B is a bounded subset of S"M») (respectively, B is a bounded subset of
S"Mp} ) if and only if every f € B is of the form

f=P(D)F, F e By, (3.7)
where P is an operator of class (M,) (respectively, of class {Mp}) and By

is the set of all continuous functions on R™ such that for some k > 0 and
some C > 0 (respectively, for every k > 0 there is a C > 0)

|F(z)| < Cexp[M(klz])],  zeR™ (3.8)
for all F € B;.
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Proof. We shall prove again the Roumieu case * = {M}, since the idea
of the proof is similar in both cases and this case is more complicated.

Clearly, (3.8) implies that the set of all elements f of the form given by
(3.7) is a bounded set in S/},

Let B be a bounded set in §{»}. For the Fourier transform f of the
ultradistribution f € B there are (a;),(b;) € R and a constant A > 0
(which do not depend on f € B) such that

| < foo> | < Ay op)(0), €SP (3.9)

To simplify the notation, for given sequences (a;), (b;) € R and a given
a=(ai,...,a,) € Ny, denote

Aa:Haj, Ba:Hbja S(;:HCLJ‘/Z
j=1 j=1 j=1
where @ = a1 + ...+ a. For some D > 0 and ¢ > 0, we have

(1+ fo )
sup —————

o My A, < Dexp[N(clz[)],  zeR™ (3.10)

Let (a,) and pg correspond to (ap),c and C in (2.18), where C' is given by
(2.20) and ¢ by (3.10). If p € DM} it follows from (2.18) - (2.20) that

V(ay),(b5) P/ Play))
(1 + 121222 Y < e s ()07 F00" (1) Pa) | 2

< su

- a,ﬂel?\l{; MyAaMp_,Bg_, My By,

< s sy GHEERT 5 (8) o, 10PN 5

_k’kﬁj?ﬁ a€Ny 20 M, Aq 0Shes k 0<k<p MkS]/chfﬁS]/c_g L

kld—* B\ 9% kgl

<D swp sup LN NCED-NGD/C § <)7

= : YA My 1S
s osksp 2 M5y odnzs K/ Ma=rS5r||

_ B\ 10° ¥ ]| -
<Cy sup 277 Z <k H < Cillellz2, v, /2)
k.BENT 0<k<j B—kPp_k

k<p

for a certain constant Cy > 0. Thus, (3.9) implies that

[(f/ P,y o) = 1{f, 0/ Pa,)) < Cillelle,m, /2
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for a suitable constant C; > 0, all f € B and all ¢ € D({M,}, L?). This
implies that the set {f/Pg,): f € B} is equicontinuous in D’ ({M,}, L?).
Hence, by Theorem 3.1.3, every f for f € B is of the form

7€) = P, @Iz (DIF© + B, Fie by, Reb,

where B; and B are bounded subsets of L2. Using the inverse Fourier
transform, we obtain

f(.l:) = P(&p)(D)[P(ﬁp)(m)Fl (33) + Fz(x)], Fy e By, Fye€ By,

where By and Bs are bounded subsets of L2. Put

T Tn
Fla) = / / (P2 (OFA(t) + Fo(t)] dty . di,
0 0 P
where z = (z1,...,2,) € R® and t = (t1,...,t,) € R”, with F; € By and
F> € By and
an
P(D)=P;(D)=——.
(D) (p)( )8331...83,‘”
From (2.16) it follows that

[F(2)] < Cexp N (2] (1 + [2f2)" /0 W

< C(IF1llz2 + || F2 =) exp [V (Ja])]
for x € R™. Now, for every k > 0 there is a p;, > 0 such that

dt

N(jz]) < M(k|2]),

whenever |z| > pi (see [82], 3.8); and the theorem is proved. O



Chapter 4

Cauchy and Poisson Integrals

4.1 Cauchy and Poisson kernels as ultradifferentiable func-
tions

The first authors who have studied the representations of the Schwartz
distributions D’ - as boundary values of analytic functions were Tillmann
[140] and Luszczki and Zielezny [96]. The one-dimensional case of functions
analytic in half planes was studied in [96]. In [140], the n-dimensional case
was analyzed for functions analytic in the 2" tubes of the form TC« :=
R"™ +iC,,, where C,, is any of the 2" n-rants in R™ defined in (1.11) by

Co={y=(1,...,yn) €ER™: wy; >0, j=1,...,n} (4.1)
for an arbitrary u € ©, where
O :={u=(u1,...,un) €ER": u; =41, 5=1,...,n} (4.2)

The values of r considered in these papers were 1 < r < co and fundamen-
tal to the analysis was the property that the Cauchy kernel function corre-
sponding to half planes or tubes R" +4¢C, is an element of Dy, 1 < s < 0.
n [16], Carmichael noticed that the Cauchy kernel for tubes R™ 4 iC,, is
also an element of BN Dpe.

In this section we will prove that the general Cauchy kernel defined in
Section 1.3 corresponding to a regular cone C'is an element of D(x, L®), 1 <
s < 0o, where * is both (M,) and {M,}, and hence is in D=, 1 < s < 0.
Additionally, we will prove that the Poisson kernel corresponding to the
tube R™ +4C is in D(x, L), 1 < s < oo, and hence is in D, 1 < s < o0.

In later sections we will use the Cauchy and Poisson kernels to construct
the Cauchy and Poisson integrals of ultradistributions in the corresponding
spaces D' (x, L*), and we will prove some results about these integrals. We
will conclude that an analysis similar to that of Tillmann and of Luszczki

51
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and Zielezny can be obtained in the more general tube setting of R™ + iC'
for all values of r, 1 < r < oo, for which their results were obtained in the
special cases of R™ 4 ¢C,, and half planes, respectively.

Let C be a regular cone in R™. We shall consider now the Cauchy and
Poisson kernels, corresponding to R™ + ¢C', defined in Section 1.3.

Theorem 4.1.1. Let the sequence (M,) of positive numbers satisfy condi-
tions (M.1) and (M.3"). We have K(z —-) € D(x,L*%),1 < s < oo, for
z € TY, where the symbol * means either (M) or {M,}.

Proof of Theorem 4.1.1 for dimension n = 1. First let C' be the cone
C = (0,00) in R'. We have C* = [0,00) and K (z —t) = 1/2mi(t — 2) as
usual for z = z + iy € R! +4(0,00) and ¢ € R!. Let a be a nonnegative
integer. We have
d*K(z —t)

dt>
For 1 < s < o0, we have

= (—1)*K@(z —t) = (2mi) " (=1)%al(t — z) ">,

HK@)(Z_.)HLS - (/ |a!/27ri(t—z)a+1|sdt)l/s

oo

< (al/2my")( / (£ — 2)% +42) /2 di)'/*

< K(s,z,y)(al/y®), (4.3)
where K (s, z,y) is a constant depending on s, z, and y; we recall that y > 0
here. Let h > 0 be arbitrary and apply definition (2.7). Since (M),) satisfies
(M.1) and (M.3'), we have

al < M,

by Lemma 2.1.2. Thus for L := hy there is a constant B > 0 which is
independent of a such that (2.6) holds, i.e.,

a! < B(hy)*M,, o € Np. (4.4)
Applying (4.4) to (4.3), we obtain
HKW(Z - -)HL < BK(s,z,y)h°M,, o€ Ny, (4.5)

for all A > 0 which proves that K(z —-) € D((M,),L*),1 < s < oo, for
z € R +4(0, 00).

For s = 0o, and z € R + (0, 00), we have
d*K(z —t

)‘ al 2 4 . 2\—(a+1)/2 al
< —((t — @ < .
dte - 271’(( 7)) — 2mryotl
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Again let h > 0 be arbitrary. Using (4.4) in the above inequality, we have
it Gy Iil(;_t)‘ < (B/2ny)h®M,, € Ny,

for all A > 0 which proves that K(z —-) € D((M,), L>) and, combining
our results, we have K(z —-) € D((M,),L?),1 < s < oo, for z € R! +iC
with C' = (0,00) C R!.

If C = (-00,0) C R! then C* = (—00,0]; and K(z — ) €
D((M,),L*),1 < s < 00, as a function of ¢t € R! for z = z + iy € R! +
i(—00,0) is proved like that for C' = (0, co) with |y| in place of y in the proof.
Since D((M,), L?) C D({M,}, L*) we thus have K(z — ) € D({M,},L*)
also for both cases C' = (0, 00) and C' = (—00,0). This completes the proof
of Theorem 4.1.1 for dimension n =1. O

Let w = (u1,u2,...,uy) such that u; = £1,5 =1,...,n. Each n—rant
Cu,u € O, is a regular cone in R® and C; = (,. The Cauchy kernel
corresponding to the tube T¢ = R" 4 iC,, takes the form

29 s=g+iyeT%, teR", (4.6)

K(z—t)=m) " ]] iy

j=1
where
_ 1, Y; > 0,
Sgny; = { —1,y, <0,
for j = 1,...,n. Thus for the tubes R™ 4 iC, in C", it is clear from the
form of K (z—t) that a proof like that in the one dimensional case will yield
the desired result of Theorem 4.1.1. This case for the tubes R™ + iC,, also
follows as a special case of the general proof of Theorem 4.1.1 for dimension
n > 2 given below.
Before giving the proof of Theorem 4.1.1 for dimension n > 2 we first
adopt some notation and prove a needed lemma.
Let a > 0 be arbitrary but fixed. Let C be a regular cone in R™ and C*
be its dual cone. Let x € R™ and ¢t € R™ be arbitrary but fixed. Put

Cr={neC: |n<a} (4.7)
Cawi i =A{C: ¢=n+ilnl(z —t)n € C7};
o v i =1C (=n+iau(z —t),ne C* || =a,0 <u <1}
(4.9)

The differential form properties used in the following lemma can be
found in [1] and [49]. This lemma will be used in the proof of Theorem
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4.1.1 for dimension n > 2 given below; in particular it will be used to
obtain equation (4.19) below.

In the sequel of this chapter, it will be convenient to use the notation
introduced for exponents in formulas (1.3) and (1.4) of Chapter 1, namely

B.(Q) = exp2mifz, ()], 2,(eCn, (4.10)
and
ey(t) == exp [—27(y, t)], yeR", teR™ (4.11)

Lemma 4.1.1. For every o € Ny, we have

lim B (Q)d¢ =0
a——+o00 J;met

for z = x+iy € T andt € R", where the symbol E._; is defined in (4.10).

Proof. The form dn := dmn ...dn, with n = (m,...,7,) € R™ is an
n-form and the set {n € R™: |n| = a} has dimension less than n for every
a > 0. Thus

dr]ldnn:(),

whenever || = a. Since dudu = du A du = 0, we have
dc = dCl .. an =1a Z(xj - tj)dj,
j=1

where
dj = d771 AP d?]j_l du d??j+1 AP dr]n.
Letting E(C*,a) :={n € C*: |n| = a}, we obtain

1
I = / CUB._(¢)dC = ia / /(cn@:—t»aEz_t(cn(m—t)><x—t,d>7
Iz E(C*,a) 0

a,w,t

(4.12)
where the symbol E,(¢) for z,{ € C™ is defined in (4.10), (,(z) := n+iaux
and (z,d) := Z;;l zjd; for & = (z1,...,2,) € R”. From the last term in

(4.12), we have I, = 0 for x = ¢ and for every a > 0. Thus the remainder
of the proof proceeds under the assumption that = # t¢. For an arbitrary
a > 0, it follows from (4.12) that

1

L] <a / / ate—y (e (m) [T (Inj1+aula; — t5)% o —t],d), (4.13)

E(C*,a) 0 i=1
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where (|z —t|,d) := 377_, |z —t;|d; and the symbol e, is defined in (4.11).
Let now y € C be fixed. By Lemma 1.2.2, there exists a § = §, > 0
depending on y such that

<y,n>2= dlylnl,  nel” (4.14)
Using in (4.13) inequality (4.14) and the estimate

n

LI (sl + aula; = ;1) < (Inl + aulz —¢))*,
j=1

we have

n

1
Ll <a / / (Il + aulz — )% eapo—z (@esy () S 25 — t1d;

E(C*,a) i=1

1
= a* esa(y))||lz — t| /(1 + ulz — t])*eq|pg2(u) du - I(C*, a)
0

IN

a®*1S(a)esa(lyl)llz — ¢ /(1 +ulz —t])%eqjp—y2(v) du,  (4.15)
0

where

I(C*a) := / ldm ...dnj—1dnjyr...dn,

E(C*,a)

and S(a) := (27™/2a"~1 /T'(n/2)) is the surface area of the sphere of radius
a > 0in R™. Since

(1 +ule —t)* < (1+ |z —t])%, 0<u<l,
we get from (4.15), for x # t, the inequality

Lo < a®F1S(a)(1 + |z — ])*[|lz — t]| exp [~2mdaly]]
(1 — exp [-27alz — t|*])2ralz —t|*) " . (4.16)

For = # t, the right side of (4.16) approaches 0 as a — +oco. It suffices to

combine this with the previously noted fact that I, = 0 for every a > 0
with x =t to complete the proof of Lemma 4.1.1. (O

Proof of Theorem 4.1.1 for dimension n > 2.
Let « be an arbitrary n-tuple of nonnegative integers. For fixed ¢ € R™
and z = x + iy € T, the function ¥, ; given by

U, 4(C) :=C%exp[2mi < 2 —t,( >]
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is an entire analytic function of ¢ in C". Thus by the discussion made in
[147] (Section IV.22.6, p. 198), the form

U, +(¢)d¢i dCs ... diy
is a closed differential form; that is
d(¢%exp[2mi < z —t,¢ >]d(1dCs ... d(,) =0
and

/ (Yexp[2mi < z—t,¢ >]d(1dCs ... d¢, =0 (4.17)
B

a,x,t

for each a > 0, z € R™, and t € R", where

Ef,,:=CiuCi,, (4.18)

azt

with C} , , denoting C; ., as defined in (4.8), suitably oriented. Now recall

the definition of the Cauchy kernel function in (1.15), the sets defined in
(4.7)-(4.9), and Lemma 4.1.1. Using these we let a — +oo in (4.17) and
obtain

KOG-t)= [ aBamn= [ CEOK  (@19)

o

where the symbol E,_; is defined in (4.10) and
Cro=A{¢ C=n+il(x—1), neC}. (4.20)
Between dn = dn; ...dn, in the first integral and d¢ = d(; ... d(, in the

second integral in (4.19), we have the following relationship:

d¢j = dnj +i(z; _tj)(awd +...+ % nn)

= dnj + i) )(| dm |d77n) (4.21)
Using the following differential properties:
dnjdny = dn; A dng = —dn Adny = —dnkdn;, 5 #k,
dnjdn; = dn; A dnj =0

(see e.g. [1] or [49]), we obtain, exactly as in [60] (p. 359, the last line), the
relation

—t,n>
ac = (1+ ZQT") dn (4.22)
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from (4.21). Thus from (4.19) and (4.22) we get

K®(z—1) =/*(kxft(n))“Ezft(kwft(ﬁ))lwft(77) dn, (4.23)
where
kot(n) :=n+inl(z —t);  lo—e(n) :=1+i$-
Now
|(kz ‘ [T +ilnl(a; = )| < Il + |z — )™ (4.24)
j=1
and

lloe(M| <1+ [{& = tml/Inl <1+ |z —tnl/Inl =1+ |z —t.  (4.25)
Using (4.14), (4.24) and (4.25) in (4.23), we have

K@ (2 — )] < (14 |z — )+ /C Il esiysiose(nl)dn,  (4.26)

where the symbol e, is defined in (4.11). Letting pr(C*) denote the pro-
jection of C*, which is the intersection of C* with the unit sphere in R™,
we change variables in the integral in (4.26) by letting v € pr(C*) and
0 < r < oo and obtain

DRK( =0 < Wlo =)™ [ [eqyppiap)r= L drdy
0

pr(C*)

< Sex(1+ |z —t)* atl /eé\y\+|r t\2 atn—l1 dr, (4.27)

0
where Sc« is the surface area of pr(C*). It follows (see [33], p.93, (4.6) or
[34] p. 60, (3.5)) that

supr® exp [=nr(3ly + o — t1")] < Basy(Jo — 1)), (4.28)

where
1, a =0,
Boss®) ={ (5 4 s2ypare, o 70
and @ := a3 + ...+ a,. Using (4.28) and integrating by parts, we obtain
from (4.27) the estimate
|IDEK (2 —t)| < Sc-T'(n)(1 + | — t))*Tip—ne
(Sly| + |z =t a” (4.29)
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with the convention that 0° := 1. Thus we have, for 1 < s < oo,

« S SC* (n) —SQ 5 S«
— < - - 7
/n |Dt K(z t)| dt ( o ) ™ a

(1 + |z —t])setD

Here z + iy € TC is arbitrary but fixed, § = dy > 0 is fixed, and n > 2.
Using (4.30), straightforward estimation shows

/ |IDEK (2 —t)]°dt < (Se«T'(n)/7™) n=**a** My (s, 8, y,n), (4.31)
Rn

where
Mo(s.5gom) e 4 V(500 m) ()™ 4+ Mi(s ), i oly| 2 1,
a\2yYs Yy . Mg(s,é,yﬂl)(ﬁ)w}t? lf 5|y| < 1.

Here M, (s,d,y,n), Mi(s,n), and Mx(s,d,y,n) are positive constants which
depend on the parameters listed.
Using (4.31), we get

1K@ (2 — )L < (Sc-T(n)/a")m=a" Na s, 8., ), (4.32)
where
2 \a -
Nu(s,0,y,m) == Nl(sa&ym)(m) , ?f Sly| < 2,
Na(s,0,y,n), if 8ly| > 2,

for 1 < s < co. Since the sequence (M),) satisfies (M.1) and (M.3") we have
a®* < My, by Lemma 2.1.2.

Let A > 0 be arbitrary. For the fixed y =Im z € C and 6 = d, > 0
put L = (hmdly|/2) if §ly| < 2 or L = hr if d|y| > 2. From (2.6) and (4.32)
there is a constant B > 0 which is independent of « such that

1K (z )]

s < (ScxT'(n)/m™)R(s,d,y,n)Bh* M, (4.33)

for all h > 0, where R(s,d,y,n) is a constant depending on the stated
parameters. Now (4.33) proves that K(z —-) € D((M,), L"), 1 < s < o0,
for z € T€ and n > 2.

For the case s = oo and n > 2 we return to (4.29) where z = x+iy € T¢
and 0 = 6, > 0 are fixed. We have

(14 fe — t)o port
< - 9« 4.34
G 11— e < e e 2 (4.34)
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for all t € R™ and for fixed y € C and =, > 0. Let h > 0 be arbitrary
and put L = (hndly|)/2 if d|ly] < 1 or L = hx/2 if d|y| > 1. From (4.29),
(4.34) and the fact that a@® < M, here, we obtain

DK (z — )| < (Sc-T(n)/n™) max{2/(8|y|)", 2} Bh*M,,  (4.35)

where the constant B > 0 is independent of ¢, which proves that K(z—-) €
D((M,), L>®) for z € T and n > 2.

Thus we have K(z —-) € D((M,),L*) C D({M,},L*) for 1 < s < o0,
for z € T and for n > 2. The proof is complete. (]

We recall that K (z—-) cannot be in D(, L) or D1 since K (z—-) is not
in L! for 2 € TC. Theorem 4.1.1 additionally proves that K(z —-) € Dy
for 1 < s < oo and for z € T, since D(x,L*) C D for 1 < s < oo.

For a regular cone C we now consider the Poisson kernel Q(z;t),
2€ T =R"+iC, t € R", defined in equation (1.17).

Theorem 4.1.2. Let the sequence of positive real numbers (M), p
0,1,2,..., satisfy (M.1) and (M.3"). We have Q(z;-) € D(x,L®), 1
s < oo for z € TC where * is either (M) or {M,}.

IA I

Proof. From (1.15) and Lemma 1.2.1 we first note that K (2iy) > 0, y €
C,in (1.17), and Lemma 1.3.5 holds since C is a regular cone by assumption.
Now let s = 1. Let z = o +1iy € T be arbitrary but fixed, and let o be an
arbitrary n-tuple of nonnegative integers. By the generalized Leibniz rule

cO(pt) — L M B -
D8Q(z;t) = 7o) ﬂg;a 6!7!DtK(z DK (z — t), (4.36)

and Q(z;t) is infinitely differentiable as a function of ¢ € R™. Using (4.36)
and Holder’s inequality we have

/ DEQ(z: 1)) dt
RTL

1 al 5 S
P R _ v _

< KW ﬁé_ ﬂw!/|DtK(z DK (z — 1) dt
K 2. P

e Y KOG BT e (@)

for every n-tuple « of nonnegative integers. By the proof of Theorem 4.1.1,
K(z—-) € D(x,L*), 1 < s < oo, for z € T®. Let h > 0 be arbitrary.
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Thus by Theorem 4.1.1 there exist constants N and N’ which are both
independent of h and « such that

|IK® (2 = zs < NhW’Mz,  BeNg, (4.38)
and

IR (2= llee < N'WIM,, 4 €N (4.39)
Combining (4.37), (4.38) and (4.39) and using (2.3), we have

1
a B+

/|D Q(zt)| dt < @, S ﬂW'NNh " MM,

+v=

NN’ MO al
— —— |h" M, 4.40
= K (2iy) (5-;_04 ﬁ!’y!) (4.40)
for each o € Nj. Thus
Q(Z; ) € D«Mp)a Ll) C D({Mp}v Ll)'

Now let 1 < s < oo and let h > 0 be arbitrary. Let a be an arbitrary
n-tuple of nonnegative integers. By Theorem 4.1.1 (see (4.33) and (4.35))
there exist constants N and N’ which are independent of h and of @ € N,
such that

|D/K(z —t)| < NhYM,, v € Ng, (4.41)
and
IDPK(z — )l < N'WMs, B eNG, (4.42)

where 8+ v = a. Using (4.36), (4.41), (4.42), and (2.3), we proceed as in
(4.40) to obtain

ID*Q(z; )| s < m Z 5'7'||K(ﬁ)( VR (2 = )|l
Sm > 5 WM
< mﬁz BC'Y;' (NRYM,)(N'B Mj)
< jj;g;‘;; (5§;aﬁo!‘—jﬂ)haMa (4.43)

for each o € Nj. Thus Q(z;-) € D((M,),L*) C D({M,},L°) for 1 < s <
o0. The proof is complete. [
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For the n-rant C,,, defined in the introduction to this section, the Cauchy
kernel takes the form

K(z—t) = (2mi) " [ 2224

jo1 i
for z = x +iy € T and t € R", where
o 1, Yj >0,
sgny; = { 1,y <o,

for j=1,...,n. From (1.17), the Poisson kernel takes the form

a7 (senys)y;

Qlzst)=(m) ™" || 75
o (=) +y)

for z = x + iy € T and t € R™, where sgn y; is as above. These forms of

K(z —t) and Q(z;t) are special cases to which Theorems 4.1.1 and 4.1.2,

respectively, are applicable.

4.2 Cauchy integral of ultradistributions

Let C be a regular cone in R™, and let the sequence of positive real numbers
(M,,) satisfy (M.1) and (M.3'). Let U € D'(x,L®), 1 < s < oo, where we
recall that * means either (M) or {M,}. Because of Theorem 4.1.1 we can
form

CU;z)=(U,K(z—")), 2eT°, (4.44)

which is the Cauchy integral of U. In this section we show that this Cauchy
integral is an analytic function in 7, has both pointwise and norm growth
properties, and has boundary value properties.

Theorem 4.2.1. Let C be a regular cone in R™ and let the sequence (M)
satisfy (M.1) and (M.3"). Let U € D'(x,L®), 1 < s < co. The Cauchy
integral C(U; 2) is analytic in TC.

Proof. We first give the proof for D’'((M,), L*). From Theorem 2.3.2
we have

C(U:2) = Z(—l)a/ga(t)Df’K(z—t) i, 2eTC,  (4.45)
aEeNp R»

where the g, € L", 1/r +1/s = 1, such that (2.47) holds for some k > 0.
Let @ be a compact subset of T¢. From the proof of Theorem 4.1.1 (recall
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(4.5) and (4.33)) there is a constant B(s, @, n) depending on s, the compact
set (), and the dimension n such that

1K) (2 = e < Bls, Qn)h* M (4.46)
for all h > 0, where z € Q@ C T and a € Nj . For each g, in (4.45) we
see, from (4.46) and Holder’s inequality, that

/ 90 (ODFE (2 — )] dt < gallr K@ (2 — )l
RTL

< B(s,Q,n)h*My||gallLr (4.47)

for all h > 0, where z € Q C T¢. Recall that (2.47) is equivalent to (2.49)
on the functions g, in (4.45). Using (4.47) and (2.49) and choosing the h in
(4.47) to be k/2 for the k in (2.49) we conclude that there exists a constant
D > 0 such that

/ 9a (DK (= — D) dt < B(s, Q,n)D(1/2)°
J

and, consequently,

> /|ga(t)Dt°‘K(z —t)|dt < B(s,Q,n)D Y (1/2)* < co.  (4.48)
aEeNp Rn aeNg

The bound on the right of (4.48) is independent of 2 € Q@ C T°. The
resulting uniform and absolute convergence of the series in (4.45) for z €
Q, where @ is an arbitrary compact subset of TC, proves that C(U;z2) is
analytic in 7¢.

Using Theorem 2.3.1, the result that C(U;2) is analytic in T¢ for U €
D'({M,},L%), 1 < s < oo, can similarly be proved. This completes the
proof of Theorem 4.2.1. O

We obtain a pointwise growth estimate for the Cauchy integral after
proving a needed lemma.

Lemma 4.2.1. Let C be a reqular cone in R™. For every n-tuple a of
nonnegative integers,
hya€L" (4.49)
forallr,1 <r < oo, and for y € C, where
hy.a(t) :=t"Ic-(t)ey(t), t € R,

with the symbol e, defined in (4.11), and Ic~ is the characteristic function
of the dual cone C* of C.
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Proof. Let y € C. By Lemma 1.2.2 there is a 0 = §,, > 0 such that (1.12)
holds for ¢ € C*. Let o be an arbitrary n-tuple of nonnegative integers.
For r = oo we apply (1.12) and, using the notation from (4.11), obtain

[t I (D)ey ()] < sup [¢]*e ™I < sup Jpulesy(|ul)
teC* p>0,uepr(C*)
= sup p@e 2Pl (4.50)
p=0

for all t € R™ and for y € C'. From the above calculations we conclude that
1, a=0,

sup p@e2morlyl < _ (4.51)

p=0 (ﬁw)a,a#&

From (4.50) and (4.51) we conclude (4.49) for r = oo, where y € C.
Now, let 1 < r < co. From (1.12) and a calculation as in (1.20) we have

/ [t* I (t)ey (1) dtg/IC*(t)|t|m‘e,,5‘y‘(|t|)dt

Rn Rn
< Qn/wm+”_len;|y|(w) dw = Q,T(ra+n)2rrd|y|) 7"
0

(4.52)

for y € C, where §2,, is the surface area of the unit sphere in R™ and the
change of variable for u = 27rdw|y| was used to obtain the gamma function
I'. Now (4.52) proves (4.49) for 1 <r < co. O

Theorem 4.2.2. Let the cone C' and the sequence (Mp) satisfy the hy-
potheses of Theorem 4.2.1. If U € D'((M,),L®), 2 < s < oo, for each
compact subcone C' CC C there are constants A = A(n,C’,s) > 0 and
T =T(C") > 0 such that

|C(U;2)| < Ayl ™" exp [M*(T/ly])],  z==z+iy €eR"+iC’, (4.53)
where n is the dimension, 1/r +1/s =1, and M* is the function defined
in (2.9). If U € D'({Mp},L*®), 2 < s < o0, for each compact subcone
C' cc C and arbitrary constant T > 0, which is independent of C' CcC C,
there is a constant A = A(n,C",s) > 0 such that (4.53) holds.

Proof. Let U € D'((M,),L*), 2 < s < o0, and let C’ be an arbitrary
compact subcone of C. From (4.45) we have

ICU:2) < Y 1K =) lgallzr 2eTC, (4.54)
aeNg

Ls
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where go € L", 1/r +1/s =1, such that (2.47) holds for some k > 0. For
2<s<oowehavel <r <2, 1/r+1/s=1. For these s and subsequent

r we apply Lemma 4.2.1 and so we can write, applying the notation from
(4.10),

DK (z —t) = F HIc-a™E,](t), 2eT% teR", (4.55)

where the inverse Fourier transform can be interpreted in both the L' and
L" sense. By the Plancherel theory of Fourier analysis and the analysis
of (4.50), (4.51), and (4.52), it follows from (4.55) that, for z = = + iy €

R™ 4+ 4C" and C' CccC C,
1/
< (/|n|rae—2ﬂr(y,n> d’f])
C*

7 1/r
l/r /w””” Lexp| 27r5rw\y|]dw)
0

1K (z =)l

oo

1/r
< (Qn)l/r(Sl;%(wroze—ﬂ'érwwu)l/r(/un—le—ﬂ'érw|y|dw)

0
= (Qp(n — 1)[)1/r(ﬂ_5,r|y|)fn/r Sup(waeiﬂéw‘y‘)
w>0
(Qn(n — DYY" (m6r|y|) =", a=0,

_ (4.56)

(8% o
(Qu(n — Y7 (xbrlyl) "/ (Wyl) ,aeN".

IN

Using (4.56) in (4.54) we have
A —_n/r d @
CWs ) < A, )y ™" 3" (=) galler (457)

L, Nl
for z =2 +iy € TY =R" 4+ iC’, where
A(n,C",s) = (Qu(n — DYV (mor)~/"
with 1/r+1/s =1, 2 < s < oco. Using (2.49), the fact that
a* <ed, a=1,23,..., (4.58)

from the proof of Stirling’s formula, and our convention that a® = 1 if
a =0, and putting T = T(C") = (2¢/knd) for the k in (2.49), we continue
(4.57) as

w2l < BAC " T (3) (D) o @)

= lyl
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for some B > 0. Recalling the definition of the associated function M*(p)
in (2.9), we have for each @ = 1,2,3,... that

() 17 = 3 () @) = 3 e [loe () a5
< Mioexp (M (T |y)]. (4.60)

The constant T = T(C’) = (2e¢/knd) depends on C’ CC C, because &
depends on C’ but not on y € C’. Using (4.60) in (4.59) and putting
A= An,C',s) = (B/My)A(n,C",5) > (1/2)
aeNg

the desired estimate (4.53) follows in case U € D'((M,), L®), 2 < s < 0.

For U € D'({Mp},L?), 2 < s < oo, we use Theorem 2.3.1 and the
analysis of (4.54) and (4.56) to obtain the conclusion (4.53) for this case
similarly as we did for the case U € D'((M,), L®) above. For the case of
D' ({Mp}, L®) the constant T > 0 in (4.53) is arbitrary and independent
of ¢ cC C, which is the consequence of the fact that relation (2.39) in
Theorem 2.3.1 is true for arbitrary k& > 0 and does not depend on C’ cC C.
The proof of Theorem 4.2.2 is completed. [

We now obtain a norm growth estimate for the Cauchy integral of ul-
tradistributions.

Theorem 4.2.3. Let the cone C and the sequence (Mp) satisfy the hy-
potheses of Theorem 4.2.1.

IfU € D'((Mp),L*), 2 <s < oo, then for each compact subcone C' CC
C there ezists a constant T = T(C") > 0 depending on C' such that, in case
s =2,

) ) 1/s
s + il = ( [ 16+ i do)
R’Vl

< K(U)exp [M*(T/yl)] (4.61)
forye C' ccC C and, in case 2 < s < 00,

ICU;- +iy)lles < KU, C" s,r,m)|y| =7/ exp [M*(T/|y|)] (4.62)
forye C' cc C with 1/r +1/s =1, where K(U) in (4.61), i.e., in case
s =2, 1s a constant depending on U, and K(U,C’,s,r,n) in (4.62), i.e. in
case 2 < s < 00, is a constant depending on U,C' s, r and n.

If U € D'({Mp},L%), 2 < s < oo, then for each compact subcone
C' cc C and an arbitrary constant T > 0, which may or may not depend on
C' ccC C, there is a constant K(U) if s =2 or a constant K(U,C’,s,r,n)
if 2 < s < oo such that (4.61) and (4.62) hold, respectively.
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Proof. For U € D'((Mp),L*), 2 < s < oo, we use Theorem 2.3.2 and
Fubini’s theorem to obtain

CWUsz) =Y (9" K(z )

aeNg
=Y (D) KDz =) = Y halz (4.63)
a€Ng a€Np

where g, € L" for all & € Ny (with 1/r+1/s = 1), Ic+ is the characteristic
function of C* and

ha(2) = /#W””W*MMMMWM=/W@J“MMWM
B . (4.64)

with the notation (4.10) used. Since g, € L" (1 < r < 2), we have
Fga) € L if 2 < s < 0o (since 1/r+1/s = 1) for each a. If s = 2, then
r = 2 and, by Lemma 4.2.1, the integrand in (4.64) is in L' N L?. In the
case s = 2, we use Parseval’s equality to get

lha(-+iy)lize = | Flney F~Hgallo-] L2 = 1%y F " [ga]
Lo | F gal |l 2 (4.65)
with the symbol e, meant as in (4.11). Now let s > 2 and note that by
Hoélder’s inequality

/ ‘U“ey (NF " gal (M Ie- ()| dn
Rn

< n“eylc-

< (IF  gal llzo) 117" (ey)" L
since F~![g,] € L* and because of Lemma 4.2.1. Thus, by (4.66) and
Lemma 4.2.1, each integrand in the last sum in (4.63) is in L' N L™ for the
case s > 2, 1/r +1/s = 1. By the Parseval inequality and by (4.66), we
have, in the case s > 2,

lha (- + i)l = | Fln“ey F~ gallo-]ll e < lIn“eyF " {ga]
< NF Mgalllos In*eylo- |l prare—r < oo. (4.67)

Ls/(s—m) < 00, (4.66)

Due to Lemma 1.2.2, for a given compact subcone C/ CC C there is a
d = 6(C") > 0 such that (1.12) holds for all y € C” and all t € C*. Hence,
using (1.12) and the estimates (4.50) and (4.51), we have

1, a=0,
L < sup |n|@e”2molinl < _ (4.68)
neC*

(o) o0

||77aeyjc*
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forye C'cc Cand § =46(C") > 0.
For the case s = 2 we use (4.63), (4.65), (4.68), and the Parseval equality
to obtain, for y € C' C C,

ICW; 22 < D Nlhal-+iylee < Y In%eylo-

a€Np a€eNg

a [e]
> (zrgyr) Nowllze, (4.69)

where the convention @® = 1 if @ = 0 is used. For s > 2 and C’ C C let
us write § = 6(C’) > 0 in (1.12) as § = 1 + d2, where 61 = 61(C’) > 0 and
0o = 52(0/) > 0.

Now using (4.63), (4.67), Parseval’s inequality, (1.12) with § = §; + 2,
(4.68) and applying the notation of (4.10) and (4.11), we have for y € C’ C
C

L[ F ga] Il 2

ICW: +iylee < Y |Flion e, [gal]]

aeNg

Ls

< D0 IF el o neyll prere—n

a€eNp

< N gallzrlZon®es, iy (|- Dl He=esypy (|- Dllrerce—n-
aeNg

Denoting, as in (4.52), by 2,, the surface area of the unit sphere in R", we
have

|C(U;- +iy)|

Ls
n— d “
<Q, /w 1662|y|(“”“3/(5 —r))dw Z lgallLr (W)
0 aeNg 1y

~Q, <W> (s=r)/rs

a [
(272 |y|rs)™ Z ”gaHLr(m) . (4.70)

aeNg

For the fixed k > 0 in the converse part of Theorem 2.3.2 we know that
(2.49) holds; that is

sup(k® Ma||gallLr) < oo, (4.71)

where 2 < s <ooand 1/r+1/s=1.
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For the case s = 2 and the fixed k > 0 we return to (4.69) to obtain

a \"1
it < k*Ma||ga — —. 4.72
O + il <swpMalaaln) - (55) 3 (@72
aeNg
Recall (4.58) and our convention that @* =1 if & = 0. Using this in (4.72)
and putting T' := e/kmd, we obtain from (4.72) the estimate

« a ~
ICU;- + iyl e < sup(k® Mallgallzz) S (%) (%) o
o a€Ng a

< Mi sup(k® M || gall12) exp [M*(T/|y))]  (4.73)
0 o

for y € C' C C, where the calculation from (4.60) was used. This proves
(4.61) in the case U € D'((M,), L*), where
2
KU):= L sgp(ko‘MaHgaHLz).
For s > 2 we return to (4.70) and proceed using (4.71) and (4.58) to
obtain (4.62) for the case U € D'((M,),L*), 2 < s < oo, similarly as we
did for the case U € D’'((M,), L?), where

— 1 Ns —=r)"\ s
K€ ) i= 5 (i) ™ sup Molgol)
and T := e/kmdy.

Under the assumption that U € D'({M,}, L®) with 2 < s < oo, the
conclusions in (4.61)-(4.62) are obtained due to the characterization given in
Theorem 2.3.1 and an analysis similar to that in the case U € D’((M,), L*),
given previously in this proof. For U € D'({M,},L*), T > 0 in (4.61)-
(4.62) is an arbitrary constant, because it depends on arbitrary k > 0 in
(2.39), and T may or may not depend on C’ depending on the choice of
the arbitrary k& > 0. A complete proof of inequalities (4.61)-(4.62) for
UeD({Mpy}, L), 2<s < oo, is given in [35]. The proof of Theorem 4.2.3
is complete. [J

We desire to extend the growth results of Theorems 4.2.2 and 4.2.3 to
the case 1 < s < 2. The proofs of Theorems 4.2.2 and 4.2.3 given above
depend considerably on properties of the Fourier transform for elements in
L?, 2 < s < oo, properties which are not available in general for the cases
1 < s < 2. A detailed analysis of integrals, as in the proof of Theorem
4.1.1, may yield these growth results for 1 < s < 2. We consider this in
future research.
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Throughout the remainder of this section the sequence (M,,) will satisfy
(M.1), (M.2) and (M.3').

We now proceed to investigate the boundary value properties of the
analytic function C(U;z), z € TC, for U € D'(x,L*). We first define a
convolution which corresponds to that given in the definition in [82], p. 71.
Let U € D'(x,L°) and ¢ € D(x, L), 1 < s < oo. Then the convolution of
U with ¢ is given by

(U xp)(z) = (U,(x—")), x € R™ (4.74)

Lemma 4.2.2. Let U € D'(x,L*) and ¢ € D(x,L®), where 1 < s < 0.
We have (U * @) € D(x, L>).

Proof. Let U € D'((M,),L*) and ¢ € D((M,),L?). By (4.74) and
Theorem 2.3.2, we have

Ure)a) = 3 (-1)° / G ()0 (z — 1) dt. (4.75)
a€Np R»

Let 0 be an arbitrary n-tuple of nonnegative integers. The Gth derivative
of the sum on the right of (4.75) can be taken under the summation and
the integral sign. Hence U % ¢ € C*°(R™). With the aid of the chain rule
and the definition of D((M,), L®) we find a constant N > 0 such that

(U D@ =| 3 1™ [ gD @ty ds

a€eNg R™
< D0 M9allerll @t < N Y R Maggllgallr (4.76)

a€Ng a€ENg

for every h > 0. Due to condition (M.2), there exist positive constants A
and H such that

Myys < AHYYP M, Mj.
Taking this into account in (4.76), we obtain

(U x9) 9 (@)] < AN Y W HOH Mo M| gallLr

a€eNy
and, consequently,
(U )P ()] ,
<A N (GH)*Mallgallz-, 4.

where h > 0 and j > 0 are arbitrary and A and H are positive constants.
Note that we have renamed h to be j on the right side of (4.77). Recalling
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that the g, satisfy (2.47) or (2.49) for some k& > 0, we can appropriately
choose the arbitrary j > 0 on the right of (4.77) to show, as in the proof of
Theorem 4.2.1, that the series on the right side of (4.77) converges. Since
h > 0 on the left of (4.77) is arbitrary, (4.77) proves the desired growth
for (U * ¢) to be in D((Mp), L>°). The proof is therefore complete for the
Beurling case.

The proof for the Roumieu * = {M,} case is obtained by a similar
analysis with the use of (4.74) and Theorem 2.3.1. O

The following two results lead us directly to the calculation of the bound-
ary value of the Cauchy integral C(U;z), z € TC.

Theorem 4.2.4. Let C be a regular cone in R™. Suppose that U € D’ (x, L*)
with 1 < s < oo and ¢ € D(x,LY). For a fized y = Imz € C we have
(CU;- +iy), p) = (U, dy), (4.78)
where
wy(t) = <K( +iy—t),<p>, t e R™.

Proof. By Theorem 4.1.1, we have K(z —-) € D(x, L*®) for all z € T¢
and s, 1 < s <oo. Put

Ky(z) = K(z +1iy) = /exp [2mi(z + iy, n)] dn, y € C.
The proof of Theorem 4.1.1 cafl be adapted to show that K, € D(x, L*) for
ally € C' and s, 1 < s < co. Since, by definition (4.74),
(U Ky)(z) = (U K(x—- +iy), z€TC
it follows from Lemma 4.2.2 that
UxK,=C(U;- +iy) € D(x,L>)
for y € C and 1 < s < co and thus
(C(U;- +iy) ) = (U * Ky, ¢)

is well defined for ¢ € D(*,L!) with y € C. Using the representation of
U € D' (%, L*) given in either Theorem 2.3.1 or Theorem 2.3.2 and Fubini’s
theorem, we have

(C(U;- +iy), ) = (U Ky, )

Il

|
[t
~—
Q

[/ga(t)Df‘K(z —t) dt] p(z) dx

aeNp R® Rn
= Z (-1)* ga(t)[ DyK(z —t)p(x) dm] dt
aeNy R[v R[

Y (=1D%galt), D*y) = (U thy)

aeNp
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for y = Im z € C. The proof is complete. [

We now show that the term (K(- + iy —t),¢), t € R™, converges
in the topology of D(x,L*), 2 < s < 00, to a certain limit function as
y — 0, y € C. The choice of the space to which ¢ belongs depends on
whether * is (M,,) or {M,}. For D((M,), L*) we have the following result.

Theorem 4.2.5. Let C be a regular cone and let Io~ be the characteristic
function of the dual cone C* of C. Let ¢ € D((M,),R™). We have
lim (K(- +iy—1t),¢) = F 'Ic-2|(t) (4.79)
y—0,yeC
in D((Mp), L?), whenever 2 < s < 00.

Proof. Recall the definition of convergence in D((M,), L*®) from Section
2.3. If o € DMp) | then @ is an element of the Schwartz space S and hence
Ic+p € L" for all v, 1 < 7 < oo. Thus F~![Ic-$] can be interpreted as
both the L' and L" inverse Fourier transform, 1 < r < 2. For every n-tuple
« of nonnegative integers we have

D F~HIc-)(t) = F~ e @)(t). (4.80)

Since p(n) € S, we have Ic«n*p € L for all @ and for all r, 1 < r < co.
The Parseval theory for the Fourier transform now yields that the left side
of (4.80) is an element of L, 1/r+1/s=1, 1 <r <2, for all s and all
a. That the left side of (4.80) satisfies the required boundedness condition
for elements in D((M,), L*) for each o will follow from techniques that we
present later in this proof. The preceding points yield that the right side
of (4.79) is an element of D((M,),L*), 2 < s < oco. Similarly, details in
the remaining analysis in this proof will imply that for each y € C,

(K(-+iy—t),¢) € D((Mp),L%),  2<s <00,

as a function of t € R™.
We now prove the desired convergence in L® in order to obtain (4.79).
Let z = 2 + iy € T°. By a change of order of integration

(- +ig=t)9) [ [ [ @i idg]pa) o
R C*
= /[C*(n)e—%i(tyn)e—%(ym)[/w(x)e%i@m dﬂ dn
R™ R

- / Ie- ()@ ()e2mtwm e=2milen) gy (4.81)
R’V‘L
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For every n-tuple a of nonnegative integers we have
DY@y ()Le = [F {en“ley — 1)]llL

(4.82)
where
Oy (t) = (K (- +iy—t),0) = F'[Ic-P|(t)
and e, is defined in (4.11).
Since (y,n) > 0 for y € C and n € C*, we have

[ Le- (@) (e > — 1) < 2°G(n)],  yeC. (4.83)

Hence, since @(n) € S, we conclude that

(Ie+(mn*@(n)(exp(—2m{y,n)) — 1)) € L"
forallr, 1 <r <oo. Thusif 1 <r <2and 1/r+1/s = 1, we have, by the
Parseval inequality,

IF = en*@(ey = Dllzs < [He=n@(ey — 1)L (4.84)
By (4.83) and the Lebesgue dominated convergence theorem, we have
tim_ [ Ve (@) (e 0 ) dg =0 (489
y—0,yeC

for 1 < r < 2. Combining (4.82), (4.84), and (4.85), we have

lim [ D®,||,. = 4.
S dim_[[D%®y e =0 (4.86)

for all n-tuples « of nonnegative integers and for 2 < s < co as desired.
To complete the proof it remains to show that there is a constant N > 0,
which is independent of o and y € C, such that for all h > 0

| D@, || < Nh* M, (4.87)
for each a. As in (4.82), (4.83) and (4.84) we have, for y € C,
I DECE( +iy =), o)l
= |F e-n"Beyllzs < lon“@eyllrr < IIn*@llr-  (4.88)
for 1 <r <2and 1/r+1/s = 1. Recall the definition of D*») in Section
2.3 and let ¢ € D((M,),R™). Using known Fourier transform properties,
we have

/In )" dn = n“(1+é7ﬁ-”)@(n)/(l+én§") "dn
/‘]—" 1+ZD2") aDa)} /(HZ”)
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Putting
R::/‘l—i—zn:njznrdn, R'::( / 1dt)r,
Rn J=1 supp ¢
we have
Juretnran<wap|#((+3;0r) o)
<o([|(+ or)ro)aa)

IN

R( / (1D (8)] + D3 D p(b)] + ... + | D2 D (1)) )
]Rn

< RR/(Bk®My, + BE“T™" My on + ...+ BE* 2" My 0,)"

< RR/(Bn)" (k* Mg + k2" My y00)"

for all £ > 0. By property (M.2) of the sequence (1M,,), there are constants
A > 0and H > 0 such that

Ma+2n S AHOH_Q”MQMQTL-

Putting H' := max{1, H}, we continue the preceding estimate as

/ °3(n)|" dip < RR'(Bn)" (kM + AkSH20 HOF20 N N )

< RR'(Bn)"((kH")*M, + A(kH')*"(kH')* My, Ma,)"

< RR'(Bn)" (1 + (A(kH")?"My,))" (kH')* M,)". (4.89)
Thus, by (4.88) and (4.89), we have
| D, || < (RR)Y"Bn(1+ A(kH)* Ma,)h® M,, (4.90)

for all h = (kH') > 0, where
Wy(t) == (K( +iy — 1), ).

Recall that k& > 0 is arbitrary and that H' > 0 is fixed. By the same
analysis as in (4.90), we get

1D F o= @llles = |1F Hen“@llze < In*@lle-
< (RRHY"Bn(1 + A(kH')*" Ma,)h* M, (4.91)
for all h > 0. Combining (4.90) and (4.91) and using the Minkowski in-

equality, we have (4.87) for each o, where N can be chosen to be

N = (RR)Y"Bn(1 4+ A(kH')*" My,,)
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and k > 0 can be chosen arbitrarily. The proof of Theorem 4.2.5 is complete.
O

Let us now consider the space So({N,}, {M,}) € SM») of Roumieu
[127] p. 70, where the sequences (M,) and (NN,) satisfy conditions (M.1),
(M.2) and (M.3'). Under these conditions, the sequences (M) and (N,)
satisfy the conditions of Gel fand and Shilov in [51], (9), p. 245; thus the
space Soo({Np}, {Mp}) = ( N ) has the Fourier transform property

(Np)y _ (N
F(S)) = S,

) C S (4.92)
in the notation of Gel’fand and Shilov (see [51], (11), p. 254). Because of
the Fourier transform theory for the spaces So({N,}, {M,}), we may take
¢ € Soo({Np},{Mp}) in the following result which corresponds to Theorem

4.2.5.

Theorem 4.2.6. Let C' be a regular cone and let Ic~(n) be the charac-
teristic function of the dual cone C* of C. Let ¢ € Soo({Np},{M,}) (or
¢ € D({M,},R"™)), where both sequences (M) and (N,) satisfy conditions
(M.1), (M.2) and (M.3"). We have

,m (K (- iy —1),0) = ' [e- (1) (4.93)

in D({M,},L?), 2<s < o0.

Proof. The proof of Theorem 4.2.6 is very similar to that of Theorem
4.2.5. The difference is in the technique to estimate the term on the right
side of (4.88) when we take ¢ € Sooc ({Np}, {Mp}). We have

/In " dn = / [n*@(m)|" dn + / 25 ()|~ dy,

[n|<1 [n|>1

where 2 is the n-tuple (2,2,...,2). Now the boundedness condition for con-
vergence in D({M,}, L) with 2 < s < oo follows by using (4.92), the
defining growth of Soo({Np}, {M,}) and (M.2). Of course, (4.93) in The-
orem 4.2.6 also holds for ¢ € D({M,},R™) by similar reasoning as in the
proof of Theorem 4.2.5. O

Now let ¢ € D(*,R"). Since D(x,R") C D(x,L'), we have (4.78) for
UeD(*L%, 1<s<ooand p € D(*,R™). This fact combined with
Theorem 4.2.4, Theorem 4.2.5 and the continuity of U prove the following
result.
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Corollary 4.2.1. Let C be a regular cone in R™. Let U € D'(x,L?),
2 < s < oo. Let p € D(*,R™). We have
lim_ (C(U;- +iy),¢) = (U, F[Ic-@)). (4.94)
y—0,yeC
Using Theorems 4.2.1, 4.2.2 and Corollary 4.2.1, we obtain an analytic
decomposition theorem ,for elements in D’(x, L*), 2 < s < 0.

Theorem 4.2.7. Let m be a positive integer and let Cj, j =1,...,m, be
regular cones such that

R™\ UL, C} and C;ncey, jhk=1,....,m, j#k, (4.95)

are sets of Lebesgue measure zero. Let U € D'(x,L°), 2 < s < oo, and
@ € D(x,R™). There ezist functions f; which are analytic in R™ +iCj, j =
1,...,m, such that

m

WA =3, o 5+ i) (4.96)
If U € D'((M,), L*®), then for each j = 1,...,m and for each compact
subcone C§ C Cj there are constants A; = Aj(n,C},s) > 0 and Tj =
T;(C5) > 0 such that

|fiatiy)l < Ajlyl =" exp [M*(Ty/ly))], =2 = 2+iy € R*+iCj, (4.97)

where n is the dimension, 1/r +1/s =1 and M* is the function defined in
(2.9).

IfU € D'({Mp}, L?), then for each j =1,...,m, each compact subcone
C% C Cj and arbitrary constant T; > 0, which is independent of C'; C Cj,
there is a constant A; = A;(n,C%,s) > 0 such that (4.97) holds.

Proof. For each j =1,...,m put
fi(z) == (U, / exp [2mi{z — -, )] dn), z=x+1iy € R" +1iCj.
o
By Theorems 4.2.1 and 4.2.2 each f; is an analytic function of z € R" +1iC}
and satisfies the relevant version of (4.97) for * being (M,) or {M,}. To
prove (4.96) first note that

lim <f](+7'y)a<p> = <U7f_1[jc,’f$]>a .] = 17~-~ama (498)
y—0,y€Cy J
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by Corollary 4.2.1. Since ¢ € D(x,R") C SMr) we have € SMr) and
F~1@] = ¢. We now use the linearity of U, the assumptions (4.95) on the
dual cones C7, j=1,...,m, and (4.98) to obtain

m m

> lm (i) = Y (UF e @)

=1 s J j=1

= (U, F o @) = (U, F @) = (U, ).
j=1

The proof is complete. [J

The 2™ n-rants in R™ are an example of a finite number of regular cones
for which (4.95) holds. Let v = (uq, ..., u,) be any of the 2™ n-tuples whose
components are —1 or 1. The set C,, = {y € R" : w;y; >0, j=1,...,n}
is an n-rant in R” and is a regular cone with the property that C = C,.
Thus Theorem 4.2.7 holds, in particular, for m = 2" with each C; being an
n-rant C,, in R".

Of course, we can also state a L® norm growth estimate on each function
f; of the variable z € R" +4C}, C; cC Cj, j = 1,...,m, because of
Theorem 4.2.3.

We desire to obtain Theorems 4.2.5, 4.2.6, 4.2.7, and Corollary 4.2.1 for
1 < s < 2 as well. We consider this in future research.

4.3 Poisson integral of ultradistributions

As in Section 4.2 we let C be a regular cone in R™ and let the sequence
of positive real numbers (M,), p =0,1,2,..., satisfy the conditions (M.1)
and (M.3").

Let U € D'(x,L*®), 1 < s < oo, where * represents either (M) or {M,}.
Because of Theorem 4.1.2, we can form

P(U;z):=(U,Q(z")), zeTC, (4.99)

where Q(z;t), z € T®, t € R", is the Poisson kernel corresponding to the
tube TC. The expression P(U;z) defined in (4.99) is the Poisson integral
of the ultradistribution U with respect to the tube TC. In contrast to the
Cauchy integral, the Poisson integral P(U; z) is not an analytic function of
z € TY, in general. If the cone C is a half-line (0,00) or (—o0,0) in R?,
then P(U;z) is a harmonic function; if C' is an n-rant in R”, i.e., C = C,
for some u € O, then P(U;2) is an n-harmonic function.
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Throughout the remainder of this section the sequence (M,,) satisfies
the conditions (M.1), (M.2) and (M.3').

We will prove that the Poisson integral P(U; z) defined in (4.99) obtains
U as its boundary value as y — 0, y € C, for an arbitrary regular cone
C'; thus the Poisson integral P(U; z) has boundary values in analogy with
Poisson integrals of L? functions in tubes. To obtain the desired boundary
value result we need two preliminary theorems.

Theorem 4.3.1. Let C be a regular cone in R™. Let U € D'(x,L%),
1 <s<oo. Let p € D(x,L'). We have

(PU;-+1y), @) = (U, y), yeC, (4.100)
where
Py (1) = (Q( +1iy; 1), 9).
Proof. Put
K,(z) = K(x +iy) = / exp [2mi(z + iy, m) dn,  y € C,

C*
as in the proof of Theorem 4.2.4; and put

Kz +iy)K(z + iy)

As in Lemma 1.3.5, we have Qy(x) > 0 for z € R, y € C, and Q(z;t) > 0
for z = a +iy € T, t € R™. Further, we have

/Qy(x)dle, y € C,
RTL

, zreR" yeC. (4.101)

and, if 6 > 0,

lim / Qy(z)dr =0.

y—0,yeC
lz|>6

The proof of Theorem 4.1.2 can be adapted to show that Q, € D(x,L*), 1 <
s < oo for y € C. By Lemma 4.2.4,

(U xQy)(x) = (U, Qy(z — ) = (U, Q(z +iy;-)) = P(Us z + iy)

is an element of D(x, L>°); hence (P(U;- + iy), ¢) is a well defined func-
tion of y € C for ¢ € D(x,L'). The proof of (4.100) follows as in the
proof of Theorem 4.2.4, due to the representation of U € D’(x, L®) given in
Theorems 2.3.1 and 2.3.2, by Fubini’s theorem. [
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Theorem 4.3.2. Let C be a reqular cone in R™ and ¢ € D(x,L%), 1 <s <
00. We have

ngfgeC<Q(- +iy;t), ) = p(t) (4.102)

in D(x, L®).

Proof. First we consider the Beurling case where * denotes (M)). Let
¢ € D((M,),L?). Differentiation under the integral sign shows that the
function QY given by Q¥(t) := (Q(- +iy;t), ) is an infinitely differentiable
function of the variable ¢ € R™ for every y € C. Boundedness techniques
which will be used later in this proof show that every derivative of the
function QY is an element of L® for each y € C' and satisfies the defining
growth (2.33) of elements in D((M,), L*®) (see (4.107) below). Thus QY €
D((Mp), L®) for each y € C. For every n-tuple « of nonnegative integers,
we make a change of variable and obtain

2% / Qz + iy )p(@) de — D1
R’V‘L

Ls

— ||p= / oz +)Qy(x) dz — Dy

R~

- ||/w(x+->czy<x>dx—¢|
J

L (4.103)

where ¥(t) = (D%p)(t) and Qy(x) is given in (4.101). Using the approx-
imate identity properties of the Poisson kernel as given in the proof of
Theorem 4.3.1, the proof of [27], Lemma 7, p. 213, shows that the right
side of (4.103) approaches zero as y — 0, y € C. Thus

lim | DRQU + i), ) = (D)) (4.104)

in L® for every n-tuple « of nonnegative integers.

To complete the proof of the result for * being (M), the boundedness
condition (2.38) for convergence in D((M,), L®) remains to be shown. Pro-
ceeding as in (4.103) we use a change of variable and the chain rule to
obtain

| D / Qe + iy: Yole) da]
RTL

Ls

b= / D +)Qy () da|
J

= /Diw(u)Q(u+iy;-)dU\ Le- (4.105)
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By Jensen’s inequality [48], 2.4.19, p. 91, Fubini’s theorem and the ap-
proximate identity properties of the Poisson kernel stated in the proof of
Theorem 4.3.1 we have

/ | / D2 p(u)Q(u + iy;t) du| dt < / / D3 ()| Q(u + iy: ) dudt

R"  R» R" R"
:/|ij<p(u)|s/Q(u+iy;t)dt du:/|D3<p(u)|Sdu. (4.106)
Rn Rn R

Combining (4.105), (4.106), and the fact that ¢ € D((My), L®) we have the
existence of a constant N > 0 from (2.33) such that

17 [ @ + i )plo) daf
R™

e < [[D%]

1o < Nh*M, (4.107)

for all A > 0. By (4.107) and the Minkowski inequality we have

|De / Q(a + iy; Yp(x) dz — D7l
RTL

Ls < 2Nh*M, (4.108)

for all h > 0 and all y € C. Now we combine formulae (4.104) and (4.108),
which hold for all «, to prove (4.102) in D((M,), L*) for 1 < s < cc.

The proof of (4.102) for D({M,}, L?) is similar. The proof is completed.
t

We can now obtain the desired boundary value property of the Poisson
integral P(U; z).

Theorem 4.3.3. Let C be a regular cone in R™. Let U € D'(x,L*),
1 <s< o0, and let ¢ € D(x,R™). We have
lim (P(U;- +1y), ) = (U, ). (4.109)
y—0,yeC
Proof. First recall that D(x,R™) C D(x,L?) for all s, 1 < s < o0.
Formula (4.109) now follows by combining Theorems 4.3.1, 4.3.2 and the
continuity of U. [J

It is interesting that the boundary value of the Cauchy integral C(U; 2)
as obtained in equation (4.94) of Corollary 4.2.1 depends on the cone C,
whereas the boundary value of the Poisson integral P(U;z) in (4.109) is
always U independently of the cone C.

Let us note that in the Roumieu case, with * = {M,}, Theorem 4.3.3
can be slightly generalized, as was done in Theorem 4.2.6, by taking ¢
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in the space of Roumieu Soc({Np}, {M,}) = S((]\]\/][‘;)) (see [127], p. 70, and
Gel'fand and Shilov [51], p. 245). Of course, both sequences (M) and
(N,) are taken to satisfy the conditions (M.1), (M.2) and (M.3’). We
write Seo({Mp}, {Np}) here, instead of Soo({Np},{M,}) as in Theorem
4.2.6 because the Fourier transform is not considered in the proof here;

recall (4.92).



Chapter 5

Boundary Values of Analytic
Functions

Analytic functions in tubes which satisfy certain growth conditions involv-
ing the (M)) sequences are shown in this chapter to obtain ultradistribu-
tional boundary values. As a basis for the boundary value results we define
and study generalizations of the Hardy spaces H" corresponding to tubes
in C™. For analytic functions considered in the chapter, representations are
obtained in terms of the Fourier-Laplace and Cauchy integrals.

5.1 Generalizations of H" functions in tubes

Let B be a proper open subset of R™. The set of analytic functions f in
TB = R" +iB of the variable z = z +iy,z € R",y € B, which satisfy the
estimate

IfC+iy)ller <M,  yeB,

where the constant M is independent of y € B, is called the Hardy space
H"(TB), r > 0. Stein and Weiss in [137] have obtained representation
and boundary value results for the Hardy spaces; see [137] for additional
references concerning H” functions. Generalizations of the spaces H"(T'P)
have been considered and analyzed by several authors including Vladimirov
[149], Carmichael and Hayashi [28], and Carmichael [17]-[26].

As in [137], let B denote a proper open subset of R™, the base of the
tube TP. Let d(y) denote the distance from y € B to the complement of
B in R™. The space S%(T?), where 0 < r < oo and A > 0, is the set of
all analytic functions f of the variable z = z + iy in TP = R™ + B, which
satisfy the inequality

1 +iy)ller < M1+ (d(y))"™)%exp 27Alyl], y€B,

81
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for some constants m > 0, ¢ > 0 and M > 0 which can depend on f, r,
and A, but not on y € B. If B = C is a cone, d(y) is interpreted to be
the distance from y € C to the boundary of C. The spaces S, (T2) were
defined and studied by Carmichael in [17]-[23]. For various values of r and
various bases B of the tube T2, Carmichael has obtained Cauchy, Poisson,
and Fourier-Laplace integral representations of the S7 (T7) functions and
boundary value results. The H" functions, the functions of Vladimirov
[150], and the functions of Carmichael and Hayashi [28] are all special cases
of the S7%(TP) functions.

As an example let us consider the cone (0, 00) in R! and the correspond-
ing tube T(°:°°) which is the upper half plane in C*. The function g defined
by

_exp [—27iz]

= T(0,00)
9(2) it €

is an element of the space S?(T(%°)) but is not in the Hardy space
H?(T(0:29)),

In this section we wish to consider other generalizations of H" functions,
generalizations associated with sequences (M,,). They are introduced by the
norm growth (4.61)-(4.62) obtained on the Cauchy integral of ultradistri-
butions in D'(x, L®).

The results of this section will be useful in obtaining the ultradistribu-
tional boundary value results in the next section.

Again let B be a proper open subset of R"™ and let d(y) denote the
distance from y € B to the complement of B in R". Now let f satisfy the
inequality

IFC+iyller < KA+ (dy)"™) exp [M*(T/ly])l,  yeB, (5.1)

where K > 0, T'> 0, m > 0, and ¢ > 0 are all independent of y € B
and M* is the associated function of the sequence (M) defined in (2.9).
The space of analytic functions in TP which satisfy (5.1) will be denoted
by H(Mp)(TB). The spaces H(TMP)(TB) for 0 < r < oo are a generalization
of the Hardy spaces.

If B = C, where C is an open connected cone in R™, we obtain from
the formula

d(y) = te;?(fc*)@?y% yed,

given in [151], p. 159, the estimate d(y) < |y|, y € C. From this inequality
for B = C we see that the term (1 + (d(y))~")? in (5.1) is a generalizing
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factor of the growth in which the standard term |y| is replaced by d(y).
Further, the right side of (5.1) allows for divergence to oo as y approaches
an arbitrary point on the boundary of C' and not only as y approaches 0 as
would be the case if |y| were in place of d(y) in (5.1) .

In this section we shall obtain necessary and sufficient conditions for
elements of H ( M,) (T'B) spaces, where B is a proper open connected subset
of R™, to be representable by Fourier-Laplace integrals for certain values
of r. We also obtain a Cauchy integral representation. As indicated pre-
viously, these results will lead us to boundary value and related results in
the following section.

Throughout this section we assume that the sequence (M) satisfies
conditions (M.1) and (M.3).

As previously, also in the present chapter we will use the simplified
notation for exponents introduced in Chapter 1 in formulas (1.3) and (1.4),
namely

E.(¢) := exp [2mi(z, ()], z,( € C", (5.2)
and
ey(t) == exp [-27(y, t)], yeR" teR™ (5.3)
We begin by proving some lemmas.
Lemma 5.1.1. Let B be a proper open connected subset of R™. Suppose

that 1 < s < 0o and g is a measurable function on R™ which satisfies the
estimate

leygllzs < K(1+(d(y))~") exp [M*(T/ly]),  ye€ B, (5.4)

where e, is defined in (5.3), M* is the associated function of the sequence
(M) defined in (2.9), and K > 0, T > 0, m > 0, ¢ > 0 are constants
independent of y € B. The function F given by

F(z):= /g(t)€2m<z’t> dt = Fleygl(x), z=x+iye TP, (5.5)
Rn

is analytic in the tube TB.

Proof. The proof is an extension of that in [28], Theorem 2.1. Let
Yo € B be arbitrary. Choose an open neighborhood N (yg) of yo such that
N(yo) C B. There exists a § > 0 such that {y : |y — yo| = 6} C N(vo)-
Decompose R™ into a finite union of non-overlapping cones C1, Co, ..., Cy,
each having vertex at the origin, such that (u,v) > (21/2/2)|u||v|, whenever

u and v are two points in a certain C; for j =1,...,k.
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For each j = 1,...,k choose a fixed y; such that yo — y; € C; and
|y — yo| = 6. Then, taking € := 2'/275§ > 0, we have
—2ms{y; —yo,t) = elt] = 2ms(2"/2/2)lyo — yylI¢l, (5.6)

whenever 1 < s < ocoand ¢t € Cj,j = 1,...,k. Foreach j =1,...,k,
inequalities (5.6) and (5.4) yield

/ 19(0)]* exp [—2ms(yo, 1)) exp (<t]) d < / l9(t)]* exp [—2ms(y;, )] dt
Cj R™

< K (1 + (d(yy) ™) exp [sM™(T/]y;1)], (5.7)
since
yje{y|y_y0|:§}CN(y0)CBa levuk
Now, (5.7) yields

/ l9()]° exp [—2ms{yo, )] exp ([t]) dt
RTL

k
S KSY (14 (dy) ™) exp [sM*(T/ |ys])]- (5-8)
j=1
Hence, since €|t|/2 < ¢t| for t € R™, we have, for s = 1,

[l exp-2n(0. 1) exp (ell2) d
R

k
< KZ(l + (d(y;)) ™) exp [M™(T/]y;])]- (5.9)

For 1 < s < o0, the identity
exp (e[t|/2s) = exp (t|/s) exp (—¢[t|/2s),

Holder’s inequality and (5.8) imply

/ l9(8)] exp [=2m(yo, £)] exp (c]¢]/25) dt
RTL

< A( [ 1901 exp-2rstun, )] exp el at)
.

k

< AK (314 () )  explsa @/yh]) T (5.10)

=1
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where 1/s+1/r =1 and

A (/exp (—erlt]/25] dt)l/r

R™

If |y —yo| <e/dms, y=Imz and 1 < s < 00, we have

‘g(t)eZﬂi(z,ﬂ

= |g(t)] exp [-27(y — yo,t)] exp [-27(yo, t)]
< |g(t)| exp 27|y — yol[t]) exp[—27(yo, t)]
< |g(t)] exp (e[t|/2s) exp [-27 (yo, t)] (5.11)

for all ¢ € R™. Estimates (5.9) and (5.10) now show that the right side
of (5.11) is an L' function, independent of y such that |y — yo| < e/47ws,
whenever 1 < s < co. Since yg € B is arbitrary, we conclude from (5.11)
that F' defined by (5.5) is an analytic function of z € TP. Estimate (5.11)
also proves that eyg € L! for y € B whenever 1 < s < co. The proof is
complete. [

Lemma 5.1.2. Let C be an open connected cone in R™ and 1 < s < oo.
Let g be a measurable function on R™ such that (5.4) holds for all y € C.
We have supp g C C* almost everywhere.

Proof. Assume that g(t) # 0 on a set of positive measure in
R"\C*={t: (y,t) <0 for some y € C}.

Then there is a point ¢y € R™ \ C* such that g(t) # 0 on a set of positive
measure in the neighborhood N (tg,n) = {t : |t —to| < n} of t¢ for arbitrary
n > 0. Since ty € R™ \ C*, there is a point yo € pr(C) C C such that
(to,yo) < 0, where pr(C), as previously noted, denotes the projection of C
which is {y € C: |y| = 1}. Using the continuity of the function ¢ — (¢, yo),
we can find a fixed o > 0 and a fixed neighborhood N (to,n’) of to such that

<t7 y0> < -0 < 07 te N(t0777/)'
Choose 1 above to be 7. For arbitrary A > 0 we thus have

—(Ayo,t) = =Xyo,t) > Ao >0, t € N(to,n'), X>0. (5.12)
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Since yo € pr(C) C C and C is a cone, we have Ayg € C for all A > 0.
Using (5.12) and (5.4) with y := Ay, we have, for all A > 0,

25mAa / lg(t)|® dt < / lg(t)]° exp [=2sm(Ayo, t)] dt

N(to,n') N(tosn')

< [ 190 exp (~2ms (o, ) de
J

< K31+ (d(Ayo))™™)* exp [sM™(T/|Ayol)]

= K*(1+ A" (d(yo))"™)* exp [sM*(T/N)], (5.13)
where M* is the associated function of the sequence (M),) defined in (2.9),
since d(Ayo) = Ad(yo) and yo € pr(C) implies |yg| = 1. The integral on the
left of (5.13) is finite. We let A — oo in (5.13); thus for the fixed T' > 0,

which is independent of y € C, we can consider A > 27T. For the sequence
(M,) which defines M* we have

(T/N)PpH(Mo/Mp) < (1/2)Ppl(Mo/Mp), A > 2T,
for p=0,1,2,.... Consequently,
M*(T/\) < M*(1/2) < oo, A> 2T, (5.14)

which follows from the definition of M* and the fact that (p!My/M,)
— 0 as p — oo (see [82], p. 74), since (M,) satisfies (M.1) and (M.3").
By (5.13) and (5.14),

Q27T / lg(t)]° dt < K°[1+ (Md(yo)) ™% exp [sM*(1/2)]
N(to,n’)

and thus

e27rs)\o[1 + ()\d(yo))im]iqs / |g(t)|sdt < K?exp [SM*(]-/2)] (515)
N(to,n")

for every A > 2T'. Since all constants in (5.15) are independent of A, we let
A — 00. We conclude that g must be zero almost everywhere in N(to,7’),
since exp (2msho) — oo for every o > 0 and [1 + (Ad(yo)) ™]7 % — 1 as
A — 0.

But this contradicts the fact that g(¢) # 0 on a set of positive measure in
N(tg,n’). Thus g must be zero almost everywhere in R™ \ C* and supp g C
C* almost everywhere, since the dual cone C* of C is a closed set in R™.
The proof is complete. [
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The next two lemmas concern the spaces H{ Mp)(TB), 0 <7 < oo,
defined in the paragraph containing (5.1).
In the following lemma B¢ denotes the complement of B in R"™, and

d(B', B®) =inf{|ly1 —y2|: y1 €B',  y2¢& B}
is the distance from B’ C B to B°.

Lemma 5.1.3. Let B denote an open connected subset of R™ which does
not contain 0. Suppose that 0 < r < co and f € H(TMP)(TB), Let B’ be
a subset of B such that d(B',B¢) > 26 > 0 for some 6 > 0. There is a
positive constant K’ depending on the § > 0, on the dimension n, and on
f, but not on z = x + iy € TB, such that

[f(@+iy)| < K exp[M*(T/(lyl = 9))],  z+iyeT?, (5.16)
where M* is the associated function of the sequence (M) defined in (2.9).
Proof. Let zo = o + iyo be an arbitrary point in 78", Put
Rs:={z€C": |z— 2| <d},  N(yo,d) :={y € R": |y —yo| <d}.
Then Rs C R™ +iN(yo,0) C T? and

([ armraa)”<( [ [eriridy)”
Rs

N(yo,6) R"

<k( [ araw) e @ia)’ 6

N(y0,0)
by (5.1). We have
exp [rM*(T/|yl)) < exp [rM™(T/(lyo| = 6))l, v € N(yo,0).  (5.18)
Since d(B’, B¢) > 2§ > 0, then y € N(yo,d) implies d(y) > ¢ and thus
(14 (d(y)"™)™ " < (1 +07")",  y & N(yo, ). (5.19)

Combining (5.17), (5.18), and (5.19) we get

([15G+irandy)"" < KNQ-+57")exp (T ol D) (5:20
Rs

where N := (measure(N (yo,6))"/") is a number that is actually indepen-
dent of every given yo € B’, because N has the same value for each yg € B’'.
Hence N depends only on § and the dimension n and not on yg € B’'.
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Since f is an analytic function of the variable z = = + iy € T5, the
function |f|", 0 < r < oo, is a subharmonic function of the 2n variables
T1yeeesTry YLy -+ Yn, Where 2 = x+iy € TP (see [137], p. 79). Thus [137],
Chapter 2, Section 4 yields

£Gall” < @™ [5G+ ig)]" dady, (5.21)
Rs
where Qs,, is the volume of the unit sphere in R2”. The desired estimate
(5.16) follows now by combining (5.20) and (5.21) and observing that zg =
zo +iyo € TB' was arbitrary. O

Lemma 5.1.4. Let B denote an open connected subset of R™ which does
not contain 0. Suppose that 1 <r <2 and f € H(T’Mp)(TB), For arbitrary
y and y' in B, we have

2w, () = 2™V D h, (1) (5.22)
for almost every t € R™, where

hy(t) == F L), y€ B, teR",

is the L® inverse Fourier transform, with 1/r + 1/s = 1, of the function
fy of the variable x € R™ defined by fy(x) := f(x +iy) for arbitrary fized
y € B.

The proof of Lemma 5.1.4 follows from the growth (5.16) by analysis similar
to that in [137], pp. 99-101, with Lemma 5.1.3 taking the place of Lemma
2.12 in [137], p. 99. Further, in our proof of Lemma 5.1.4 the Parseval
inequality in the Fourier transform theory for 1 < r < 2 takes the place of
the use of the Parseval equality in the case r = 2 presented in [137], top of
p. 101. We leave the details of the proof of Lemma 5.1.4 to the interested
reader.

We can now give Fourier-Laplace and, in certain instances, Cauchy in-
tegral representations of the H, Mp)(TB ) functions for certain values of 7.

Theorem 5.1.1. Let B denote an open connected subset of R™ which does
not contain 0 € R", and let f € H(TMP)(TB) with 1 < r < 2. There
exists a measurable function g of the variable t € R™ such that (5.4) holds
for y € B, where s satisfies the equality 1/r +1/s = 1 and the constants
K>0,T>0, m>0, g >0 are independent of y € B; and

f(z) = /g(t)e?m’w> dt = Fleygl(z), z=x+iy e TB. (5.23)
i
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Proof. Put
g(t) = e Whn, (1), yeB, teR", (5.24)
where hy, := F~1[f,] is the L® inverse Fourier transform of f, := f(- + iy)
for y € B, with s satisfying the equality 1/r + 1/s = 1. By the Plancherel-
Fourier transform theory, h, is an element of L*®, since f(-+ iy) € L" for

y € B, according to (5.1). By Lemma 5.1.4, g is independent of y € B.
From (5.24) it follows that

(ey9)(t) = e "W 0g(t) = FTUfI(),  ye B teR™ (5.25)

Since, as previously noted, f, € L" with 1 < r < 2 for y € B, we have
eyg € L® fory € B, with 1/r+1/s = 1, by the Plancherel-Fourier transform
theory. Moreover,

leyglle < [If(+iy)ller < K1+ (d(y)™™) exp [M*(T/]yl)]

for y € B, where M* is the associated function of the sequence (M) defined
in (2.9), by the Parseval inequality and (5.1). Thus the growth (5.4) is
obtained. From (5.25), by the Plancherel-Fourier transform theory, we also

have
fla+iy) = Fleygl(x), z=a+iyeT?, (5.26)

with the Fourier transform Fle,g] being in L". But by (5.4) and Lemma
5.1.1 the integral on the right side of (5.23), which is the L' transform of
eyg for y € B, is an analytic function of the variable z € T'P; recall from
the proof of Lemma 5.1.1 that e,g € L' for y € B, since (5.4) is satisfied.
From the Plancherel-Fourier transform theory we know that the L' and L”
Fourier transforms, with 1 < 7 < 2, of the same function are equal when
both of them exists. Hence the desired equality (5.23) follows from (5.26).
The proof is complete. [

Corollary 5.1.1. Let C' be an open connected cone in R™ and assume that
fe H(TMP)(TC) with 1 < r < 2. There ezists a measurable function g
of the variable t € R™ such that (5.4) holds with s satisfying the equality
1/r+1/s =1 fory € C; the inclusion supp g C C* holds almost everywhere;

and equation (5.23) holds for z € TC.

Proof. The proof is obtained by combining Theorem 5.1.1 and Lemma
5.1.2. Here the constants K,T,m, and ¢ are as in (5.4). O

In Theorem 5.1.1 and Corollary 5.1.1 we do not know whether g € L.
However, if ¢ is an element of L® and if it is the inverse Fourier transform
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of some function G € L™ with 1 < r < 2, then an additional representation
of f from Corollary 5.1.1 is shown in Corollary 5.1.2 below in terms of the
Cauchy integral.

Corollary 5.1.2. Let C be a reqular cone in R™. Let f € H(TMP)(TC) with
1 < r < 2. Suppose that the function g of Corollary 5.1.1 is the inverse
Fourier transform of a function G € L, 1 < r < 2. We have g € L?,
where s satisfies the equality 1/r + 1/s = 1; the inclusion suppg C C*
holds almost everywhere; the equality (5.23) holds for z € T ; and

/G K(z—t)dt, zeTC. (5.27)

Proof. By assumption, the function g of Corollary 5.1.1 satisfies the
equality

g(u) = F'Cl(u),  uweR"

for some G € L", 1 < r < 2. By the Plancherel theory, we have g € L*,
where s satisfies the equality 1/r+1/s = 1. Note that the Cauchy integral
in (5.27) is well defined because of the properties of the Cauchy kernel
K (z —t) formulated in Theorem 4.1.1. Using the definition of K(z —t) for
t € R" and z € T, Fubini’s theorem, and the representation (5.23), we
obtain

R[ G(t)K (2 — t)dt = lim / G(t) / Foy(u) dudt

k—oo

|t]<k c

=l [ B.(u) / Glt)ess (u) dt-du = / () E. (u) du = f(2)
o Iti<k o

(5.28)

for 2 € TY, where the symbols E, and e, are defined in (5.2) and (5.3).
The Cauchy integral representation (5.27) is thus obtained. O

As a dual theorem to Theorem 5.1.1 we have the following result.

Theorem 5.1.2. Let B be a proper open connected subset of R™ and let
1 < r < 2. Suppose that g is a measurable function on R™ which satisfies
the estimate

leygller < K14 (d(y))"™)"exp [M"(T/ly])],  ye€ B, (5.29)
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where e, is defined in (5.3), M* is the associated function of the sequence
(M) defined in (2.9), and K > 0, T >0, m > 0, ¢ > 0 are constants
which are independent of y € B. Then the function f given by

1) = [ g0 = Fleygl@),  s=ariyeT? (530
R’V‘L
is analytic in T® and satisfies the inequality
1f(+iy)lls < KA+ (d(y)™™) exp [M*(T/ly))],  yeB; (5.31)
and f € H(SMP)(TB), for s satisfying the equality 1/r +1/s = 1.

Proof. By the proof of Lemma 5.1.1, the function f is analytic in 77 and
eyg € L' for y € B. By (5.29), we have e,g € L", 1 <r < 2, for y € B.
Thus the right side of (5.30) can be viewed as both the L' and the L"
Fourier transform of eyg for y € B. By the Parseval inequality,

IFC+iy)llee = [[Fleygllize < lleygllor (5.32)

for y € B and s satisfying the equality 1/r + 1/s = 1. The estimate in
(5.31) now follows from (5.32) and (5.29).

In case B is an open connected subset of R™ which does not contain
0 € R™ and r = 2, Theorem 5.1.2 is a converse result to Theorem 5.1.1.

5.2 Boundary values in D’((M,), L®) for analytic functions
in tubes

In this section we will consider analytic functions of the type
Hiy,) (T°), defined in Section 5.1, and obtain boundary values of the func-
tions in D’ ((M,), L*). Before doing this, we will precisely state conditions
that we need on the sequence (M,) = (Mp)pen, in order to obtain the
boundary value results. We also need to define new associated functions
corresponding to these sequences. We will prove a number of lemmas which
form a basis for our boundary value results.
If the sequence (M),) satisfies condition (M.1) of Section 2.1, we have
M, _ M,

< Zpl cN. 5.33
M, S M, P (5.33)

Put

pEN, (5.34)

my ‘=
D ’
M,
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(see [82], (3.10), p. 50). Note that (5.33) implies that the sequence (m;)pen
is nondecreasing if (M, )pen, satisfies (M.1). Further, put
m
mt =L, peN. (5.35)
p

To obtain several results in this section we will assume as, for example,
Petzsche has done for his analysis in [110], p. 394, that the sequence (m?) is

P
nondecreasing. An example of a sequence (M),) for which the sequence (m)
is nondecreasing is M), := (p!)° for p € Ng and s > 1. If the sequence (my)

is nondecreasing, we immediately obtain that the sequence (mj) defined
in (5.34) is a strictly increasing sequence; this follows directly from the
definition (5.35).

Put

m(A) := the number of m, < A, (5.36)

(see [82], p. 50) and note that m(\) is finite for all A > 0 if m, — oo as
p — 00. For (Mp)pen, satisfying (M.1), the sequence (m,) is nondecreasing.
Hence

m(A) =sup{p: mp, < A} (5.37)
P
and m is a nondecreasing function of A\. Now put
* MP
Mp = F, pE N, (538)
and note from (5.35) that
: My N (5.39)
m, = ——, peN .
Vi

*

Lemma 5.2.1. The sequence (mp

quence (M) satisfies (M.1).

) is nondecreasing if and only if the se-

*

Proof. Suppose that the sequence (m?) is nondecreasing. From (5.39)

p
we have
MP+1 > MP p c N

(p+ I)M;D o p]\4p—17

Hence
(p+ D! (p—1)!
Mp_l MP+1 Z (M;D)2 p' p'

and
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for all p € N. From definition (5.38) we thus have obtained
M;Ll M;:Jrl > (M*)za pEN,

p
which is condition (M.1) of Section 2.1.
For the converse, let us assume that the sequence (M) satisfies (M.1).
It follows from (5.38) that
(Mp)2 < Mpfl Mp+1
™2 — (p-1! (p+ 1)

and
p! p! p
M) < M, M = M —_—
( P) = p—1 p+1 (p_ 1)' (p+1)' p—1 P+1p+1

for p € N. This implies
M, < Myiq
pMy1 = (p+1) My
or, by (5.34) and (5.35),

pEN,

m;‘)gm;‘ﬂrl. p € N.

*

Thus the sequence (m;,

) is nondecreasing, and the proof is complete. [

We define
m*(A) := the number of m; < A. (5.40)

*

») is nondecreasing, we have

If the sequence (m

m*(\) = st:)p{p sy <A} (5.41)

Recall the associated functions M and M* defined in (2.8) and (2.9),
respectively. If the sequence (M),) satisfies (M.1), we have

p

M(p) = / @ dA, 0<p<oo, (5.42)
0

which is shown in [82], (3.11), p. 50. Since, by Lemma 5.2.1, the sequence

(M,;) satisfies condition (M.1) whenever the sequence (m;,

») is nondecreas-
ing, we have, similarly to (5.42),

P
M*(p) = / mA(A) d\,  0<p< oo, (5.43)
0
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*

if the sequence (m,;) is nondecreasing. In (5.42) and (5.43), the functions
m and m* are defined in (5.36) and (5.40), respectively.

Using the above information on sequences (M,), we now prove four
needed lemmas.

Lemma 5.2.2. Assume that the sequence (M,) satisfies condition (M.1)

and the sequence (my) is nondecreasing. We have

m*(t/2m(t)) < m(t), t > my. (5.44)

Proof. Recall that the functions m and m* are given by (5.37) and
(5.41), respectively, under the assumptions of the lemma. Fix arbitrarily
t > mq = My1/My and denote pg := m(t) for this fixed ¢t. We have

Mpy <t, Mpo41 > L,
and
m t
potl o (5.45)
Po m(t)
For t > m1, we have pg > 1 and 2pg > pg + 1. Hence
2mpg 41 > po+1 CMipo+1 _ Mipo+1 > t
po+1l = po  po+1 Po m(t)’
which implies
Mpo+1 t

Mot = po+1 " 2m(t)

and
m*(t/(2m(t))) = sgp{p imy, <t/(2m(t)} <po+ 1.

Inequality (5.44) follows immediately from the above inequality for ¢ > my.
U

We know that the sequence (m,) is strictly increasing if the sequence
(mp) is nondecreasing. In fact, we can say more. Recalling the definition
(5.35) of the sequence (my), we see that if (m;) is nondecreasing, then
my .y > my for each p € N which implies my11/m;, > (p+1)/p for p € N.
Thus, for each p =2,3,4,...,

mp _ Mp Mp-1 o mamz o p p—1 2
-

*

mq Mp—1 Mp—2 momp  p—1p—2

Thus if the sequence (m;‘,) is nondecreasing, we have m, > pm; for each

p € N, which yields m;, — oo as p — oo. Using these facts we prove the
following.
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Lemma 5.2.3. Let the sequence (M)) satisfy condition (M.1) and suppose
that the sequence (m?) is nondecreasing. For every t > mi we have

P
m(A) _ m(t)
— > 7 <A<t 4
> 5 MmSA< (5.46)
Proof. Since the sequence (my) is nondecreasing, it follows from (5.35)

that

(p+1)/mpi1 <p/mp,  peN. (5.47)

Let t > my be arbitrary but fixed. There is an integer p > 1 such that
my < t < mpy1, and therefore m(t) = p. First assume that m, <t < mp41
and A satisfies the inequalities m, < A < ¢. In this case, we have m(\) =p
and
A ATt ot T
This is the desired result in the case where m, < A <t < myp4; for the
value of p such that m, <t < my41.
The remaining cases are covered by considering A satisfying m; < A\ <

m\) _p_p_mt) _ m() (5.48)

my, for the index p for which m, < ¢t < mpy;. In this case, we have
mr < A < mgy1 for some £ = 1,...,p — 1. Taking into account that
k> (k+1)/2for k € Nand mi < A < m,, for the p such that m, <t < mp41
and using (5.47) repetitively, we get

mN) _k_ ko k1l kt2 o p

—_— = — . 5.49
A AT Mpgr1 T 2Mmpgr T 2megge T 2my (5:49)
and
mt) _p_ P (5.50)
t t = my ’

Combining (5.49) and (5.50), we obtain

m\) _ p o m)
> 5.51
A ” 2m, — 2t (5:51)
for the A satisfying mi; < A < m, for the p for which m, <t < mypq1.

Combining (5.48) and (5.51), we conclude (5.46). O

In view of Lemma 5.2.1, the sequence (m;) is nondecreasing if and only
if (M) satisfies condition (M.1). Thus the hypothesis that the sequence
(m;) is nondecreasing can be replaced in Lemmas 5.2.2 and 5.2.3 by the
assumption that the sequence (M) satisfies condition (M.1). This is the

case also in the statements of Lemmas 5.2.4 and 5.2.5.
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Lemma 5.2.4. Let (M) satisfy condition (M.1) and let the sequence (m;,)
be nondecreasing. For s := 2(m1 + 1) we have

t>mg+1. (5.52)

Proof. Since m(t) = 0 for 0 <t < my, we see from (5.42) that
t
M(t) = /m(/\)/)\dA, t>my. (5.53)
mi

From (5.53) and the result (5.46) of Lemma 5.2.3, we deduce

m(t)(t —mi1) _ m()  m(t)m

M(t —
(t) > 2t 2 2t

t>m1.

Consequently,

m(t) m(t)my  m(t) my _ mf(t)
M#) > = S 2(mi+1) 2 <1_m1—|—1> ~2(my 4+ 1)

for t > my + 1, which is (5.52) for s = 2(my +1). O

Lemma 5.2.5. Let the sequence (Mp) satisfy condition (M.1) and let (m;;)
be nondecreasing. For s := 2(m1 + 1) we have

M (23%@)) <SMH)+ A, t>mi+1, (5.54)

for some constant A, where M and M™* are the associated functions defined
in (2.8) and (2.9), respectively.

Proof. Fix t > mq + 1. It follows from inequality (5.52) in Lemma 5.2.4
that sM(t) > m(t), where s := 2(m + 1). Hence t’ < t”, where

/ t " t

2sM(t)’ To2m(t)’

As m* is a nondecreasing function of A and ¢’ < ¢, we conclude from (5.44)
in Lemma 5.2.2 that

m*(t") < m*(t") < mf(t), t>myg+ 1. (5.55)

Due to (5.41), we have m*(A) = 0 for 0 < A < m;. Hence, in view of
(5.43), we obtain

t
M*(t) = / m/\m d\,  t>mi+1. (5.56)
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By a straightforward chain rule calculation and by (5.53), we have

dM*(t')  m*(t') 1 1 m(t)
¢ 2s (M—(t) a (M(t))2) (5.57)
for t > mq + 1. Using (5.57), (5.55), (5.42) and denoting
;o my +1 _ 1 ) i A
S )~ i) N sy
we have for t > mq + 1 that
M* () — M*(') = / % dr
mi+1
m* 1 m(\)
/ = (37 ~ o) @
8/2
*((N)) m* f m(A)
</2$/,L( MO d/\—/ d)\</Td)\
s/2 s/2 s/2
t s/2
= / @ X — / @ d\ = M(t) — M(s/2). (5.58)

Now (5.54) follows from (5.58) with A := M*(s’) — M(s/2) and the proof
is finished. O

We now proceed to prove several other lemmas which are needed to
prove our boundary value results. The proof of the following lemma is
similar to that of [113], Lemma 10.

Lemma 5.2.6. Suppose that the sequence (M,) satisfies conditions (M.1)
and (M.2) and the sequence (my) is nondecreasing. Let C be an open
connected cone in R™, and let v > 0 and k > 0 be arbitrary constants.
There exist positive constants K and u such that

[exp (vl )~ Mo (/lgl)] dy = Kexp[-M(ult)), e C™\oC",
c
(5.59)
where M and M* are the associated functions defined in (2.8) and (2.9),
respectively, and O0C* is the boundary of the dual cone C* of C.
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Proof. Denote

1(t) = / exp [~y 1) — M (k/|y])] dy.
C

Let s :=2(m1+1). Let t € R™ be arbitrary but fixed such that ¢t € C*\9C*
and [t| > mq + 1 = s/2. For such t put

A(t) = {y e R Iyl € [a(lt), b)) },
where
a(0) := 2skM(0)/6; b(0) := (2skM(0) +1)/6 (5.60)
for & > 0, and
C(t) :== A(t) N C.

Since the function M* defined in (5.43) is nondecreasing, we conclude
from Lemma 5.2.5 that

M (k/ly]) < M*(¥)
where
t = Jt]/(2s M (|t]));
and, consequently,
exp [~ M* (k/|y])] = exp [-M*()] = exp[-M(t]) — 4] (5.61)

for y € C(t) and [t| > s/2, where the constant A from (5.54) depends on
the sequence (M),) through the functions M and M*. For y € C(t), we
have

exp [—v|y||t]] > exp [-2skv M (|t]) — v]. (5.62)

Recall that (y,t) > 0, y € C, ¢t € C*. Combining (5.61) and (5.62) we
have, for t € C* \ 9C* and [t| > s/2, that

1(t) > /C Lyl = My dy

v

exp [—2skv M (|t]) — v] exp [-M(Jt]) — 4] /c(t) ldy

=exp[—(v+ A)] exp[—(1 + 2skv)M (|t])] /c(t) 1dy.  (5.63)
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As before, let pr(C') denote the projection of C' which is the intersection
of C with the unit sphere in R”. We have

b(Jt])
/ ldy = / / " Ydr do
c(t) pr(C) Ja(|t])

—n! / Ldo - [(b(|t)" = (a(|t))"] = Sen e,
pr(C)
(5.64)

where Sc¢ is the surface area of pr(C). Recall from (5.42) that M is an
increasing function. Thus

exp [M(l)]
"

For t € C*\9C* and [t| > s/2 we can choose a constant @ > 0, independent
of ¢, such that

17" = Qexp[=M(I)],  te C*\aCT, [t > 5/2,

00 as |t| — oo.

which we use in (5.64) to obtain
/ Ldy > QScn texp[-M(|t])], teC*\oC*, |t| >s/2. (5.65)
C(t)

(Equivalently, it follows directly from the definition of the function M that
exp [M([t])] = (Mo/M,) [t|",

and this can also be used in (5.64) to obtain (5.65) with @ := My/M,,.)
Combining (5.63) and (5.65), we see that

I(t) > QScn texp[—(v+ A)] exp [ (2 + 2skv) M (|t])]
= Bexp|[—(2+ 2skv)M(]t])] (5.66)
for t € C*\ 0C* and |t| > s/2, where the constant
B:=QScn texp[—(v+ A)

depends on v, m1,n, and the cone C, but not on ¢.
Now fix t € C* \ 9C* such that [t| <m; +1=s/2. Put

') :=A{t)NnC,
where
A(t):={y e R": [y € [a'(t),0'(D)]}
with
a'(t) := a([t| +m1 +1); V() == b([t| +ma + 1),
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according to the previous notation adopted in (5.60). Proceeding similarly
as in (5.61), (5.62) and (5.64) and denoting

. 2mq + 2 0o [t| +m1+1
T 2sM(my 4+ 1) T2sM(|t| +my + 1)
we now deduce that
exp [~ M*(k/[yl)] > exp [-M*(¢")] > exp[-M*(s)];  (5.67)
exp [—v|y|[t] > exp [~v(2skM(s) + 1) (5.68)

Y

/ ldy > Scn~ts™, (5.69)
cr(t)

for y € C'(¢) and |t| < s/2, where again S¢ is the surface area of pr(C).
Combining (5.67), (5.68) and (5.69), we see that

102 [ esplalyll =06/l dy

= % exp [—v(2skM(s) +1) — M*(s')] =: R (5.70)

for t € C*\ 0C* and |t| < s/2, where the constant R depends on n, the
sequence (Mp) through the functions M and M*, and the cone C as well
as on the given positive constants v and k, but does not depend on t.

We have thus proved that (5.66) holds for each ¢t € C* \ 9C* such that
[t| > s/2 and (5.70) holds for each t € C* \ dC* such that [t] < s/2.
Combining (5.66) and (5.70), we can find a positive constant K; such that

I(t) > Kqexp[—2(1 + skv)M([t])], teC*\ocC". (5.71)

The sequence (M,,) is assumed to satisfy conditions (M.1) and (M.2) here.
Thus (2.13) from Lemma 2.1.3 holds for the constant L := (2 4 2skv) >
1. Hence the existence of constants K > 0 and u > 0 such that (5.59)
holds follows from (5.71) and (2.13) in Lemma 2.1.3. The constants are
independent of t € C* \ C* but are dependent upon the dimension n, k, v,
the sequence (M), through the functions M and M*, and the cone C. The
proof is complete. [

The sequence (M,) given by M, := (p!)® for p € Ny and s > 1 is an
example of a sequence which satisfies the hypothesis of the previous lemma.
We use Lemma 5.2.6 to prove the next lemma.

Lemma 5.2.7. Assume that the sequence (M) satisfies conditions (M.1)

and (M.2) and the sequence (m,) is nondecreasing. Let C be a regular cone
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in R™ and 1 < s < co. Let g be a measurable function on R™ such that
suppg C C* almost everywhere and

/Rn [(eyg)(t)* dt < Rexp [M*(k[y])], — yeC, (5.72)

for some constants R > 0 and k > 0, where e, has the meaning of (5.3).
There exists a constant d > 0 such that

lg exp[~2(d]- D]llze < oo, (5.73)
where the symbols M and M* here denote, as previously, the associated
functions defined in (2.8) and (2.9), respectively.

Proof. We need here the following additional notation:

ey(t) = e~ 2mslyt) y € R",

for 1 < s < oco. This means we have, in particular, 6714 = ¢, for y € R,
according to (5.3).
Since supp g € C* almost everywhere, we conclude from (5.72) that
exp [—J\/—’*(/ﬂ/lyl)]/C lg®)*ey(t)dt <R,  yeC. (5.74)

Fix tp € pr(C*) \ 0C* with 0C* denoting as before the boundary of C*.
Multiplying (5.74) by e; (to) = exp [~27s(y, to)] for arbitrary y € C and
integrating over C' we get

/c (/CJ'g'S%)(f) dt) exp [~ M* (k/|yl] e} (to) dy

< R/Cexp [—27s(y, to)] dy. (5.75)

As in the proof of Lemma 5.2.6, the integral on the right of (5.75) is finite
for to € pr(C*) \ 9C*. By Fubini’s theorem, interchanging the order of
integration on the left of (5.75), we obtain

/ |g(t)|s/ ey (t+1to) exp [—M*(k/ly])] dy dt < oo. (5.76)
c* c

Hence, since 1 < s < oo and the cone C' is regular (and thus convex), so
that ¢ € C*\ 9C* and ¢y € pr(C*) \ 9C* imply that t + tg € C* \ 9C*,
it follows by Lemma 5.2.6 and (5.76) that there exist positive constants K
and m such that

K/ |g(t)]® exp [—sM (m]t + to|)] dt
o*

<K lg(t)|* exp [=M (mlt + to])] dt
C*\oC

< o 9000 [ et t0) xo [0 Gsl) dy a <

(5.77)
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and this proves that the integral on the left of (5.77) is finite. Now, since
to € pr(C*) \ 9C*, we have |t + tg| < |t| + |to] = 1 + |t|; and applying the
fact that M is a nondecreasing function of p > 0 (see [127], p. 65) and the
property (2.10) fom Lemma 2.1.3, we obtain

M(mlt + to]) < M(m|t] +m) < M(2mlt]) + M(2m). (5.78)

Therefore, applying (5.78) in (5.77), we have
Ke_SM(Qm)/ lg(t)[2e™MCmI) gt < oo, (5.79)
since exp [sM (2m)] is finite. This proves (5.73) with d := 2m. O

Lemma 5.2.7 is used to prove the next lemma which, in turn, will be
used later in this section to obtain the ultradistribution boundary value
results.

Lemma 5.2.8. Assume that the sequence (M)) satisfies conditions (M.1)
») is nondecreasing. Let C' be a regular cone
i R™ and 1 < s < oco. Let g be a measurable function on R™ such that

supp g C C* almost everywhere and

leygllee < Kexp[M™(K/ly))],  yeC, (5.80)

and (M.2) and the sequence (m

for some positive constants K and k with the notation (5.3) used. There is
a constant b > 0 such that

lg exp [=M (5] - )]

where M and M* above denote the associated functions defined in (2.8)
and (2.9), respectively.

Ls < 090, (581)

Proof. From (5.80) we have

/|eyg|5dtSKSexp[sM*(k/wm, yec. (5.82)

Under the assumptions (M.1) and (M.2) on the sequence (M), it follows
that the sequence (M, /p!) satisfies condition (1.2); and (M, /p!) satisfies
condition (M.1) by Lemma 5.2.1. Note that

M*(p) = sup log, [p"p!Mo /M) = Sup log, [p"Mo/(My/pY)].  (5.83)

Now, applying the proof of [111], Lemma 1.7 (b), pp. 140-141 (see also
the proof of [82], Proposition 3.6, p. 51) to the sequence (M, /p!), which
satisfies conditions (M.1) and (M.2), and taking into account (2.13) from
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Lemma 2.1.3, we conclude that there exist a positive constant B and a
constant Qs > 0 depending on s such that
sM*(k/|y|) < M*(B**k/|y|) + Q, 1<s<o0. (5.84)
Using (5.84) in (5.82), we have

/n [(eyg)(t)| dt < K™ exp (Qs) exp [M*(B*'k/|y)],  yeC. (5.8)

The conclusion (5.81) now follows from (5.85) and the assumptions on g
and (M,) by applying Lemma 5.2.7. The proof is complete. OJ

Recall the spaces FD(*, L") of Section 2.4.

Lemma 5.2.9. Assume that the sequence (M) satisfies conditions (M.1)
and (M.2). Let ¢ € D((M,),L'). We have

Sup |P(z) exp [M (h|z])]| < o0 (5.86)

for every h > 0, where M is the associated function defined in (2.8).

Proof. Since ¢ € D((M,),L') implies p € FD((M,, L"), for every
k > 0, every n-tuple a of nonnegative integers, and each z € R™ we have

ﬁ(j’;j\(j)' <N (5.87)

where NN is a positive constant which is independent of k,« and = € R™.
Applying (2.5) in (5.87), we get

1 M() |J)1| (e %} MO |mn| Qnp N
‘ P .8 — <N
(Mo)"B "oy {Mal (kE) P, \kE P(z)] <

and, by the definition of the function M in (2.8),

m oxp [M(je1|/(KE)) + ... + M(Jeal/(KE))] |3(x)] < N (5.88)

for some positive constants B and F, and for all x = (z1,...,x,) € R™
Since |z| < n(|z1] + ... + |xn|) and the function M is nondecreasing on
(0,00), we have

M(|z[/(knE)) < M(|z1|/(EE) + ... + |zal/(KE))

< M(nlaa|/(RE)) + ...+ M(n|zn|/(KE))

< (/DM (o1l /(kB) + ... + Mzl (KE)) + K, (5.89)
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by (2.10) and (2.12) from Lemma 2.1.3, where K > 0 is a constant. From
(5.89) we have

(2/@Bn))M(|z|/(knE)) < M(|x1|/(KE)) +. ..+ M (Jzn|/(EE)) + K1 (5.90)

for x € R™, where K1 > 0 is a constant. Using (5.90) in (5.88) we have

exp [— K]
(Mo)"B

and hence

% sup (exp[(2/(3n)) M(jal/(knE)] [2@)) < N (5.91)

exp[(2/(3n))M(|z|/(knE))] [p(z)] < N,z eR",

for all £ > 0. For arbitrary A > 0 and a positive integer ¢ chosen such that

(2/(3n))27 > 1, select k such that
1

—:Hq .92
oy h, (5.92)

where H is the constant from condition (M.2). By (2.11) from Lemma
2.1.3, used repeatedly, there exists a constant G > 0 such that
M(H hlal) = M(H(Hhle])) > 2M (H*"hla|) - G
> 2°M(H9 ?h|z|) — 2G - G
> 29M (hlz|) — (1+2+...+2971)G. (5.93)
From the choice of ¢, (5.92) and (5.93), we have
exp [(2/(3n)) M (|z|/ (knE))] = exp [(2/(3n)) M (Hh|x|)]
> exp [(2/3n)29M (h|z|)] exp [—(2/(3n))(1 + 2+ ... +2971)(]
> exp[—(2/(3n)(1 42+ ... + 27 1G] exp [M (h|z])] (5.94)

for all h > 0. (5.91) and (5.94) now combine to prove our asssertion (5.86).
U

The proof of the following result can be obtained in a similar way as
the proof of Lemma 5.2.9, and we omit the details.

Corollary 5.2.1. If (p») is a net of elements in D((M,), L*) which con-
verges to zero in D((M,),L') as A — oo, where the sequence (M,) satisfies
(M.1) and (M.2), we have

lim sup [exp [M(h|z])] px(z)] =0

A—00 R

for all h > 0, where M is the associated function defined in (2.8).
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The following result will be used in the boundary value analysis.

Lemma 5.2.10. Assume that the sequence (M)) satisfies conditions (M.1)
and (M.2). Let ) € FD((Mp),L") with 1 <r < 2. We have, for arbitrary
k>0,

¢ exp [M (k| - ]l £s < oo, (5.95)
with 1/r +1/s =1, where M is the associated function defined in (2.8).

Proof. The proof is obtained by the calculation in [113], p. 205. For
k>0 and t € R", we have

exp[MKt)] _ k)Pt 4. At (k) )t
MO 7p€No Mp T« Ma ’

where « is an n-tuple of nonnegative integers. Thus, if v €
FD((M,), L") with 1 <r <2 and 1/7‘+ 1/s =1, we have

[ exp [M (k[ - DIl s H n?)* [t (kn?)
e < - o s
i B DI 8
(5.96)
From (2.50),
sup [ < o0
for all h > 0. Putting h := (2kn?)~!, we obtain from (5.96)
1 exp [M (k [[29]| - It @
Mo Z yehet, <5 anr. a (2) =%

which proves (5.95) as desired. O

The following result is proved using the details of the proof of Lemma
5.2.10 just as the proof of Corollary 5.2.1 followed from the details of the
proof of Lemma 5.2.9.

Corollary 5.2.2. If (1) is a net of elements in FD((Mp), L"), with 1 <
r < 2, which converges to zero in FD((M,),L") as X — oo, where the
sequence (M) satisfies (M.1) and (M.2), we have

Jim ||y exp [M (K] - |)]]

for all k > 0, where s satisfies the equality 1/r + 1/s = 1 and M is the
associated function defined in (2.8).

s =0
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Using the lemmas and corollaries proved to this point of this section, we
can now obtain boundary value results. In our proofs we also use properties
obtained in Section 5.1.

Thus, throughout the remainder of this section we will assume that
(M,) is a sequence of positive numbers which satisfies conditions (M.1),
(M.2), and (M.3") of Section 2.1 and the sequence (m;,), defined in (5.35),
is nondecreasing.

Let C be a regular cone in R™. We consider functions f of the variable
z which are analytic in 7¢ = R™ +iC and which satisfy the following norm
growth:

1f(+iy)llr < Kexp[M*(T/|yl)],  yeC, (5.97)

where K > 0 and T > 0 are constants which are independent of y € C' and
M* is the associated function of the sequence (Mp) defined in (2.9). Note
that the norm growth (5.97) considered in this section is that in (5.1) with
m = 0 or ¢ = 0 there, and the functions f are certain elements in Hj, | (T9)
as defined in Section 5.1. We first prove that elements of H, Mp)(TC) with
1 < r <2, which satisfy (5.97), obtain ultradistributional boundary values
in D'((M,), L').

Theorem 5.2.1. Let f be analytic in TC and satisfy (5.97) with 1 < r < 2.
There ezists U € D'((M,), L") such that

li tiy) = .
yﬂé{ggcf(ﬂy) U (5.98)

in D/((My), LY.

Proof. Let ¢ € D((Mp),L'). From Section 2.3 we see that
D((My), L) € D((M,), L*) for all 5,1 < s < oo.

By (5.97), we have f(-+iy) € L" for y € C with 1 < r < 2. Thus
(f(- +1y), @) is well defined for y € C. By Corollary 5.1.1 (see the proof of

Theorem 5.1.1) and the assumed inequality (5.97), there exists a measurable
function g on R™ such that supp g C C* almost everywhere,

leygllos < Kexp[M*(T/ly)], yeC, (5.99)
with s satisfying 1/r +1/s =1, and
f(x +iy) = Fleyg](z), z=x+iyeTC, (5.100)

where e, is defined in (5.3) and M* is the associated function of the sequence
(M) defined in (2.9). The above Fourier transform is meant both in the
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sense of L1 and L" (see (5.26)). By (5.100) and the Parseval equality, we
have

(f(-+iy), ) = (Fley gl, ) = (ey9,9) (5.101)
for p € D((M,),L') and y € C.
We now want to show that ¢ € L!. To do so fix arbitrary constants
k1,k2 > 1 and find, according to (2.12) and (2.13) from Lemma 2.1.3,
constants K1, Ko, K3 > 0 such that

exp [M (ky [t]) + M (et])] < Ky exp[(3/2)(ky + k2) M([t])]

< Ky exp [M(Kst]), (5.102)
where M is the associated function defined in (2.8).
Denoting eMJ(t) = exp[-M(k;[t])] for j = 1,2 and e} (t) =

exp [M (K3|t])], we conclude from (5.102) and the Hélder inequality that

/|g |dt<K2/|g (Dle™, (8) e, (1) e (1) dt

< Ko ||€3 Pllpee ||g€¥1611/[2||L1
< Kz le3’ Plloee lgeXy | re leXs ]| or. (5.103)

Clearly, e, € L, so ||e*,||L- < oo. Moreover, since k1 > 1 was fixed
arbitrarily, we may choose ki to be equal to b in (5.81). Hence, by Lemma
5.2.8, we have ||geM,||Ls < co. Finally, since the assertion of Lemma 5.2.9
holds for every h > 0, we can put h := K3 in (5.86) to obtain |e}/ ]|~ <
oo. Therefore the right side of (5.103) is finite. Consequently, g € L' by
virtue of (5.103).

Since (y,t) > 0 for y € C, t € C*, and supp g C C* almost everywhere,
we have

ey (H)g () ()] < |g(£)@(t)]
for almost all ¢ € R"; and, in view of the preceding paragraph, g @ € L'.
Thus by the Lebesgue dominated convergence theorem,

lim ey(t)g(t)p(t) dt = / g(t)p(t) dt. (5.104)
y—0,y€C Jrn R
We are now in a position to define U by
(U, ) :=(9.9),  pe€D((M),L"). (5.105)

If (py) is a net in D((M,,), L') converging to zero in D((M,), L') as A — oo,
similar arguments to those used in the proof of the inequalities (5.103) and
of Corollary 5.2.1 show that

Jim (U, @) = lim (g, @5) = 0.
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Hence U is continuous on D((M,), L') and the linearity of U is obvious.
Thus U € D'((M,), L'). Returning now to (5.101) and using (5.104) and
the definition (5.105), we obtain

li ti = 1 2) = {g,0) = 1
yﬁéglec<f(+2y),s0> yHég}ec<eyga§D> (9,0) = (U, ) (5.106)

for p € D((M,), L"), which proves (5.98) as desired. [J

The following result is a dual theorem to Theorem 5.2.1, and boundary
value results are obtained in D'((M,), L"), 1 <r < 2.

Recall the spaces FD((M,), L") and F'D((M,), L") which were defined
in Section 2.4.

Theorem 5.2.2. Let 1 < r < 2. Let g be a measurable function on R™
such that

ley gllzr < Kexp [M*(T/|yl)], yeC, (5.107)

where M* is the associated function of the sequence (M) defined in (2.9),
ey is defined in (5.8), and K and T are positive constants which are inde-
pendent of y € C. The function f defined by

F(2) = / g0 dt = Fleygl(x),  s=atiyeTC, (5108

is analytic in TC, satisfies the inequality
[fC+iy)les < Kexp[M*(T/ly)],  y€eC, (5.109)

where 1/r + 1/s = 1, and there is an ultradistribution U € D'((M,), L"),
namely U := F~1[g], where §(t) := g(—t) for t € R", such that

lim_f(-+iy) =U (5.110)

y—0,y€

in D'((M,),L").

Proof. By Theorem 5.1.2 with ¢ := 0, the function f is analytic in 7¢
and satisfies (5.109), i.e. (5.97) with L" replaced by L®, 1/r +1/s = 1.
By the proof of Lemma 5.1.1, the Fourier transform Fle,g] on the right of
(5.108) can be interpreted in both the L' and L" sense. Further, by Lemma
5.1.2, supp g € C* almost everywhere.

Now fix an arbitrary ¢ € D((M,), L") with 1 < r < 2 and let ¢ :=
Fly] = ¢ and 9(t) = h(—t). Hence o € FD((M,),L"). By the proof of
Lemma 5.2.10, we have

[+ exp [M (h] - )]][zs < oo, (5.111)



Boundary Values of Analytic Functions 109

for arbitrary h > 0, with 1/r + 1/s = 1. By Holder’s inequality, (5.111),
and the proof of Lemma 5.2.8, there exists a constant b > 0 such that

/n 9@y ()] dt < [|lg exp [=M (b]- D]l - [|¢> exp [M(b]-])]]

in view of inequalities (5.81) and (5.111). By (5.112) and Corollary 5.2.2,
we have g € F'D((M,),L") with 1 <r < 2.

Now define U := F~1[j] by means of the formula (2.52); that is,

(o) = (FUgle) = (3:0) = (9,0), 0 €D((M),L"). (5113)
Since g € F'D((M,), L"), we have U € D'((M,),L") with 1 < r < 2 by
Lemma 2.4.2. Thus, by (5.108) and (5.113), we have

(f(-+iy) —U,p) = (eyg, ) — (9, %) = (g(ey —1),%) (5.114)
for our fixed ¢ € D((M)),L") and v = ¢ € FD((M,),L"). Since suppg C
C* almost everywhere and (y,t) > 0 for y € C, t € C*, we have
g(t)(ey (t) = 1) ()] < 2|g(t)3(t)]
for almost all t € R"; and gv¢» € L' due to (5.112). By the Lebesgue
dominated convergence theorem,
m {gley —1),¢9)= lm_ . g()(ey(t) —1)¥(t)dt =0. (5.115)

Now (5.110) is obtained by combining (5.114) and (5.115), since the fixed
function ¢ € D((M,), L") was chosen arbitrarily. The proof is complete. O

s < 00, (5.112)

Corollary 5.2.3. Let f be analytic in TC and satisfy (5.97) with r = 2.
There is a U € D'((M,), L?) such that

yjéglecf(- +iy)=U (5.116)
in D'((Mp), L?) and
f(z)=(U,K(z-")), z€TC. (5.117)

Proof. By Theorem 5.1.1 and its proof, Corollary 5.1.1, and (5.97), there
exists a measurable function g of the variable ¢ € R™ such that suppg C C*
almost everywhere, the estimate (5.107) holds with » = 2, and f has the
representation (5.108). Since suppg C C* almost everywhere, the repre-
sentation (5.108) can be written in the form:

1) = [ oE- 0 dt = (9.0 E2) (5.118)
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where I¢o« is the characteristic function of the set C*.
By Theorem 5.2.2, the ultradistribution U € D’((M,), L?) defined by
U:=F g (5.119)
in the sense of formula (2.52) satisfies (5.116); so it remains to prove (5.117).
Note that the Cauchy kernel K(z —t), z € T¢, t € R", defined in
(1.15) satisfies the relation K (z —-) € D((M,), L?) for z € T by Theorem
4.1.1. Thus (U, K(z — -)) is well defined for z € TC. Moreover, by (1.15)
and (1.16),

K(z—t) /Ezt Ydn = Fh, z2€TC, (5.120)

where h, := Ic~ E,. By (5.119), (5.120), the definition (5.113) of the inverse
Fourier transform of g, and (5.118), we have

WK (2 — ) = (FUG, F b)) = (3, he) = {9, Io-E2) = £() (5.121)
for 2 € T¢. Hence (5.117) is obtained and the proof is complete. [J

If C is an arbitrary regular cone such that C*NC7 is a set of Lebesgue
measure zero, where C' is the cone from Corollary 5.2.3, then the calculation
in the proof of Corollary 5.2.3, in (5.121), shows that

(U, K(z—1)) =0, zeT9,
where U is the boundary value of f in (5.116) and K (z — t) is the Cauchy
kernel in (5.120).

Theorem 5.2.3 below is a companion theorem to the boundary value
results presented previously in this section. The proof techniques for the
following result are the same as those for these previous results, and hence
the proof is omitted.

Theorem 5.2.3. Let f be an analytic function of the variable z = x +iy €
T and be the Fourier transform of a function in L™ with 1 < r < 2.
Suppose that there exist constants K > 0 and T > 0 which are independent
of y € C and such that
|F U+ il < Kexp MY (T/l)],  yeC,
where M* is the associated function of the sequence (Mp) defined in (2.9).
There is an ultradistribution U € D'((M,), L") such that
lim f(-+iy)=U

y—0,yeC
in D'((M,),L").

Boundary value results for D'({M,}, L") similar to those contained in
this section need to be proved; we leave this for future investigations. We
also desire in the future to extend the boundary value results of this section
to analytic functions in tubes T for which (5.97) holds for 1 < r < co.
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53 Case2 < r < oo

We will extend results of Sections 5.1 and 5.2, where possible, for values
of rin (5.1) for which 2 < r < co. The results of this section will concern
tubes T'¢ defined by special types of cones C' which will be considered here.

Let u € © with © defined in (1.10) and (4.2). Thus let v = (u1,...,uy)
be any of the 2" n-tuples whose components are —1 or 1; for such a u, we
defined in (1.11) and (4.1) the n-rant C,, in R™ as the subset of R™ of the
form

Cy:={yeR": ujy; >0, j=1,...,n}

The n-rants C, for u € © are open convex cones with the property that
Cr= C,. We will denote the first n-rant as Cy; it is the n-rant Co = {y e
R":y; >0,j=1,...,n}.

Now let C be the interior of the convex hull of n linearly independent
rays meeting at 0 € R™ (see [137], p. 118). Select vectors aq, ..., a, in the
direction of these rays; then C can be written as

C={yeR" y=yia1+...+ynan, y1 >0,...,y, > 0}.

The set C' is an open convex cone in R™. We call such a C' an n-rant cone.
There is a nonsingular linear transformation L mapping the standard basis
vectors e; for j = 1,...,n in R™ (i.e. e; is the vector with 1 in the j-th
component and 0 in the other n — 1 components) one-one and onto the
vectors aj, j = 1,...,n. The transformation L is then a one-one mapping
from Cy onto C' and the boundary of Cy is mapped to the boundary of C.
Further, an arbitrary cone contained in Cj is mapped in a one-one and onto
fashion to a cone contained in C with boundary being mapped to boundary.
We extend L to C™ by putting

L(u+ iv) := L(u) + ¢L(v), u+iv e C

then L maps the tube T¢° := R™ + iC,y one-one and onto the tube T¢ :=
R™ +iC. If f is an analytic function in the tube T°¢, the function g := foL
is analytic in the tube T (see [137], p. 118); and the same is true for
the tubes corresponding to open convex cones which are proper subsets of
Co and C and which are mapped to one another by L and L~!. Therefore
analyticity in these tubes is preserved under the transformation L. Similar
statements to the above can be made for L™!, the inverse of L, since L is
nonsingular. We call a cone C described in this paragraph a n-rant cone
because of its identification with Cy by the linear transformations L and
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L~!. Note that Rudin in [128] used the analytic invariance of tubes under
nonsingular linear transformations to prove edge of the wedge theorems.

A cone C is called a polygonal cone (see [137], p. 118) if it is the interior
of the convex hull of a finite number of rays meeting the origin 0 € R"
among which there are n (at least n) that are linearly independent. Thus
a polygonal cone C is a finite union of n-rant cones C;, j =1,...,m (see
[137], p. 118).

Recall that every n-rant cone is an open convex cone as is every polygo-
nal cone. Thus the n-rant cones C;, j = 1,...,m, whose union is C' possess
a very important intersection property which we describe now. No bound-
ary point of any of the Cj, j = 1,...,m, is an element of that C;. Thus
if y € C such that y is on the boundary of some C}, then y must belong
to one or more of the other C;. Because of this property (i.e. because of
the convexity of the polygonal cone C'), the n-rant cones C;, j =1,...,m,
whose union is the polygonal cone C' must overlap as they cover C in the
following sense:

1°  given the n-rant cone C; there is another one (call it Cy) of the

Cj, j # 1, such that C; N Cy # 0;

2°  given C1 U Cs there is another one (call it C3) of the Cj, j # 1,2,
such that at least one of the intersections C; NC5 and C3NC}5 is not empty;

3°  given C1 UCy U Cs there is another one (call it Cy) of the Cj, j #
1,2,3, such that at least one of the intersections C; N Cy, Co N Cy and
Cs N Cy is not empty;

............... R RR R L LR R LLLEEEEERERRRERRERERRRRRRRRS

m° given |J C; the remaining n-rant cone C,, intersects at least one
j=1

of the C, j=1,...,m— 1.

The above intersection properties of the n-rant cones whose union is a
given polygonal cone will be important in our proof of a result below; we
collectively refer to the above described intersections of the n-rant cones
Cj, j=1,...,m, whose union is a given polygonal cone C' as the intersec-
tion property of the n-rant cones.

Let us also note that the intersection of two open convex cones is an open
convex cone. Thus each of the nonempty intersections in the intersection
property of the n-rant cones above is itself an open convex cone which is
contained in an n-rant cone.

The notion of polygonal cone of Stein and Weiss is closely associated
with the notion of a cone containing an admissible set of vectors in the
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sense of Vladimirov (see [148], p. 930). A cone with an admissible set of
vectors can be a polygonal cone.

A regular cone is an open convex cone C' in R™ such that C' does not
contain any entire straight line. Every regular cone C' is properly contained
in an open convex cone I' C R” such that C C I' U {0}. The proof of
Theorem 5.5 from [137], p. 118, shows that there is a finite number of
polygonal cones Aj, j = 1,...,k, and the polygonal cone A which is the

k
convex hull of |J A; such that
j=1
k k
cclajcacr;  CclJajufopcAaufopcrudo}.
j=1 j=1
According to the preceding paragraph, each polygonal cone A and A;, j =
m
1,...,k, is the union of a finite number of n-rant cones. Hence C C |J Cj
j=1
for m > k, where the C;, j = 1,...,m, are n-rant cones. If CNC;, = 0 for
some jo € {1,...,m}, we delete such an n-rant cone C;, from the family
T
C1, ..., Cy of n-rant cones. Consequently, we obtain C C |J C; for
j=1
T
r < m where CNC; # 0 for j =1,...,7r. (The inclusion C C |J C; can
j=1

be obtained equally well from the inclusion C' C A since A is a polygonal
cone.) Now we have

O cnay) (5.122)

Using the same arguments as in the proof of the intersection property for the
polygonal cone case in the preceding paragraph, we conclude that (5.122)
is the representation of a regular cone C' in terms of the open convex cones
cndy, j=1,...,r, which satisfy the stated intersection property and
each of these cones is contained in or is an n-rant cone (namely, in C;). We
will need this conclusion in one of the results below.

Analysis similar to that in [23] leads to the Fourier-Laplace integral
representation of analytic functions in tubes 7¢ which satisfy (5.1) for
2 < r < oo where C' is an n-rant, an n-rant cone, or a polygonal cone. We
begin with the following result.

Theorem 5.3.1. Let C' be an open convex cone which is contained in or
is any of the 2™ n-rants C,, in R™. Let f be an analytic function of the
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variable z € TC which satisfies (5.1) for 2 < r < oo. There exists a
measurable function g of the variable t € R™ such that supp g C C* almost
everywhere and

ley glle < M1+ (d(y))" " exp [M*(T/ly])l,  yeC,  (5123)

where e, is defined in (5.3), M* is the associated function of the sequence
(M) defined in (2.9), and M >0, T >0, m >0, and g > 0 are constants
which are independent of y € C; and

f(z)=W(z) /g(t)Ez(t) dt, 2 €T, (5.124)
R

where E, is defined in (5.2) and W is a polynomial of the variable z € TC.

Proof. For C' being contained in or being the n-rant C,, put

W(z) = H[l — dujz]" 1, z=x+iyecTC. (5.125)
j=1
We have
11/ W (x + iy)| H 14 g2)~t-n/2 zeT¢ (5.126)

The function F' defined by
F(z) = f(2)/W(z), 2eTC, (5.127)

is analytic in 7¢. By (5.127), Holder’s inequality, (5.1), and (5.126), we
have

/ |F(@+ay)l*de < [1(-+ i) Pllee [1L/WE+ )P e
R

= (¢ +inln? ([ wee+ e )"

< (M (14 (d(y))~™)" exp [M*(T/|y])])°, (5.128)

where

n (r—2)/2r
M = K(/H(l ) /D02 g )
R” Jj=1
with the constant K from inequality (5.1). Due to (5.128) and the fact
that the function F is analytic in 7, we can apply Corollary 5.1.1 to find
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a function g of the variable ¢t € R™, with the inclusion supp g C C* satisfied
almost everywhere, such that the estimate (5.123) holds and

F) = / g(1)e2m =0 gp = / OB (D) dt,  2eTC.  (5.129)
]Rn ]Rn
Equality (5.124) follows from (5.127) and (5.129). The proof is complete.
O

We ask if the representation (5.124) can be rewritten in the form f =
(V,E.), z € TC, for some ultradistribution V? If so, g will have to possess
sufficient properties to allow for (V| E,) to be well defined.

If m =0or ¢ =0in (5.1), the Fourier-Laplace integral in (5.124) obtains
an ultradistributional boundary value asy = Im z — 0, y € C, by Theorem
5.2.2, since g satisfies (5.123) with m = 0 or ¢ = 0. Can this fact be
used along with (5.124) to prove that f also obtains an ultradistributional
boundary value?

Recall the concept of n-rant cone given above. We extend Theorem
5.3.1 to the case where C' is contained in or is an n-rant cone.

Theorem 5.3.2. Let C' be an open convex cone that is contained in or is a
n-rant cone in R"™. Let f be an analytic function in T and satisfy (5.1) for
2 < r < oo. There exists a measurable function g on R™ and a nonsingular
linear transformation L of R™ onto R™ such that supp g C (L~(C))* almost
everywhere and, denoting v := L~(y),

levgllzr < Mk + (d(v))~"]"exp [M*(R/l])],  yeC,  (5.130)

where M™ is the associated function of the sequence (M) defined in (2.9)
and M >0, R >0, k>0, m >0, g > 0 are constants which are
independent of y € C; and

£(z) = W(u+iv) / 9(t) Eurin(t) dt, (5.131)

n

for z =x + iy € R" 4+ iC, where W is a polynomial of variable u + iv :=
L=Yz) +iL™(y).

Proof. Let I' denote the n-rant cone that C' is contained in or is. There
exists a nonsingular linear transformation L (with domain and range being
R™) which maps the first n-rant Cj onto I in a one-one manner such that the
boundary of Cy is mapped to the boundary of I'. Further, if C' is properly
contained in T', then L=1(C) is an open convex cone which is contained in
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Co and L maps L~!(C) one-one and onto C' with the boundary of L=1(C)
being mapped to the boundary of C. (If C =T, then L~1(C) = Cy.) For
u+iv =L Yx) +iL"Y(y) € R" +4iL~1(C), put

G(u+ ) := f(L(u) +iL(v)) = f(x +iy), (5.132)
where u +iv € R" +iL~(C) and z + iy € R" +4C. The function G of the
variable u + iv is analytic in R™ +4iL~(C). By (5.1), we have

o) du = ——— x+iL(v))|" dx
|Gt du= o [ i@ inw)rd
R™ R

< 1
= Tdet ()

(K[1+ (d(L(v))) ™" exp [M*(T/|L(v)])])"
(5.133)

for y = L(v) € C. Recalling that the boundary of L=*(C) is mapped by L
to the boundary of C, we have
d(L = inf |L(v) -9/ = inf L(v) — L(v'
(L) = jnf L@~y = _int,  |L() - L)
inf Lv—1 5.134
(R} (5131)

for v € L=Y(C), where OC denotes the boundary of C. Corresponding to
the nonsingular linear transformation L there exist constants a > 0 and
b > 0 such that

alw| < |L(w)| < blwl, w € R™, (5.135)

with a and b being independent of w € R™ (see [23], p. 93). Using (5.135)
in (5.134), we have

dL(@) = inf |[Lw—1'
L) =t | =)
> inf  alv—1'| = ad(v), veL7O).
v’ €OL—1(C)

(5.136)
Applying (5.136) and (5.135) in (5.133), we obtain

| det(L) |G(u + iv)|" du

|
B
< (K(1+ (ad(v))™™)% exp [M*(T/alv])])"
= ((K/a™)(a™ + (d(v))~™)* exp [M*(T/alv|)] )"
(5.137)
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for v € L7Y(C), because M* is an increasing function. Since G is an
analytic function of the variable u + iv € R™ + iL=(C), it follows from
Theorem 5.3.1 that there exists a measurable function g on R™ such that
suppg C (L71(C))* almost everywhere and

lewgllze < M[k + (d(v) ™) exp [M*(R/[v])], ~ veL7(C), (5.138)

for some M > 0, k > 0, m > 0, and R > 0, i.e. (5.130) holds with
L=(y) = v; and

Glutiv) = W(utiv) / 98 Busan(8) dt,  utiv € RN 4iL-1(C), (5.139)
Rn

where W is a polynomial. Thus, by (5.132) and (5.139), we get (5.131).
The proof is complete. [J

If m=0or ¢=0in (5.1), can we obtain an ultradistributional bound-
ary value for f in Theorem 5.3.2 using (5.132)7 We could if we knew an
ultradistributional boundary value existed in Theorem 5.3.1 for m = 0 or
q = 0 there.

Now recall the concept of a polygonal cone given above and the fact
of the intersection property for the n-rant cones C;, j = 1,...,m, whose
union is the polygonal cone. Let us extend Theorems 5.3.1 and 5.3.2 to the
case that C' can be a polygonal cone.

m
For C being a polygonal cone, C' = |J C}, where the C; are n-rant cones
j=1

which have the intersection property described above. Let f be an analytic
function in T satisfying (5.1) for 2 < r < co. Note that y € C implies
y € Cj for some j = 1,...,m and that the distance from y to the boundary
of C'is greater or equal to the distance from y to the boundary of C';. Thus
f is analytic in R™ + ¢C; and satisfies (5.1) for y € C; and j = 1,...,m.
Thus, by Theorem 5.3.2, for each n-rant cone Cj, j =1,...,m, there is a
nonsingular linear transformation L; which maps C one-one and onto C}
and a function g; with supp g; C (L;l(Cj))* = C§ almost everywhere and
there is a polynomial W; such that, denoting v; := L;l(y)7

llew; (1) gillL2 < Mk + (d(v;)) ™% exp [M™(R/[v;])] (5.140)
for y € C; and

flo+ i) = Wylus i) [ 9,(O0Fs, 4, (Ode (5141
RTL
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for x + 1y € R™ 4-iC}, where W} is a polynomial of the variable u; +iv; :=
-1 71
L () +iL; ().
In this way, we have proved the following result.

Theorem 5.3.3. Let C be a polygonal cone in R™ and let f be an analytic

function in TC satisfying (5.1) for 2 < r < oo. There erist n-rant cones

Cj,j =1,...,m; nonsingular linear transformations L; which map Cy one-

one and onto Cj; functions g; satisfying the inclusions supp g; C Co almost

everywhere and (5.140); and polynomials W; such that (5.141) holds with
m

C = U Cj.
j=1

A result similar to Theorem 5.3.3 can be proved for C being a regular
cone.

Can an ultradistributional boundary value be obtained for f in Theorem
5.3.3 and for the corresponding result for C' being a regular cone?

5.4 Boundary values via almost analytic extensions

In this section we give another approach which is based on almost analytic
extensions. This concept gives for R™ the most general results, although
the cases p = oo and p = 1 are still open. Here we will consider the case
where the space dimension is n = 1; the case n > 1 is considered in [32].
We refer to papers [31], [32], [113] - [115] and [122].

We continue to assume conditions (M.1), (M.2), (M.3') and that (m;)
is a nondecreasing sequence.

Using the same method as in [113], 2.2. Proposition, and the Minkowski
inequality one can prove the following lemma.

Lemma 5.4.1. Let r > 1 and h > 0. There exists an H > 0 such that for
every o € D((Mp),h,L") there are a ¢ € C*(C) and a C > 0 such that
d|IR = ¢ and
- 0 .
sup e (hH/'y')ll(;@(- + )|l < CllellLr.n,
yER 4

where M* is the associated function of the sequence (Mp) defined in (2.9),
and

sup |(69)(- +iy) L < Cllollrn,  5=0,1,
yeR

with the convention (0/0z) ¢ (x +1i0) = 0.



Boundary Values of Analytic Functions 119

The estimate for ¢'(- + iy) is added in Lemma 5.4.1 in order to have a
symmetric assertion to the assertion of Lemma 5.4.4 below.
For the main results of this section we need the following three lemmas.

Lemma 5.4.2. Let F be an analytic function on C\R such that
1° (in the Beurling case) there are a k >0 and a C > 0,
2° (in the Roumieu case) for every k > 0 there is a C > 0,
for which

|F(-+iy)|pe < CeM Dy oo, (5.142)

where M* is the associated function of the sequence (M) defined in (2.9).
We have
1° (in the Beurling case) for every compact set K C R there are ap > 0
and a B > 0,
2° (in the Roumieu case) for every p > 0 there is a B > 0,
such that
sup{| F(x +iy)|} < Be™ ®/WD 4 o0,
reK
Proof. We shall prove the assertion only for the Beurling case, since the
proof for the Roumieu case is similar.
Let @ € D((M,),R), suppa C [—a,a] and o = 1 in a neighborhood of
K. Fix y # 0. Let

Ky ={z=z+1y: |z—t—iy|:|%|

for a given © € K and t € [—a,a] and let s :=r/(r — 1). Since

x

Flz +iy) = a(z)F(z + iy) = / a(t)F(t + iy)]' dt,

—00

we have, by Cauchy’s formula,

P+ iy)] < 5-[G1(0) + Galy)],

F
/ _F)
2€Kpt Z—1t—1y

/ F(z)dz
z€Ky ¢ (Z —t— Zy)z

where

Git) = [ " o) dt

—a

and

dt.
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1/s
dt)

By Holder’s inequality, we have

oo ([ wora)” (.
- </jl 2

F
/ _FE
2k, 2 U1y

s 1/s
dt>

F(t + iy +€e“|y|/4) do

0
a 27 s/ 27 ) 1/s
< [/ </ 1d9> </ Pt + iy + el9|y|/4|sd9) dt]
—a 0 0
27 a ] 1/s
< Cy U (/ |F(t+ iy + el9|y|/4)|sdt) da]
0 —a

and, similarly,

oo (o) ([ L. eref 4)”
2(r )
<P ([ e i e ar) oo "

for suitable positive constants C1, Cy, D1, D2 and for arbitrary z € K. Since
the function M* is increasing and ¢t < CoM*(t) for some constant Cyp > 0
and all ¢ > 0 (see (2.8)), we conclude from the assumption (5.142) that

IN

2
/ [F(t+iy+ ei9|y|/4]e*i9 do
0

sup{|F(z + iy)[}
zeK

1/s

< By (14 1/ly) ( / UEC+ iy + P yl/4)])" de)

< By (1+1/[yl) exp [M* (k/|y + sin 0]y|/4])]

< By (1+1/Jy]) exp [M* <%)} = Baoxp [M* <%>}

with suitable positive constants By, B1, Bs. The lemma is proved. [J

Using Sobolev’s lemma, one can easily prove the following assertion.
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Lemma 5.4.3. Let r > 1 and ¢ € D((M,),L") (respectively, ¢ €
D{Mp},L") ). For every compact set K C R and every h > 0 (respectively,
for some h > 0 there are C >0 and k >0 ) we have

hp
(p) <C .
Ssu X .
gﬂeg{(Mp)Iw (@)} < Cllellk.z
PENg

Lemma 5.4.4. Fiz 6 > 0 and let A := {z: |Imz| < d}. Suppose that
¢ € CY(A) and ¢V (- +iy) € L™ with r > 1 for j = 0,1 and |y| < 4.
Moreover, assume that for every h > 0 (respectively, for some h > 0), we
have

Djpi= sup [V (+iy)|r <oo,  j=0,1, (5.143)
0<|y|<d
and
Dy, := sup eM*(h/‘yDHiM- +iy)| L < o0, (5.144)
0<ly|<é 0z

where M* is the associated function of the sequence (Mp) defined in (2.9).
We have that the function ¢ = ¢ is in D((My),L") (respectively, in
D({Mp},L")) and, for every h > 0 (respectively, for some h > 0) there is
a C > 0 such that

lellzrn < CDy,
where Dy, :=max{D;: j=0,1,2}.
Proof. We denote
I, ={C: (=t%is || <a}, T{ ={C: (=t+if, t € R},

Fiu ={C¢: (=Za+it, |t| <}, Ag:={¢: |Im¢| <0, |Re (] < a}.

This notation will be used later, as well.
Fix p € N and let x € R. By Cauchy’s formula, for sufficiently large a,
we have

0 (x) = 2p—7:i(lia — I+ L, — I, + 1), (5.145)
where
_ QA _ [ (2/9Q)(C)dC A dC
fom [, o I7hr s [ SRS
Since

T oo 1/r
|¢<x+z’y>|=\/0 ¢'<t+iy>dt\s|x|“8(/ |¢'<t+z’y)|rdt) ,

— 00
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inequality (5.143) implies that I2i)a —0asa—0.
Hence, by (5.145),

PP (2) = 517 (x) — I (2) + 1(2)),
where
d 9/9¢ d¢ A dC
IE(z) == p! /Fi %; I(z) = p!/A( / é)f(i))pfl/\ C

Let us estimate ||I; ||z-. We have

O el — i) de\’
W><[m TP )
AW /00 |6(t + x — i) dt
T Y A Ty T

o r/s
A= ([ )
T

By Hoélder’s inequality, Fubini’s theorem and (5.143), we have

00 AP [ d %0 s
JAN R e i =

(I ()"

IN

where

oo o [t —10)? |t —id|pr—2
A(ph)” /OO dt /OO |p(t +x —id)|" dx
<
— 5 oo t2 + 52 5pr72
< Am(ph)" (Don)"
— 252 5;07’—2 :

Since p! < M,,, we obtain, for suitable A > 0, the inequality

> Y ADyp
_ U np! i n—
Iy [l = (/OO [y ()] dﬂf) < Spear (s < ADRhT" M,

An analogous inequality holds for ||I;"]| ..

Let us estimate ||I||z-. We have
E/‘ j/5| 0/0Q)¢(& + in)| dn dg
€ +in — x|

()] wmo<>
_ / / 1(0/00)$ (& + in)| [Vednde \
B 5 |77|1/S|£+m—rf|p+1 (2/9) € 4 in — x|/

()" (¢ — z)pt?
[(0/0C)p(& + in)|" dn dE
r/s
=7 / /5 In|7/5)¢ + in — x|P+1=(2/s)r’
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/ /;Kf57%2=%[(/2«@53$u4>®

= 270.

where

This implies that

oo

(o) <2w6>*r/sj/ I(a)|" da
/‘(/(ﬁ|wm (€ +in)l"  dedn )dm
[ @H =72 ¢ 1 i — af?
, |n|((1/r)—p)r

Hence, by (5.144),

” 1/r
& o 1/r déd
) Vs ] Edn
'”L<@M)pD“</&/W(W%WWM> -

)
d€dn _
< Dy(270)"/*hP M, / / ] < AD,6h™P M,
n(2m0) < s &2 +n? " P

Minkowski’s inequality implies that for every h > 0 (respectively, for some
h > 0) there is a constant C' > 0 such that

lo® | < CDRh™PM,,  pe N.

This implies the assertion. [J

Let s € [1,00]. Denote by H((M,), L*) (respectively, by H({M,}, L?))
the space of all functions f for which there exists a § = dy > 0 such that
f is analytic in A\ R, where A = Ay :={z+iy: z € R, |y| < d}, and
which satisfies the following estimate: for some & > 0 and some C' > 0
(respectively, for every k > 0 there exists a C' > 0) such that

1+ iy)|pe < CeM BNyl <5, y #0,

where M* is the associated function of the sequence (M) defined in (2.9).
The common notation for both spaces is H(*, L) = H] ..

We denote by H(L®,R) = Hps the space of functions f analytic in the
corresponding Ay and satisfying the estimate

If(-+iy)llzs < Cy, lyl < d5.



124 Boundary Values and Convolution in Ultradistribution Spaces

Let f be an analytic function in Ay \ R with Ay := {z: [Imz| < 05} for
the respective 65 > 0. If for every ¢ € D(x, L") the limit

(x1.¢)i=limy [ ola)(fa+ie) - o~ ie)) da (5.146)
exists, we call T'f the boundary value of f in D’(x, L").
Theorem 5.4.1. Let r > 1 and let f € H}.. The boundary value T'f of f

defined in (5.146) can be represented for every ¢ € D(*, L") in the following
form:

@0 = [ Hogoeandi = [ o+ [ o) d
Iy Iy
where ¢ is as deﬁned in Lemma 5.4.4, i.e. ¢ := ¢|r. Moreover, T'f belongs
to D' (x, L").
Proof. Fix §p and put
At:={z: Imz € (0,0), |Re z| <a}; AT :={z: Imz € (0,6)};
Ay:={z: Imz € (=4,0), [Rez| <a}; A7 :={z: Imze (-4,0)}
for § € (0,00). Let € < (09 — 0)/2. Lemmas 5.4.2 and 5.4.3 enable us to
apply Stokes’ theorem which implies

/f(a:+i(y+e))§¢(z)d2/\dz:/ P+ iy +2)o(2) d=.
AL z ang

Since y +¢ € (e, +9) C (0,0¢) for y € (0,6), we obtain
IF (- + iy + )|z < CeM /9,

This fact and [143] (p. 125, Lemma) imply f(z+i(y+¢)) — 0 as || — oo,
uniformly for y € (0,0). Thus, by Lemma 5.4.3 and by letting a — oo, we
obtain

Flo+ (y+6))8a¢(z) iz A dz

/f dx—/fac+z(s+6))¢(x+25)
(5.147)
Similarly,

flx+i(y - 6))%¢(z) dz A dz

N
_ / F@ —i(e + 0))b(a — i6) da — / Fo — ie)p(x) da.
R R
(5.148)
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We have (with a suitable C' > 0)
0
Flo+ily+e)) e b(z) dz A da
. 0z

A
/O(de (/ f(z y+5))§¢(x+zy)d$>
§2/06 dy (/_Z|f(x+i(y+€))sdx)l/s
Tda:>1/r

5
<c / M /) =M K/9) gy < o0,
0

The same holds for the integral over A~. Since the integrands in (5.147)
and (5.148) converge pointwise to the corresponding integrable functions,
as € — 0, we obtain

(Tf, ¢ / f(z )dz Ndz — f(2)op(2)dz

oA

=2

°</_O; %fb(mﬂy)

which proves the first part of the assertion.

Using Holder’s inequality, the estimate for f and Lemma 5.4.1, we con-
clude that for some h > 0 and some C > 0 (respectively, for every h > 0
there is C' > 0) such that

KT f, o) < Clleln,Lr

which completes the proof of Theorem 5.4.1. [

Now let

Co={z=ax+iyecC: zeR, y+#0} (5.149)
and, for every z = x + iy € Cy, denote by x, the complex valued function
defined on R given by

1
2(t) = ——, teR. 1
)= te (5.150)

The following estimate will be needed in the proof of the next theorem.

Lemma 5.4.5. There is a constant B > 0 such that for every y # 0 and
every g € L® with s > 1 the following inequality holds:

o ( R g(t)dt

rt—2—1y

s 1/s
s Xt} ¢Q <Blgl.. (151
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Proof. The assertion can be obtained by combining Theorem 1.4,
Lemma 1.5 (Ch. IV)and Theorems 3.10 and 3.7 (Ch. II) in [143]. O

Theorem 5.4.2. Let r > 1 and let s := r/(r — 1). The mapping T :
H(x, L®) — D'(x, L*) defined in (5.146) is surjective. Its kernel is Hps.

Proof. We shall prove the assertion only for the Beurling case, because
the Roumieu case can be proved similarly.
Let f € D'((M,), L?) be of the form

f= i(_m @ (5.152)
p=0

with f, € L*(p € Ny) such that

M
> 225
p=0

By Theorem 4.1.1, the function x, defined in (5.150) belongs to
D((Mp), L") for every z € Co, the set defined in (5.149). We shall prove
that the function f: Cy — C defined by

f~(2) = _<f>Xz>7 ZE(CQ,

belongs to H((M,), L*).
Fix y # 0. By inequality (5.152) from Lemma 5.4.5, Minkowski’s in-
equality and the continuity of the L® norm, we have

L < 00. (5.153)

1FC+iglee < D[P x| =P IB e, (150
p=0 p=0
where
f(®)
F = | ———————dt N R. 1
P(x) ~/]R [t — ($+2y)}p+l 3 p&eNo, z€ (5 55)

Consider p > 1 and recall that r = s/(s — 1). Since |t — (z + iy)| > |y|,
we have

p(T)

F,(x)| < , r € R, 5.156
Fpla)l < 28 (5.156)
where
- |fo(t)] dt
F,(x ::/7,, r € R.
A Ay e
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Using the substitution u := (t — x)/y in the integral below, we have
/ a1 / oA,
R AT I Sy Ty

(note that the integral on the left side does not depend on z), where

A / du / dv <
r = - = - X0
R |U,—Z|1+T/2 R |U+Z|1+T/2

By Holder’s inequality,

_ /o (®)] 1

|Fp($)| < [R |t — Z|3/2,1/r ’ |t _ Z|1/2+1/r dt
([ _I50F v
S\ gro e @ It—ZI”T/2

l/r 1/s
|fp dt
|y|1/2 |t |1+S/2

s/r s
Ar / () dt. (5.158)

7 Ja JE— 2147

(5.157)

and hence

|[Fp(x)|” <

Consequently, by (5.156), (5.158), the Fubini theorem and (5.157) applied
with ¢ replaced by x and r replaced by s, we obtain

1 _ i 1/s
HFpHLs S H? (/ |Fp($)| dfv)
1/'r |fp 1s
= |3J|”+1/2 [/ (/ |t_2|1+s/2 ) da:] (5.159)

1/'r /s
= g L 00 ([ =) dt}
1/'r Al/rAl/s
- 5/2) Iflee = 2 Ul
By (5.154), (5.151) and (5.159),

B a1s P!
I£(- +iy)llze < Bllfollz + Ay AY ZWHJCP”LS
p=1

AlZ| |p||fPHL s
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where Ay = A1 (y) := max{B, A/ AY* /|ly|}. By (5.153), this implies that,
for arbitrary y # 0,

oo

5 , kPp! O
F(+iy 3<Asup{—] Follpe < AgeM /10D
(- +iy)lle 1SUP | ; o I fpllze < A

for a suitable constant A> depending on y. Consequently, f e H((M,), L*).
We shall show that f = Tf. Let ¢ € D((M,), L") and ¢ be its almost
analytic extension. For z € C put

P1(z) = 2%@ /A WEK# d¢ A dC, (5.160)
pa(2) = % ; g’(_oz dc, (5.161)
P3(2) = —%/F ?(TOZ d¢ (5.162)

and let ¢; = d)j‘R for j =1,2,3, i.e. 1, p2 and @3 are given by formulas
(5.160), (5.161) and (5.162), respectively, with the variable z € C replaced
by x € R. We have ¢(z) = ¢1(z) + p2(x) + p3(z) for z € R.
By the same arguments as in Lemma 5.4.4, it follows that the functions
@2 and @3 are in D((M)), L"). Thus the function ¢4 is in D((M,), L").
Applying formulas (5.160), (5.161) and (5.162) with z € C replaced by
r € R, we obtain

2i(f. 1) = / Fxe) ;Caﬁ(odcmc: /A f<<)a%¢(odwdc,

(5.163)
2mi(f, p2) = —/F (fixe)o(Q) d¢ = / f(¢ (5.164)
2mi(f, 3) =/F (f:x0)0(C) dC=—/F F(Qe(¢) dc, (5.165)

where x¢ denotes the function defined in (5.150), under the assumption
that the change of the order of the functional f and the respective integrals
is allowed. In this case, we may conclude from (5.163)-(5.165) that

<f7<p> :<f7§01>+<fa§02>+<fa§03>:<TJE7<P>

The interchange of f and integrals applied above is allowed, because
it is allowed in case the sets [ A and fr N under the integrals above are
5
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replaced by | A, and fFa i respectively, for arbitrary a > 0, and because

©0/902C) 4o v g s [ 2100(0)
/Aa = al{/\dg—>/A =

as a — oo in the sense of convergence in D((M,,), L™). By similar arguments
as in the proof of Theorem 3.3 in [110] one can prove that Ker T' = H(L*, R),
and the assertion of Theorem 5.4.2 is proved. [J

d¢ A de,

5.5 Cases s=ocoand s=1

The method used in the previous section cannot be applied for s = oo and
s =1 because the function
RBtH;.E(C, r+iyeC, y#0,
t—x—y

is not in L'. Note that this function belongs to B((M,),R), but we have
not succeeded in proving that for an f € D’'(x, L>) or f € D'(*, L') there
exists the corresponding F(z) in H(x, L>) or H(*, L') which converges to
f in D'(x, L) or D'(,L'). We shall prove the converse assertion, i.e.,
that elements in H(*, L>°) and H(*, L') determine elements in D’(x, L>)
and D'(*,L') as boundary values, but assuming the stronger condition
(5.151) instead of (5.148). This condition enables us to follow the method
of Komatsu used in the proof of Theorem 11.5 in [82]. The following lemma
from [82] is needed.

Lemma 5.5.1. Assume that the sequence (N,) satisfies (M.1), (M.2),
(M.3") and, denoting ny, := Np/Np_1, consider

P):=(1+¢)? H (1 + i) ,G(Q) = —/ P(t)" et dt, ¢ € C.
=1 np 21 0

Then the function G is analytic, can be continued analytically to the Rie-

mann domain {z: —7m < argz < 2w} on which P(D)G(z) = —(2miz)~*

and is bounded on the domain {z: —5 <argz < 37”} Moreover, defining
9(y) = Gy (=iy) = G (=iy),  y>0,

where G4 and G_ are the branches of G on {z: —m < argz < 0} and

{z: m <argz < 2w}, respectively, we have

lg(y)| < Ayye™ By >,
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for some A > 0, where M* is the associated function of the sequence (M)
defined in (2.9).

Theorem 5.5.1. Assume that the sequence (M,) satisfies conditions
(M.1), (M.2), (M.3") and the sequence (my) is nondecreasing. If F €
H(*, L) (respectively, if F € H(x,L')), then F(- +iy) — F(- +i0) €
D' (x, L) (respectively, F(- + iy) — F(- +i0)) € D'(*,L')) as y — 0T in
the sense of convergence in D' (x, L>) (respectively, in D'(x, L')).

Proof. We shall prove the theorem only for the Roumieu case x =
{M,} which is more complicated. We shall use the construction from [82],
Theorem 5.4.3 (see also [114]). Our aim is to prove that, for every ¢ €
D({M,}, L") (respectively, ¢ € B({M,},R)), the set

{(F(-+1y),p): 0<y<do}

is bounded and, moreover, (F(- + iy), ) converges as y — 01 for ev-
ery ¢ € D({M,},R). Since D({M,},R) is dense in D({M,}),L') and in
B({M,},R)), this will imply the assertion in Theorem 5.5.1.

Assume first that F' € H({M,}, L>°) and let ¢ € D({M,}, L') be such
that ||| 1,4, < 00 for hg > 0.

Let I, ;== (k — 2,k + 2) for k € Z, the set of all integers, and let ¢y be
a partition of unity in D({M,},R) such that, for some R > 0 which does
not depend on k,

supp ¥ € I,  ||[VkllLrng < R, ke Z.

We have

/_OO F(z +iy)p(z)de = Z/ F(z + iy)p(x)vr(z) de, 0 <y <dp.

kez Ik
We will construct an ultradifferential operator P of class {M,,} of the form

P(D) = (1 + D)? ﬁ (1 + n2> (5.166)

p=1 p
such that the equations
P(D)Hy(x +iy) = F(z + 1y), ke,
have the solutions Hy(x + ¢y) which are analytic in
I ={z+iy: ze€ly, 0<y<dy/2}

and bounded in some neighborhood of I}, for k € Z.
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As in [82], pp. 98-99, one can show that there is a sequence (IN,,) such
that the operator (5.166) is of class {M,}, M, < N,, and

1P (- + i)l < CN W y| < 6.

Conditions (M.1), (M.2), (M.3") imply that if the operator P(D) is of the

form (5.166), then it is of the class {M,}; and in this case, the condition

that the sequence (my) is nondecreasing could not be replaced by (M.1).
Fix k and denote 2} := k + id with §p/2 < § < do. Let

) :/G(z—w)F(w)dw, z=x+1iy, x €I, 0<y<d/2,
r

where G(z) is the Green kernel of P(D) given in Lemma 5.5.1 and Ty, is a
simple closed curve lying in {x +iy: x € I,y € (0,6)} starting at 2 and
encircling counterclockwise a slit connecting 2 and z. We deform the path
T'). to the union of segments joining 22 and 2} = z+idp/2, a segment joining
21 and z, a segment joining 2 and 2}, and a segment joining z} and z?. This
is possible because G is bounded in the set {z: —7/2 < argz < 3w/2}. By
the same arguments as in [82], we have P(D)H(z) = F(z) for z € Il and,
consequently,

/oo F(x +iy)p Z |Fx+zy V() ()| da
- keZ

keZ

for 0 < y < dp/2. Denote the part of v from 2} to z and from z to 2z} by
I'} and the rest by I') for k € Z. We have

A
< sup

x€el},

dxr

G(z —w)F(w) dw

Ty

P(D)[p(z)r(x)]

G(z —w)F(w) dw

r}

[P(D)[p()¢r(z)] | de.  (5.167)

I,

Denote by Ay the first and by Bj the second factor on the right side of
(5.167). Since P(D) = ), D® is of class {M,}, it follows from (5.166)
with 2r < h? and from the inequalities M,_;M; < M, for j,a € Nj,
7 < a, that

Sneyywnd (1) D ) o)

keZ k€EZa=0  j=0
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T A Q
<C h2)e Z <]> llell L1 o 19k Loo no

o0
,,,.Ol

< CRlgllLin, Y e < 0.
0

a=0

On the other hand,

A = sup
xely,

d—y
/ 9O F(x + iy + it) dt
0

67y * *
< Ay sup / e N (@GN (D) gy < 0.
0

el

This implies that Y, ., AxBj < co. Consider the path I'). We have

/,‘ |, Gz — @) F(W) o] PD)lp(2)yr(@)]| do
< sup | | G(z —w)F(w) dw ’ |P(D)[¢(x)r(2)] | dz = Dy,By.

Since, for z € II}, and w € I'Y, the function G(z — w) is uniformly bounded
by a constant which does not depend on k, we obtain ), ., Dp B < oc.
This implies

‘/(: F(z +iy)p(z) dx

<> (Di + Ar) By, < .
kEZ

The proof that there is F'(- +1i0) € D'({M,},R) such that
(F(z +iy),¢) = (F(z+1i0),9),  y—0T,
for every ¢ € D({M,},R), is given in [82] and [110]. We conclude that
F(z +iy) — F(z +1i0) € D'({M,}, L), y— 0T,

which finishes the proof in case F € H({M,}, L*).

The proof of Theorem 5.5.1 for F' € H({M,},L') is analogous to
the previous case. The partition of unity (¢;) and the constructed se-
quence of functions Hy(z), z € Ilj, lead us to the proof that for every

¢ € D{Mp}, L) the set

{(F(+iy),@): 0<y<do/2}
is bounded. So we have to prove that (F(- + iy), ) converges as y — 0T
for each ¢ € D({M,},R).
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Let I be a bounded open interval and
Iy :={x+iy: z€l,yec(0,d/2)}.

As in the first part of the proof, we construct P(D) of the form (5.166) and
of class {M,} and H; such that

P(D)Hi(x +1y) = F(z +iy),  x+iyell.
We put

Hi(x 4 1y) = . G(z—w)F(w)dw+ F0G(z—w)F(aJ)d(,u,

where I' := I'' UT? is a path constructed in the same way as I'y, with I

instead of I and 2% := 20 4+ 4§ (20 is the middle point of I) instead of
0

z). By using Holder’s inequality, we obtain H(- +iy) € L'(I) for every
y, 0 <y < dp/2, and
|1H(-+iy)|p < C, 0<y<dp/2.
This implies that
Hy(-+iy) — H(-+10) € L', y— 0T,
and, consequently,
Hi(x +1y) — Hi(xz + i0), y— 0T,

in D'({M,}.R).
Consequently,

(F(z +iy),¢) = (F(z +i0),¢),  y—07,
for every ¢ € D({M,},R), and the proof is completed. O
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Chapter 6

Convolution of Ultradistributions

6.1 Introduction

In the theory of generalized functions (distributions, ultradistributions, hy-
perfunctions) the convolution of two generalized functions is usually defined
only in the case where one of them has compact support. On the basis of
such a definition of the convolution of ultradistributions, Braun, Meise,
Taylor, Voigt and their collaborators (see [103] and references there) exten-
sively studied convolution equations in the space of ultradistributions.

However, it is natural and very important in many situations (e.g. con-
volution equations, convolutional algebras) to have the convolution of gen-
eralized functions defined without any restrictions on their supports.

In the space D’ of Schwartz’s distributions (and in certain of
its subspaces, e.g. in the spaces S’ of tempered distributions and
K{M,} of Gelfand-Shilov) a variety of such general definitions of
the convolution have appeared in many books and papers (see e.g.
[36, 132, 57, 156, 135, 149, 151, 2, 45, 69]), but almost thirty years
passed until it became clear that most of them are equivalent (see
[135, 45, 69]).

First two general definitions of the convolution for ultradistributions
were introduced in [119]. The equivalence of analogues of the main classi-
cal definitions of the convolution of ultradistributions was proved in [70]. In
[70], several definitions of the convolution in the space & ') of tempered
ultradistributions (analogous to the notion of &’-convolution of tempered
distributions) were formulated, but without proof of their equivalence. The
proof will be given in this chapter. This proof is not a simple modifica-
tion of the proofs known for distributions. New methods are necessary,
because ultradistributions are not finite but infinite sums of derivatives of

135
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functions on bounded open sets (so e.g. the Leibniz formula cannot be
used). It is interesting that several sequential definitions of convolution
are equivalent to those introduced in the functional analysis approach to
the theory in which the space of integrable ultradistributions plays a crucial
role. This gives the possibility of further generalizations of the definition by
selecting suitably narrow classes of unit-sequences. We restrict our study
to convolution of ultradistributions of Beurling type and follow the ap-
proach of Denjoy, Carleman and Komatsu to the theory (see [82]-[84]), but
the results can be obtained by other approaches, such as those developed
by Cioranescu-Zsid6, Beurling, Bjorck, Grudzinski and Braun-Meise-Taylor
(see [44, 7, 8, 56, 11]).

Recall that if w is a function on R™, then the symbol w? traditionally
denotes the function on R?” given by

wA(a:,y) =w(z +vy), r,y € R™. (6.1)
Evidently, if w € €& = £(R"), then w® € £(R?*") and
yats gots & .
W[WA(%?J)] = {Ww(x,y)] ., a,feN

We denote this common value in abbreviation by (w”)@8) (z, ).

As before, the norm in L" = L"(R"), r € [1, 0], is denoted by || - ||

We introduce now certain classes of sequences of functions (see
[45], [68], [119]). A sequence (n;) of elements of DM»)(R™)
is said to be an (M,)-unit-sequence or, briefly, a wunit-sequence
[in symbols: (1;) € 1) (R™) ] if it converges to 1 in £M»)(R") and
if there exists A > 0 such that

he a) )
sup su — - ~ | < o0. 6.2
sup sup (5 1” s (6.2
If moreover, for every compact set K C R", there exists jo € N such that
ni(x) =1 forz e K, j=> jo,
then (n;) is called a strong (M,)-unit-sequence or, briefly, a strong unit-
sequence [in symbols: (n;) € TMe)(R™) ].

A sequence (;) of elements of DMr)(R™) is said to be an (M,)-delta-
sequence or, briefly, a delta-sequence [in symbols: (§;) € AMP)(R") |
if

d; >0, /5j =1, supp d; C [—aj,q4]" for j € N,
where a; > 0 for j € Nand aj — 0 as j — oo.
A locally convex space F is said to be a space of ultradistributions if
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(1) DM) ¢ F C D' and the injections DM»)— F and F — D' are
continuous;
(I1) D) is dense in F .

Following [57] we say that the space of ultradistributions of the class
(M) is permitted it (n;f)*d; — f and n;(f *d;) — fin D/(R™) as j — oo
for arbitrary f € F, (n;) € 1M»)(R") and (§;) € AMe)(R™).

A space F' of ultradistributions is said to have property (C(ar,)) (see
[119]) if for each barrelled space E every linear mapping 7 : E — F is
continuous as a mapping 7 : £ — D’ M) For example, L' and D’ (Lj\f”)have
this property.

6.2 Definitions of D’™») _convolution

In this section we give a list of general definitions of the convolution of ultra-
distributions, analogous to the definitions given in the case of distributions
by Schwartz [132] (Definition 6.2.1), Chevalley [36], pp. 67, 112 (Definitions
6.2.2, 6.2.3, and 6.2.4), Vladimirov [149], p. 138 (Definition 6.2.5), Dierolf
and Voigt [45] (Definition 6.2.6), and Kaminski [69] (Definitions 6.2.7 and
6.2.8). In the next section we will prove their equivalence.

Recall that for a given ultradistribution 7" € D’ (Mp)(]R”) the symbol
T is meant in the sense of formulas (1.5)-(1.6) and the symbol w?® for a
function w € DM») is defined in (6.1).

We give now several definitions (Definitions 6.2.1-6.2.8) of the
D'Me) _convolution of ultradistributions denoting the convolution in-
troduced in Definition 6.2.k by the corresponding symbol 5 for £ =
1,2,3,4,5,6,79,71,72,80,81,82. In the next section, we will prove that
all of these definitions are equivalent and for the D’ ) convolution of
ultradistributions the common symbol * will be used further on.

In all definitions of the D’ ™?) _convolution below S and T' mean two
fixed ultradistributions, i.c. elements of the space D' .= D/ (MP)(]R”).

Definition 6.2.1. The convolution S ¥ T is defined by the formula
1
(S*T, @) :=((S®T) 9>, 1), o € DM,
whenever

(i) (SRT) " € D/L(lM”)(RQ") for ¢ € DM»),
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Definition 6.2.2. The convolution S H T is defined by the formula
(S 5T, @) = ((S* )T, 1), ¢ € D),
whenever

(i) (S+ )T € D/L(fwf’) for o € DMy,

Definition 6.2.3. The convolution S iT is defined by the formula
(ST, ) = (S(T* ), 1), p € DM,
whenever

(i) S(T ) € D/L(fw”) for ¢ € DM»),

Definition 6.2.4. .
The convolution S * T is defined by the formula

(S *T) %o, 9) = (S * o) (T x9), 1), p € DM,y e DM,
whenever

(:’L‘) (S ) (T *y) € L for ¢ € DMp) o) € DMp),

As in the theory of distributions, one can prove that the mapping
D(Mp)(Rn) > o A, € D/(MP)(R’IZ)’

where
Aot i= [ (559) @(T 0) @), ¥ DM,

is a linear, continuous and translation invariant mapping from DM»)(R™)
into £M»)(R™). This implies that there exists a unique ultradistribution
Ve D’(MP)(]R”) such that V * ¢ = A, for p € DM»)(R™). Consequently,

Definition 6.2.4 is consistent and S i T=V.

Definition 6.2.5. The convolution S :T is defined by the formula
(ST, ¢) = lim (S ©T.n; 0, p € DM,
jA)OO
whenever

(%) the limit exists for all € DM2) and for all (n;) € T(M2) (R2),
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Definition 6.2.6. The convolution S 3 T is defined by the formula
(SET.p) = lim (ST, n;0>), p € DM,
Jj—00

whenever

(%) the limit exists for all € DM2) and for all (n;) € 1) (R2),

Definition 6.2.7. ,
a) The convolution S ¥ T is defined by the formula

() § ¥ T = Jim (y8) + (3,7) i D',
j—o0

whenever
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(10) the limit in (do) exists for all (;) € 1) and for all (7;) € 1(M»),

b) The convolution S Y T is defined by the formula
(d1) S ¥ T:= lim(nS)«T  in DM,
J— 00

whenever

(11) the limit in (d;) exists for all (n;) € T(M»).

¢) The convolution S 2 T is defined by the formula
(d2) §¥T:= lim §x(T)  in D',
j—o0

whenever

(33) the limit in (dz) exists for all (n;) € T(M»).

Definition 6.2.8. For every k = 0, 1, 2, the convolution S oy T is defined

by formula (dj), whenever

(8>kk) the limit in (dg) exists for all (n;) € 1) (and for all (ij;) €

]_(Mp)).
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In the case of distributions, the equivalence of the above listed defini-
tions of convolution follows from several papers of different authors (see
[135], [45], [69], [154]).

In the case of ultradistributions, it has been proved in [119] that Defi-
nitions 6.2.1 and 6.2.5 are equivalent and that they imply Definitions 6.2.2
and 6.2.3.

The full proof of the equivalence of all the above mentioned definitions
was given in [73], and we reproduce it in the next section.

6.3 Equivalence of definitions of D’ (M2) _convolution

In this section we are going to prove the equivalence of all the definitions
of the D'™») _convolution of ultradistributions listed in the preceding sec-
tion. The form of the theorem concerning this equivalence that we are going
to prove is an extension of the known theorem by Shiraishi (see [135]) on
the equivalence of four definitions of the convolution of distributions, but
our theorem includes also the equivalence of analogues of several definitions
given later by other authors (see [45] and [69]). Our proof is similar to those
given in [135] and [69], but it requires new techniques. Traditional meth-
ods fail in the case of ultradistributions. For example the Leibniz formula
cannot be used since ultradistributions are infinite sums of derivatives of
corresponding continuous functions on a bounded open set.

In the proof we will need three assertions. The first one is the equiva-
lence of the three conditions (i) — (4i7) which was proved for distributions
in [45]. For ultradistributions, only the equivalence of conditions (7) and
(%) was shown formally in [119], but condition (i%) is equivalent to (i) and
(i), as well.

Lemma 6.3.1. (see [45], [119]) Let f € D'M?) " The following conditions
are equivalent:

(i) f is continuous on the space BM») je., f Di(lM”);

(i1) the sequence (< f,ny >) is convergent for arbitrary (n) € 1(M»)

(i) the sequence (< f,ni >) is convergent for arbitrary (ny,) € 1(M»),

The second assertion needed in the proof is the following result of Ko-
matsu (see [82]; for the proof see also [43]):
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Lemma 6.3.2. (see [82]) Let K be a compact neighborhood of zero and
r > 0. There are u € D%\ﬁ’/g (R™) and v € D%M”)(]R") such that

P.(D)u =0 +v. (6.3)
Finally, we shall also need the following lemma, proved in [119].

Lemma 6.3.3. (see [119]) If the convolution S «T of S,T € D'(R™) exists
and P(D) is an ultradifferential operator of the class (M), then

P(D)(S+T)=5x*(P(D)T).
The main result of this section is the following theorem.

Theorem 6.3.1. Let S,T € D'Me) - The conditions (>jl< ) for § =
1,2,3,4,5,6 and (J*’“) forj =17,8:k=0,1,2 listed in Definitions 6.2.1-6.2.8

of the existence of D’ ) _ convolution of ultradistributions are equivalent
and the respective convolutions are equal.

Proof. The equivalence of the conditions (i), (i) and (f,’;) follow from
2, 1

Lemma 6.3.1 (see [119]) and the implications (i) = (), (x) = (i) have
been proved in [119]. We shall begin here by proving the two implications:
(i) = (i) and (i) = (i) Since the proof of the implication (i) = (i) is
similar to that of the latter, we shall have already proved in this way the
equivalence of conditions (i) - (i)

Next we shall observe that the following implications hold: (>5k) = (7>|9 )
()= () ()= (*) F)= ). F)= (). @)= (%),
(33) = (i), (il) = (i), (12) = (i), (Eff) = (i) This will complete
the proof of the equivalence of all the conditions listed in the assertion.
() = (), (%) = (%) ana (%) = (¥).

Suppose that S, T € D' = D’(M”)(R").

Proof of (i) = (i) Fix ¢ € DMr») = D(Mp)(R™). The mapping

DM 5 s (Skg)(Txey) € DY (6.4)
is continuous. Since the space L' has property (C(a,)), it follows that the
mapping DM») — L1(R") given by (6.4) is continuous, which implies the
continuity of the mapping

R" 5> am[(S*¢)(x)(T*y)(x—-) € L'RY),
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where ¢,1) € DM») are fixed. Hence, for a fixed w € DM») | the function
given by

f@)i= [ (550) @) (T 0) @yl dy. v R,

belongs to L'(R™). The Fubini theorem implies that, for arbitrary ¢, v, w €
DMz) | the function
g(z,y) = (S %) (@) (T *¥) (z = y)w(y), (,y) € R*",
belongs to L'(R?"). Changing variables, we conclude that
(S % ¢) @ (T x¢)|w™ € L' (R*™)

for arbitrary ¢, ¢, w € DMp),

Now let @ and K be compact neighborhoods of zero in R™ such that @
is a subset of the interior of K. Without loss of generality we may assume
that K = —K and Q = —Q. The mapping
DR x D < D 5 (945,w) = [(Sx9) @ (T )] € LR,
is separately continuous and thus, since D%Mp) is a Fréchet space, continu-
ous. Hence there exist 7 > 0 and C' > 0 such that

1105 6) ® (T + )] W™ g on)
< C L0 Ny + 11 sy + 1| o] (6.5)

for ¢, v, w € ’D%Mp). Let ¢, 9, w € D(QA){?). Since DM») is permitted, we can

find sequences (¢;), (¥;) and (w;) of elements of D%M”) such that ¢; — ¢,
Y; — 1 and wj — win D%\)/Irp). Notice that
[(S % ¢) @ (T*45)] (W) — [(S*¢) @ (T*¢)] w?

as j — oo in D'(R?") (see [82]) and in L'(R?"). Hence, replacing in (6.5)
@, ¥, w by ¢;,9;,w;, respectively, and passing to the limit, we get

11(S * ¢) @ (T * )] w® || L1 @2n

SCHU @ lpom + 19 llpom + 11wl pom]

=Cl|¢ ”D;M{D) + 11y ||D<QMP> + |w ||D<QMP>] < 00 (6.6)

for arbitrary ¢, ¢, w € D%\,/If).

Lemma 6.3.2 implies that there exist u € D(QJ\’{,”) and v € D(QM”) such
that

0 = Por(D)u + v. (6.7)
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Since Py, (z) is an ultrapolynomial of class (M), we have

Por(2) = ) a2, (6.8)

aeN”
where ¢, satisfy inequality (2.14). Thus, for each ¢ € ’D(M )(R”), we have

(S®T)p>
=[(S * Py (D)u + S % v) @ (T % Por(D)u+ T % v)] o
= [(S * Py (D)u) @ (T * Por(D)u) 4+ (S xv) @ (T * Py.(D)u)
+ (S % Py (D)u) @ (T % v) + (S *v) @ (T *v)] p°. (6.9)
By (6.6), it follows that [(S * u) ® (T * u)] =, [(S * v) @ (T * u)] =,
[(S *u) @ (T % v)] > and [(S * v) ® (T * v)] 9> belong to L'(R?"). We
shall prove that [(S* Pa,(D)u) ® (T % Py,.(D)u)] ¢* belongs to D'iAfp)(Rzn).
In a similar manner one can prove that [(S * v) ® (T * Py, (D)u)] ¢© and
[(S * Py (D)u) @ (T *v)] 9> belong to D'(Ll\l/[p) (R27). This will mean that all
the terms on the right side of (6.9) are elements of D’(Lj\f”), i.e., the proof
of the implication (i) = (i) will be completed.
For simplicity, let us denote
Vi == (S *w) @ (T *w); Uy :=Vp, (Dyw
for each w € D%M”)(]R”) By (6.8) and Lemma 6.3.3, we obtain

(Uu ™) (2,y) = [(S * Por(D)u)y @ (T  Por(D)u)y] p(x +y)
= [(P2r(Da) Por (Dy)) (S * u)e @ (T'x u)y)] ¢(z,y)
_ Z % (_1)k+l<k) (f) \4 (wﬁ)(k—i—l)](a—k,ﬁ—l)(x’y).

n
BEN 0<1<p

Therefore, for an arbitrary w € D») (R?"), we have

QLL@A7W>
= Y () Pepes 3 (a) (5) (Vi (pBFDYA yla—hp=D)y.
a,BEND 0<k<a VAN

0<1<B

(6.10)
Since, for a fixed u € DM»)(R™), the mapping
DM)(R™) 3 9V, 02 € LYR®™)
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is continuous and, for an arbitrary constant B > 0, the set
{B*¢p(®) /M, : o € Nj} is bounded in DM»)(R™), we infer that the set
Bk+l
{ V(A 1kl e NS}
Myt

is bounded in L!(R?") for an arbitrary constant B > 0. By (M.2), there
exist constants A > 0 and By > 0 such that

Bk+l AN (k+1 k+1 h" r
<MleVu(<p YD, w>‘<BoH Y i | W || poegeny  (6.11)

reN2n

for arbitrary w € DMr) (R?") and k,1 € Np.
Note that (M.2) and (2.2) imply that there are constants By, H > 1
such that

MleMoz+ﬂ+:D+q—k—l < B Hz(a+g+p+q_k_l)MaMﬁMp+q (6-12)
for arbitrary p,q, o, 8, k,l € Nfj such that 0 < k < «,0 < < . By (6.10),
[(Uu 0%, w)

S S N e

n 0<k<
BNy G225

(6.13)
Applying (2.14), (6.11), and (6.12), setting A, :=|| w") || oo (g2n) for r € N2"
and denoting by C a positive constant, not necessarily the same at each
occurrence, we have
(kYA | yla—kG=0)y)
Ao+B
Mo Mg
< CAa+ﬂ—k—leMl | (4AH)k+l
- (4H)k+lMaMﬁ M. M,
(Ath)a+[3+p+q—k—l

|cacs||(Va (¢

<c [(Vu(pEFD) 8, wlemhi=hy)

Vu((p(k-H))A, w(a—k,ﬁ—l)>|

)\afk+ —
= p,B—l+q
A4 Mot gipro—h-i

for arbitrary p,q, o, 3, k,1 € Nj such that 0 <k < ,0 <1 <g.
Hence, by (6.13),

(U @Aaw>|

<cC Z Z <Z> <f)4(a+6+p+q) Z (4Aﬁjh)r)\r

N7 0<k<a 2n
a,B3,p,qENG 0izh reN

< 0.
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But this implies that
g € DY),
as desired.
Proof of (>»3<) = (i) The mappings
DM 5 4 S(Tryp) € DY
and
R x D" 5 (y,U) = U(—y) € DY
are continuous. This implies that, for every v € D™») the mapping
" 5y St —y)@*v)() €D
is also continuous. Therefore (see [10], p. 81)
Vo e DM@, oy e DO (R™),

where

Vo) i= [@ISC-0) @5l dy. ot e DOWIRY),
and the integral [, R(z,y)dy of an ultradistribution R € D’ (L]\fl”)(RQ") is
meant as the ultradistribution in D’ (M”)(R”) defined by

(| R(z,y) dy, w(z)) 1=/ (R(z,y), w(z)) dy, weDMI(R").
R™ n

For an arbitrary w € D™») we have

( / o)S(@ — ) (T %) () dy, w(2))
- / (0@W)S(@ — 4)(T * ) (), w(x)) dy

- / (0@W)S(@ - y), (T * ) (@)w(z)) dy
— (S, (T ) = (S * o) (T * ), w).

Consequently, (S * @) (T 1)) € D’(Lj\f") for p,¢» € DM»). Theorem 3 in
[121] now implies that [(S * @) (T )] * w € L' for ,9,w € DMr). On
the other hand, it follows by Lemma 6.3.2 that

(8% @) (T + ) = [(S % ) (T * )] x P(D)u+ (S % ) (T %)) % v,
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and similar arguments to that in the proof of implication (i) = (i) yield
(S * @) (T * ) € L* for arbitrary o,y € DM,

f). Since, for arbitrary w € DM»)

™), we have

(R
)z (an)y, w(z +y))
it follows from (i) that the limit (a) exists for all strong unit-sequences
(n;), (7;) € TM2)(R™), i.e., (a) is valid and S Yr=sirT Similarly, (g)
implies (Eii?) and S¥T=8%T.

Proof of (¥) = (¥), () = (¥), (%) = (¥)and (¥) = (¥).
Note that (749) implies that for arbitrary strong unit-sequences (n;), (7;) €
1M)(R™) and ¢ € DMr) we have

lim ((1,5) * (3,T), ) = (S % T, 0). (6.14)

p,q—0o0

Proof of (* (5) ( ) and ( )
and unit-sequences (1), (7j;) € 1(
((n; 8) * (0;T), w) = {(n;

((Se

P

7
In fact, if (% ) were not true, there would exist ¢ € D) ¢ > 0 and
increasing sequences (p;) and (g;) of positive integers such that
- T2
[((1p,)S * (g, T), ) = (S = T, p)| > e.
But since (1,,) and (7j,,) are again strong unit-sequences from 1(M»)(R"),

the above inequality would contradict (749) Notice that (6.14) yields

(S ¥ T,¢) = lim lim 0 (1p5) * (11 T), ) = lim (1) * T, ),

p—00 q—

which implies condition (*1) and the identity S ?T=5%T. In the same

8 8 8 8
way one proves that (49 ) implies (*1) and S ¥ T =S ¥ T. The remaining
two implications and the respective identities of the convolutions follow in
view of symmetry.

Proof of (Zkl) ( ), (*) (i), (Zkz) = (i) and (iz) = (i) Since
((;8) * T, ) = (n; S, 0 T) = (S(T % ), my),

we infer from ( ¥ ) or (Efkl ) that S(T « cp) € D’( M) for <p e DMy,

h

( *
Consequently, ( ) olds and S i T=S $ T and S 0 T=S5 $ T in the
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respective cases. The remaining implications and the respective identities
hold true, due to the symmetry argument.

Thus the equivalence of all conditions (i ) — (i ) (10 ) — (12 ) and

8 8
(¥) — (¥) is proved.
By standard arguments one can show that the remaining identities are
satisfied:

S¥xT =S+T =SiT =S+T =S8+T = ST,

which completes the proof of Theorem 6.3.1. O

6.4 Definitions of S’(M”)—convolution

S'M») _convolution of

In this section, we introduce the notion of the
two tempered ultradistributions, which is an analogue of the notion of
S’ —convolution of tempered distributions. We formulate, similarly to the
case of the D'™») _convolution defined in Section 6.2, several definitions
of the §'™») _convolution of tempered ultradistributions and give the re-
spective conditions for its existence.

The definitions of the S'**) —convolution we present here are quite
analogous to the definitions of the D’ (M2) _convolution of ultradistributions
given in Section 6.2 and, of course, analogous to the definitions of the
D’ —convolution of distributions and to the definitions of the &’—convol-
ution of tempered distributions; see [132] (Definition 6.4.1), [36] (Definitions
6.4.2, 6.4.3 and 6.4.4), [151] (Definition 6.4.5), [45] (Definition 6.2.6), [69]
(Definitions 6.4.7 and 6.4.8). The only difference is that Definition 6.4.4
consists of three equivalent versions.

The S'™*) _convolution introduced in Definitions 6.4.1-6.4.4 will be de-
noted, in contrast to the symbol  of the D’ (M) —convolution, by the symbol

* with the corresponding index; more precisely: the symbol i will mean the
S§'M») _convolution introduced in Definition 6.4.k for k = 1,2,3,40, 41,49,
5,6, 7o, 71,72, 80,81,82. In the next section, we will prove that all these
definitions are equivalent; and for the S’ Mp) _convolution of tempered ul-
tradistributions, the common symbol * will be used further on.

In all definitions of the S'*) —convolution given below S and T will
mean two fixed tempered ultradistributions, i.e. elements of the space
S/(Mp) = S/(Mp)(Rn)
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Definition 6.4.1. The convolution S i T is defined by the formula

(S*T, ¢) =((S®T)¢>, 1), p e SO,
whenever
(al() (S®T)p” € D,L(IMP)(R%) for o€ SM»),

Definition 6.4.2. The convolution S T is defined by the formula

(S*T. ) = (S )T, 1), p € S,
whenever
(az() (S* )T e D/L(fw”) for o€ SM»),

Definition 6.4.3. The convolution S + T is defined by the formula

(S*T. )= (S(T'+ ), 1), p € S,
whenever
(i) S(T ) € ’D/L(fwf’) for € SM»),

Definition 6.4.4. .
a) The convolution S * T is defined by the formula

(S ¥ T)xp0) = (S+)T+v) 1), peSM), ye st
whenever
(3(0) (S %) (T *v) e L* for ¢ € SMp) e SM),

b) The convolution S % T is defined by the formula

(S ¥ T)xpu) = ((Sxp)(Tv), 1),  pesM), yepih),
whenever
(*) (Sx)(Txy)e L' for peSM) e DM,

¢) The convolution S 2T is defined by the formula
(S £T)xp.0) = ((Sx@)(T0), 1),  @eDM) yeshh)
whenever

(%) (Sx@)Txv) Ll for peDM) e S,
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As in Section 6.2 for the case of D' (M) —convolution, one can prove that
the mapping

S(Mp)(R") ) QP’_’Aga c S/(Mp)(Rn),

where
Aot i= [ (8+9) @(T +0) @), v eSO,

is a linear, continuous and translation invariant mapping from DM»)(R™)
into £»)(R™). This implies that there exists a unique ultradistribution
Ve S’(MP)(]R") such that V x p = A, for p € SM»)(R™). Consequently,

Definition 6.4.4, a) is consistent and S 2T =V. A similar reasoning can
be applied to the variants b) and ¢) of Definition 6.4.4.

Definition 6.4.5. The convolution S T is defined by the formula
(S 3 T, ¢) = lim (S®T,n; 02, o e SWMr)
j—o0

whenever

(i) the limit exists for all p € SM») and for all (n;) € 1) (R?").

Definition 6.4.6. The convolution S T is defined by the formula
(S%T, ) = lim (S ®T,n; o), o€ S,
j—o0

whenever

(2) the limit exists for all p € SM») and for all (n;) € 1(M»)(R?").

Definition 6.4.7. :
a) The convolution S * T is defined by the formula

(bO) S 3(0 T := hm (leS) % (ﬁjT) in S/(Mp),
J—

whenever

(3(0) the limit in (by) exists for all (n;) € 1(M») and for all (7j;) € 1(M»),
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b) The convolution S ¥ T is defined by the formula
(bl) S 3(1 T = hm (77]‘5’) «T in S'(MT—'),
j—o0

whenever

(3(1) the limit in (b1) exists for all (n;) € T(M»),

¢) The convolution S 2T is defined by the formula
(b2) ST = lim S (p;T) in &M,
j—o0

whenever

(3(2) the limit in (b2) exists for all (n;) € T(M»),

Definition 6.4.8. For every k = 0, 1, 2, the convolution S §<k T is defined
by formula (b), whenever

(Eik) the limit in (by) exists for all (n;) € 1) (and for all (7j;) €
]_(Mp))'

6.5 Equivalence of definitions of S'Mz) _convolution

The purpose of this section is to prove Theorem 6.5.1 on equivalence of
all conditions for the existence of '’ —convolution of ultradistributions
listed in Definitions 6.4.1-6.4.8.

As in the case of Theorem 6.3.1, the proof of Theorem 6.5.1 applies
methods shown in [135] and [69] (in particular, we need Lemma 6.3.1 as
before). But also new techniques are used, because traditional ones fail for
tempered ultradistributions.

A crucial role in the proof of the theorem will be played by the following
assertion as proved both for the spaces of ultradistributions of Beurling and
Roumieu type in [120], Proposition 4:

Lemma 6.5.1. (see [120], [146]) The space (95\2@) of multipliers of &'
1s nuclear.
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Now let us formulate and prove the equivalence of Definitions 6.4.1-6.4.8
of the S'™») _convolution of ultradistributions.

Theorem 6.5.1. Let S, T € S'M)  The conditions (i) for7=1,2,3,5,6
and (Jaf) for j =4,7,8;k = 0,1,2 listed in Definitions 6.4.1-6.4.8 of the

existence of S’ M) _ convolution of ultradistributions are equivalent and the

respective convolutions are equal.

Proof.

Proof of (al() & (i) & (g) The equivalence of conditions (al(), (i)

and (,6() as well as the equalities S > T=2S5 3 T=S5 2 T follow directly
from Lemma 6.3.1.

Proof of (i) = (i) Clearly,

1 .
(S*T,0) = (82 @ Ty, ) = lim (ST, [ ® 1) (6.15)
for arbitrary (nx) € T(M”)(R”), ¢ € DM»)(R") and the constant function
1 on R™. On the other hand,

(ST, e ® 1]p”) = Jim (S @ T, [y @ me®) = (S * )T, ne).

By (6.15), the limit limy o0 (S * 9)T, 7i) exists for all () € T, ie., (%)

follows from the equivalence (i & (al() and SET =S xT.

Proof of (i) = (33 ) The proof of this implication and the identity

3 4
S T =S % T proceeds in a similar manner as the proof of the respective
implication in Theorem 6.5.1, which was proved in [70].

Proof of (ﬁf) = (al() For arbitrary 6,19 € DM») | we have
([(S*) @) T4, 0@ 0) = (S *)[T * (99))6, 1). (6.16)
Obviously, the mappings
0: O™ 39— vy e SO

L: SM) 5 4 s (Sxp)(Txy) € D'
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are continuous. But (S * ¢)(T % 1)) € L', due to (33 ), and L' has the

property (C(az,)). Thus both I meant as the mapping from SMp) into L1

and the composition mapping ['0 © : Og\fy”) s D' M) are continuous; so

((S * ) ® )T can be extended as a continuous mapping to the space
B(MP)®7TO§\2/["). But, by Lemma 6.5.1,

B(Mp)®ﬂ_0§\]4wp) — B(Mp)®sog\£[\/[1’) D) B(Mp)®€B(Mp) D) B(Mp)(R2”)7 (617)
where @, and &, denote the tensor products with the projective topology
and the Grothendieck topology respectively, and the corresponding embed-

dings are continuous.
Assume that 7, — 7 in the space BM»)(R?"), where

my
N = Z9j,k ® Vjks 0,950 € BMI(R™), j=1,... m.
j=1
By (6.17), nr, — n also in BM»)&_BMe) and thus
Tim (S 9) © ¥ T2, 1) = (S ) © ] T2, )

s0 (Sxp) @) T2 e DM and S*T = S+ T.

Proof of (i) = (i) = ( il) = (i) These implications as well as the
identities S« T =S *T =S % T follow, by symmetry, from the chain of

the implications (i) = (i) = (3(2) = (i) proved above.

Proof of (io) = (3(1); (3(0) = (33) The implications are evident.

4 4 4 4
Proof of (%) = (¥ ); (¥) = (¥). By symmetry, it suffices to prove
4
the second implication. Suppose that condition (*2 ) is satisfied. Analysis

similar to that in [135] shows that (S @) (T % ) € D’(LI\{[") for arbitrary

@, € SMp) | As in the proof of the implication (D3) = (D4) in Theorem
6.5.1, given in [70], we make use the continuity of the mapping

DM 5= (Sx)(T * ) € L'
to conclude that (S * ¢)(T % ) € L! for each o,y € SM»),

Thus we have already proved the equivalence of conditions (al() - (i),
4\ 4o 6
(%), (%) and (*).
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Proof of (2) = (§<2) Since, for given (nx), (k) € 1) (R™), we have

() # (T), ) = ((8) @ (T), %) = (S @ T) 9=, ),
where ¥, := n, @1 and (J) € 1M#)(R?7), it follows from the equivalence
(ig) & (,6() that the limit in (33) exists for all (1), (7x) € TM»)(R") and
S¥T=5%T.

Proofof (¥) = (¥): (%)= (¥); ()= (¥) () = (¥). 1t
suffices to show the first implication. It is worth noticing that, since the

Mp)

8
class 1¢ is closed under extracting subsequences, condition (*2 ) implies

that the double limit limy, ;o (1,S) * (7,T) exists and equals (S ¥ T, ©)
for arbitrary (nx.), (7x) € 1M») and ¢ € DMe). Consequently,
8 . . - .
(S T,p) = lim_ lim ((n,8) * (i, T), ) = lim {(1,5) T, ).

The implications and the respective identities of the convolutions follow.

PmofofSilT:SiOT;(il)é(ll);(%?):(3(0). The
implications are obvious.

Proof of (11) = (93(), (10) = (92() Since (niS) * T, ) = (S(T % ), n1.),

we deduce from (3(1) that S(T % ¢) € D'(LAfp) for ¢ € DWMr) e, (i) holds

and S ® T = S + T. The second implication follows by the symmetry
) 2 3 6 .

argument. Since (*) & (*) & (*), the proof is complete. [

6.6 Existence of D'™?) _ and 8'™»)_ convolution

Our purpose now is to give various sufficient conditions for the existence
of D'™7) _convolution and &™) —convolution of two ultradistributions.
Two types of sufficient conditions are considered in the next two sections:
a) conditions expressed in terms of the supports of the ultradistributions
involved; b) conditions which rely on distinguishing subspaces of ultradis-
tributions on which convolution can be defined as a bilinear mapping. We
emphasize that, for simplicity, we shall consider in Sections 6.6, 6.7, and



154 Boundary Values and Convolution in Ultradistribution Spaces

6.8 only the one-dimensional case of functions, distributions, and ultradis-
tributions defined on the real line; but all results can be obtained similarly
in the n-dimensional case.

In Section 6.7 we are going to prove that, under appropriate compati-
bility conditions on the supports of two ultradistributions belonging to the
space DM o1 to the space S'M) their D'™Mr) _convolution (introduced
in several equivalent ways in Section 6.2 and denoted by *) or, respectively,
S§'™M>) _convolution (introduced in several equivalent ways in Section 6.4
and denoted by «) exist. In the case of the space D’ (M”), the compati-
bility condition which guarantees the existence of the D’ (My)
coincides with the well known compatibility condition for distributions in
D'. In the case of the space S’ (M”), we define the notion of M —compatible
supports of tempered ultradistributions which corresponds to the concepts
of polynomial compatibility introduced for the supports of tempered dis-
tributions in [66] and of M,—compatibility introduced for the supports
of generalized functions of Gelfand and Shilov in [144]. We will prove
that the condition of M —compatibility of the supports of two ultradistri-
butions in &M
results are obtained under the assumption that the given numerical se-
quence (Mp), which defines the respective spaces of test functions and of
ultradistributions, satisfies the conditions (M.1) and (M.3').

In Section 6.8 we examine the weighted D/, and DIL(Z,M ») spaces (distribu-
tions and ultradistributions), denoted by D7, , and D’ (LA,;[Z) (for ¢ € [1,]),
respectively. Let us mention here two of the known results obtained
for convolution in these spaces. Toward this aim fix pu, v € R with
pw~+v>0andgq,re€[l,o0] with 1/g+ 1/r € [1,2]; and put p = min(u, v);
s=(1/qg+1/r—1)"%

1° if the given sequence (M,) satisfies conditions (M.1), (M.2") and
(M.3'), then f € D}, , and g € D', imply f+g=fxg e D" and
the mapping

D0y x D0 5 (fig) s frg € DY

—convolution

implies the existence of the S'Mr) _convolution. These

is continuous;
2° if the sequence (M,,) satisfies conditions (M.1), (M.2) and (M.3),
then f € D’(LI\;[Z) and g € ’D’(Lﬂfﬁ) imply f*g=fxg € D'(L]gz) and the
mapping
Mp MP MP
D/(Lw) X D'(LW) > (f,g)— f*xg € D'(Ls’p)

is continuous.
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Again we note that the one-dimensional case will be considered for the
remainder of this chapter; we assume that n = 1 for the remainder of this
chapter.

We shall need the following two assertions concerning representations of
convergent sequences of ultradistributions and tempered ultradistributions.

Theorem 6.6.1. Let f € M) fr € /(M) for k € N and suppose that
fx — [ in D', as k — oo. Then, for each open, relatively compact set G
in R, there are measures fo, fr.a € C'(G) for k € N, a € Ny and positive
constants L and B such that

flo= > £, file =3 £2), (6.18)
a€Np a€eNg
Ifallery < BL/Ma, | frallea < BL* /Mo, (6.19)

for arbitrary a, k € Ng and
Jim || i~ fallery = 0. (6:20)
for every a € Ny.

Proof. The above proposition is an extension of Theorem 8.1 of [82] to
the case of a sequence of ultradistributions. Note that the existence of the
representations (6.18) follows directly from that theorem, but we cannot
deduce from it that the constants B and L in the second of the inequalities
(6.19) do not depend on k. This and (6.20) follow, however, from the proof
of the mentioned theorem with small modifications. For completeness, we
present here the whole proof.

Let K be the closure of G. We shall prove that the restrictions of f
and fj to DEKM”) have representations (6.18) and the series in (6.18) are
convergent in the strong topology of (’D%Mp))’ . Since the inclusion mapping
DM)(G) — D%Mp) is continuous, both series in (6.18) converge also in the
strong topology of the space DMr)(G). Note that

D%Mp) := proj lim Xj,
J — o0

where X is the Banach space of all ¢ € Dk such that
Tim (M6 ey ) =0
with the norm

6|l = My " sup 516 |le(x)-
aeNy
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Since DI(KM”) is a strict projective limit of the spaces X, it follows from a
theorem in [50] (2.6 Satz, p.147) that the restrictions of f and fj to DEKM”)
can be extended to elements g and g of the same space Xj'- for k € N, so
that gr — g in X} as k — oo.

On the other hand, using an appropriate mapping, one can identify X
with a closed subspace of the space

Y} = {¢ = ((ba) : ¢a € C(K)v alLH;o (MojljaH(baHC(K)) = 0}

and Y; with a closed subspace of Co(KY), where C(K) is the space of all
continuous functions with supports in K, the set K is the disjoint union
of countably many copies of K regarded as a locally compact space, and
Co(K™) is the space of all continuous functions vanishing at the boundary
of KN. By the Hahn-Banach theorem, we extend g and gy to measures §
and gr on K" (for k € N), so that g — g in CH(KY) as k — oo. This
implies the existence of measures fo, fr.o € C'(K) for k € N, a € Ny, which
satisfy (6.19) and (6.20). For ¢ € X, we have

(Grr0) = (fin®) = D (=D (Frar ) = D (2, 0)

a€ENg a€Ng

and, similarly, (7, 6) = (f,¢) = 3 pen, (8, ). O

Theorem 6.6.2. Suppose that f € S’ M) g fr € S/ M) for k € Ny, and
fe — fin S’(Mp) as k — oo. Then there are functions Fy, Fi.o € L2 for
k,a € Ng and positive constants A, L and B such that

flo= S (@ F)D,  fila= Y (€} Fra)®

a€Np a€eNg
[Fall> < BL® /Mo, [[Frall2 < BL®/Ma,

for arbitrary a,n € Ny, and

klim |Fr.o — Fallz2 =0
for every a € Ny, where e}l (z) := eMAZD for z € R.

Proof. One can prove the proposition following the idea of the proof
of the structural theorem for &' )by first noticing that SM») is a strict
projective limit of the spaces Sg(Mp)’m (see [92]) and then, similarly to the
proof of Theorem 6.6.1, applying a theorem proved in [50] (2.6 Satz, p.147).
O
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6.7 Compatibility conditions on supports

Let us recall the notion of compatibility of supports used in the theory of
distributions: two subsets X and Y of R are called compatible if one of the
following equivalent conditions holds (cf. [2], [59] and [76]):

(a) for every bounded interval I in R the set (X x Y)NI% is bounded
in R?, where I® := {(z,y): +y€I};

(b) for every bounded interval I in R the set X N (I —Y") is bounded
in R;

(¢) for every bounded interval I in R the set (X —I)NY is bounded
in R;

(d) xr € X,yr €Y (k € N), |zx| + |yk| — oo implies [2x + yi| — o0

(e) for every R > 0 theset T :={(z,y): € X, yeY, |[t+y| <R}
is bounded in R2.

In [70] (see also [72] and [73]), it is proved that several general conditions
for the existence of the convolution f * g of given ultradistributions f and
g in D’ are equivalent. In the theorem below we shall prove that if the
supports of ultradistributions f and g are compatible, then these conditions
are satisfied .

Theorem 6.7.1. Suppose that a given sequence (M,) satisfies conditions
(M.1) and (M.3).

(i) 1If f,g € D'Mo) ore wltradistributions whose supports supp f and
supp g are compatible, then the DM _ conwolution f * g exists.

(it) If frx, g € D'Me) supp fr, € X, suppgr C Y for k € N, where
X,Y are compatible sets in R, and if fr — f, g — g in D'M) then
frxge — fxgin D'Me) g5 k — co.

Proof. It suffices to show that one of the equivalent conditions for the
existence of D' _convolution in D’ is satisfied. We shall prove that the
limit

Jim (f ® g,m0%)

exists for every ¢ € D(M») (R) and for an arbitrary strong approximate unit
(nx) in DMe)(R?) (cf. [70]).

Assume that supp ¢ is contained in the ball of radius R > 0. Since the
set Tr is bounded, there exist open bounded sets 21 and €25 in R such that
the closure K of Ty is contained in 1 x Q5. By Theorem 8.1 of [82], there
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are measures f, € C'(Q1), gs € C'(Q2) on Q; and Q for o, B € Ny and
positive constants B and L such that

flar =D £, glo, = géﬁ)
a€ENp BEN,
Wl < BL*/Mas lgsllen,) < BL?/Mg
for a, 8 € Ng. This and (M.1) imply that
(HL)aJrB

6.21
o (6.21)

[fa ® g8llc (@, xaa) < AB?

for a, B € Np.
Let n € D((M,), Q21 x Q3) be equal to 1 on Tx. There exists an index
ko € N such that

(f@gme™) = (Fogme™n) =D Y (D 0g), ")
a€Ny BeNy
=3 S Mgl ")

aeNp BeNy
for k > kg. Put
Op,q = Z Z f(a ® g(ﬁ)’ ¢A77>
a<ppB<q

for p,q € Ny and notice that
qli{ﬂlo ap,q = Z<f<§¢a) ® g,¢"n), peN;

a<p
Jim ay =D (f ®gy),¢6%n),  geN.
B<q

Let (pj) and (g;) be arbitrary strictly increasing sequences of positive
integers and set a; := ay,, 4, for j € N. It follows from (6.21) that

jam —all < Y Y [(fa @ gp, (67) )

P1<as<pm q<B<qm

L[{a+5
<c > > sup [T (2 + )|

Pr<a<pm @ <B<qm Mot Jatyi<r

ALH)" >
<2726 C sup sup (7 ¢(T) t 27" 6.22
sup sy S 01 L (6.22)

for m > 1>k > ko, where C = mR2AB. This implies that (a;) is a Cauchy
sequence, i.e., it converges to a certain number a. It is easy to see that a
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does not depend on the choice of sequences (p;) and (g;). Consequently,
the double limit lim a, , exists and
p

,q— 00

lim apq= lim lim apq = lim lim ap4 = a. (6.23)

Now, by (6.23), we have
(fx9,0) = (f@gmd™n) = > |{fa®gs () )]
a,B€Ny

D (faxgs, o), (6.24)

a,B€Ng

which proves ().
Let us prove now the second assertion of the theorem. By Theorem
6.6.1, there exist measures fj . and g g and constants B, L > 0 such that

Frlow = > 1, gile. = > g, (6.25)

a€Ng a€Ng
I fraller @y < BLY /Mo, gkaller@,) < BLY/Ma, (6.26)

for a, k € Ny and

I fe.a = frlleryy — 0, l9k,0 — grllers) — 0, (6.27)

for « € Ny as & — oo. By the first part of the theorem, the
D' M) _convolutions f*xgand fi * gi exist for k € N and, due to (6.24)
and the estimation used in (6.22), we have

[(frx g @) <Y W fra* grg: 0T

a,BENy
= 3 [fra @ grs, (6°) @)
«,3ENy
2LH)Y
< C sup sup @LH) |0 (1)] < o0 (6.28)
vENo [t|<R Mv

for each fixed ¢ € DM»). Hence
(frxge = Fxg. 0 < D [fra * ks — fo x 93,0 )]

a,B€Ny

S+ 3+ 30 Wfra# s — fa kgm0 (629)

B<m BENg B>m

where m € Nj.
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Let € > 0 be fixed. Notice that the series
D (faxgs o)
a,B€Ny
is convergent and all the series
S et grg )
a,B€Ng

for k € N are commonly bounded by a convergent series (see (6.28)). There-
fore each of the last two sums in (6.29) is less than /3 for m large enough.
On the other hand, in view of (6.26), we have

[(fra * G — fa * g, 02T
<16 lexy (1 fea * (6,8 — 98)lerx)
+ 1 (fra = fa) * gallerx))
< Cl6 ey (LM lgr,s — gsllerx)
+ LMY fro — fallor))

for some constant C' > 0 and all «, 8 € Ng and k£ € N. Consequently, by
(6.27), it follows that

D W fra*grs — fox g8, ) <e/3

a<m
B<m

for k large enough, which completes the proof of (ii) as well as the whole
theorem. [J

The following notion is a modification of polynomial compatibility of
supports, introduced for tempered distributions in [65] (see also [66]) and
then generalized to the case of the space K{M,}’ of Gelfand and Shilov
in [144] (see also [145] and [76]). Coincidentally, the sequence of functions
defining a Gelfand-Shilov space is denoted also by (M),) as the sequence
defining the space of ultradistributions and the above mentioned condition
in the Gelfand-Shilov spaces is called M, —compatibility. To avoid misun-
derstanding, we shall call the notion introduced below M —compatibility,
which is justified by the use of the associated function M in its definition.

Definition 6.7.1. Sets X, Y C R are said to be M —compatible if
M(|z]) + M(|y]) < M(dlz +y|), zeX, yeY. (6.30)

for some d > 0 (or, equivalently, d > 1).
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The following assertion is an analogue of Theorem 6.7.1 for the S’ (Mp)_

convolution f *x g of tempered ultradistributions f and g.

Theorem 6.7.2. Suppose that the sequence (Mp) satisfies conditions
(M.1), (M.2) and (M.3)".

(i) If f,g € S'M») and supp f and suppg are M—compatible, then
the 8'™M») _ convolution fx g exists.

(i) If fr,gx € S'M») and supp fr. € X, suppgr C Y for k € N, where
X, Y are M—compatible sets in R, and if fr — f, gr — g in S'(M"), then
fexgy — fxg in &M g5k — 0.

Proof. By [75], there exist constants A\, L, B > 1 and functions f,,
gp € L? such that

F=Y ), g=> (eXga)?, (6.31)
a€Np BENy
and
| fallLz < BL®/Ma, lgsllz2 < BL? /Mg, (6.32)

for a, B8 € N, where e} (z) = eMAlz) for z € R.
Let X :=supp f and Y := suppg. Fix a function ¢ € SM») | a strong
approximate unit (7;,) in D™r)(R?) and indices I, m € N, m > I, denoting

Mom = T — Nty Kiym = supp (m — m) and Dy = |(f ® g, nm®™)|.
By (6.31), we have

Dl,m - |<f ®9,771,m¢A>| S Z |<(e¥fo¢)(a) & (eygﬂ)(ﬁ)vnl,mgbAH

«,3€Ny

TE()Qen e

«,3ENy w<a
where
cgfi= [ [ e s @ @Xaalnls =0 @002,
In view of (6.30), we have
c5i < [ [ w0 gl O Mo 0L (630

Notice that (M.2) implies the inequality
2M(t) < M(cot) + co, t >0,
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for some constant ¢y > 1. Hence there exists a constant ¢ > 1 such that

M(dN) < —2M(t) + M(ct) + ¢, ¢>0.
Denote
Agg=sup sup |9\ (z,y)|,  Bg:=supeMD|pl) (1),
kEN (z,y)eR2 teR

kmi=sup{e M) p € Ky}, ko ;:/efMutndt,
R

By (6.34), the Schwarz inequality and inequalities (6.32), (2.1) and (2.3),
we obtain

CoP < Aaygs Byis / ¢=2M D / fal(@)gs(t — )| da) dt
< o Kt Aar 55 Bypsl fallze 9522

Ao~ g_s B
< Ko KimA B? (LH)a+6M +;,B 65 Mw:;

Kokim AB? (ALH)*+#=7=0 (4LH)"+o
= ’ ' Ao—ry,p-5 - = ——Brts-
Jot+B MOHrB*’Y*fS ’ M,YJr[s
y (6.33) and (6.34), this yields

(e} mC
Dy < Z Z( ><) vf— Z Zl&w = K1mC

a,B€Ny w<a a,B€Ny

for some constant C' > 0, in view of (2.54) and (6.2), i.e., for arbitrary
e > 0, we have

Dy = [{(f @ g, (m —m)d™)| < e (6.35)

for sufficiently large I, m € N. Hence we conclude that the sequence (Dy),
where Dy := [(f ® g, m¢>)|, is a Cauchy sequence. It is easy to see that
its limit does not depend on the choice of a strong approximate unit ()
and this proves the first assertion (cf. [70]).

The second assertion can be proved in a similar way as the second
statement of Theorem 6.7.1. O

6.8 Convolution in weighted spaces
The weighted ultradistributional spaces ’DL(S ») are defined in [90], anal-
ogously to the distributional spaces D7, , mtroduced in [107]. We recall
some definitions and assertions from [90].
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Let s € [1,00], h > 0, u € R. Dg{puh is defined to be the space of all
functions ¢ € & such that ((-)*$)(®) € L* (see 6.15) for each o € Ny and

h* o
6l i= > N0 @ e < o0

aeNg
and which is equipped with the topology induced by the norm || - || jaz.n.
LS
(Recall Section 1.1 for the notation (-)*.) Further we define
D(LAS/[Z) := proj lim D

h — oo

The space B Mr) is defined to be the subspace of D( ”) which is the
completion of the space D7) in the topology of the famlly of the norms
Il papr.

One c#an easily prove that the mappings:

DI 5 g ()He € foj,
BMp) 5 ¢ (VMG € B

are homeomorphisms. The spaces D(Lg ) and B (M)

the spaces D( p) are (FS)—spaces for s > 1 (for the definitions see [50]).
The proof of thls assertion may be done in a way similar to the proof given
in [107] for D) s > 1.

Let us recall some properties of the spaces defined above which will be
needed in the sequel; for their proofs we refer to [90]. Let u,v € R and
q,r, 8 € [1,00]. If 1/g+ 1/r > 1/s, then the pointwise multiplications

are (FG)—spaces and

DR x DR 5 (¢0) - ev e DR
D )xBM“ 5 (6,9) — ¢ € DI
DR, < B 5 (¢9) = o € BLY,
BMY < B 5 (o.0) = o € BYY
are continuous mappings. If (a) ¢ < 7 and v < p or (b) ¢ > r and

v<pu+1/qg—1/r, then D(Lq’# D(Lj\ffl’), where the symbol E — F' means
that the space F is continuously embedded into the space F' and F is dense
in F.

Given a ¢ € (1, 00] define r to satisfy the equation 1/¢+ 1/r = 1. We
denote by D’ (LIZIZ) and D’ (Lj\f;) the strong duals of the spaces D(Lj\fﬂ) ., and
B(_AZ"), respectively.
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An ultradistribution g € D’ (My) belongs to D’ (L]\fz) if there exist h > 0
and a sequence (Gy)aen of elements of L? such that

g=> G (6.36)
aEeNp
and
M,
> Gl Callze < oo, (6.37)

a€eNp
Conversely, if (6.37) holds for a sequence (G )acn, in LY, then g defined
by (6.36) belongs to D’ (L]\fi)
Let ¢,r € [1,00] and p,v € R. If (a) ¢ < r and v < y; or (b) ¢ > r and
v<u+1/q—1/r, then we have the following embeddings:

& =Dy > Dipey— 8§ — D
¢ £ £ ¢ ¢
g/(Mp) N D/g\glpj) N Dlg\‘fz) o §N(Mp) ,D/(Mp).

The space D' 14, is a proper subset of D’ (LIZ[Z) ND.
Now we shall prove some results (Theorems 6.8.1 and 6.8.2) on the
convolution in the weighted distributional and ultradistributional spaces.

Theorem 6.8.1. Fiz ¢ € SM») and ¢ € (1,00]. If the sequence (M)
satisfies conditions (M.1) and (M.3"), we have
(i) feDy,, implies fxé € :D%’;),
(i1) feDp ., implies fx¢ € B
If (M) satzsﬁes condztzons (M.1), (M.2") and (M.3"), we have
(42) f D'(Lq Z) implies fx¢ € Drau;
(iv) fe ’D’Llp) implies fx¢ € B
If (M) satisfies condztwns (M.1), (M 2) and (M.3"), we have
(v) fe D’(Lq f;) implies fx¢p € ’D(ngz),
(vi) fe DLl,u implies f*¢ € Bu

Proof. To prove (i) suppose that f € D}, ,. In view of a result of [107],
it follows that fx¢ € Drq, for each ¢ € S. Therefore

() (F0) = ()7 (o) € L
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for « € N. Since f € ’D’Lq’ .o there exist v € No and functions Fj from L7

such that
f= Z “HE) (B
B<y

in DM, Applying suitable properties of convolution (see [70]) and the
following elementary inequality

(a+b)* < 4Iu|<a>u<b>lul, a, b, p €R,

(called Peetre’s inequality), we get

> TN e = 3 I S )+ 6 |

aEeNy ¢ aeNg ¢ B<
q 1/q
<> S (Ler ([e-neee-onmia) )
a€Np 5<’Y R
h® o
< 4l Z Z MH@MW( O |l || a-
agNo f<y @

Hence, by Young’s inequality,

he h®
D a1 Fa) @lea <4 S [ Fallia ()16 1

aeNy @ B<vyaeNy, %

hY
< 4lul —1p=8 A VANITIPACY)) )
< A max ||| o mmax (Mo g Math™%) 3 60 < o0

veNy Y

This yields f *x ¢ € D(ngﬁ), as desired.
The proof of (ii) is similar.

(Mp)

To prove (iit) suppose that f € D’Lw )

and h > 0 such that
M
=S () E)@; 3 h—anﬁnLq < 0 (6.38)

BENy BENy
(cf. (6.36) and (6.37)). From the proof of Theorem 6.10 in [107], p. 71, it
follows that fx¢ € £. From condition (M.2") we obtain constants A > 1
and H > 1 such that

There are functions Fjg in L?

My, p < AHYHB M5 o, 6 € No.



166 Boundary Values and Convolution in Ultradistribution Spaces

Using this fact and Young’s inequality, we obtain

1) % @) Dllza = 16 D0 ()T Fp) x| s

BENo

< 4lul Z |1 Fp % () gt e < C Z ﬁ“ (Nl glatBh)

BENo BENg

HOt Ot
<0, Z (|-l platB)|

BENy Mo

<o ST < o
< 3 SN0
for each a € Ny, where
CA~
L
(C and C, are finite, in view of (6.38).) Hence fx¢ € Dpa,,.
The proof of (iv) is similar.

C = 4lvl bup —”Fﬂ” Cy = (6.39)
BeN

To prove (v) suppose as before that f € DI(LA‘fZ)' By (6.38), condition

(2.1) and Young’s inequality, we obtain

> o I 6 s

aeNy

< 33 IO ER) ¢ 6

BeNy aeNg

SUDS A’}—anFa ()

[e3%

«,3€Ny
<o Y o 37 169 s
«,3€Ny
< AC Z (|-l platB)|
«,3ENy Oz
< AC Z (NG| 1 < o0

Y€ENo
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where C' is the constant defined in (6.39). This means that fx¢ € Dpaq,,.
The proof of (vi) is similar.[J

Theorem 6.8.2. Suppose that the sequence (M) satisfies conditions (M.1)
and (M.3"). Fiz p, v € R such that p+v >0 and ¢, r € [1,00] such that
1<1/q+1/r <2.

(i) If (Mp) satisfies additionally condition (M.2") and if f € D}, , and

g€ DI(L]ZII;); then fxg=fxge€ D/(LAS/,IZ) and the mapping

b X D' 5 (f9) = frg € DY (6.40)

is continuous, where p := min(u,v) and s := (1/q + 1/r — 1)~ (then
s € [1,00]).
(i) If (M) satisfies additionally condition (M.2) and if f € D’(Lj\fi)

and g € D/(Lrl, , then fxg=fxg€ D/(ngz) and the mapping
P My, M,
DI < DEN s (fg) - frg € DY, (6.41)

is continuous, where s and p are defined above.

Proof. The proof is divided into five steps.
1° We shall show that, for every strong approximate unit (n) in

DO (R?) and ¢ € DY), the limit

Jim (f © g.m®)
exists and the mapping

M, .
Dy, 3 ¥ lim (f@g,my®) € R

defines an element of D' p(M” ). This will imply that

frg=frgeDl.

By (6.36) and the representation
=Y (O"F), (Fa)a€ll  a<a,
a<lap
we have
a<ao €Ny

where, for simplicity of notation, we adopt

Fla = <'>7uFaa Gup = <'>7VG6?
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the sum on the right side converges weakly in D’ (My) (R2).

Consider an arbitrary subsequence of a given strong approximate unit
(n;) and select from it a subsequence (7;,,,;) for which there exist increasing
sequences of positive numbers (a;) and (b;) divergent to oo such that, for
all i € N, we have a; < b; < @41, m; = 1 on [—a;,a;] X [—a;,a;] and
SUpp 7im; C [=bi, bi] x [~bi, bi].

Let (p;) be another increasing sequence of positive integers. We shall
prove that ((A(m,p;));cy is a Cauchy sequence, where

Almi,p) = > S () @ G i ®).
a<ao f<pi

It will also be seen that the limit does not depend on the sequences (m;)
and (p;) and this will imply that the limit

Jim D7 SR © Gl me®)
a<ao BENg

exists and is equal to

>3 Jim (B @ G m?).

a<ap B€Ny
First note that, for each € > 0, there exists a 5y € N such that
M,
> h—§||Gﬁ||U <e. (6.42)
B2Bo

Next, notice that the inequality succeeding (6.38), which follows from
(M.2"), and (2.3) imply that, for each d > 1 and «a, 3,7, d € N such
that v < « and 6 < 3, we have

1 APH(HPB  (dAHP)+8 (dAHP)o+0
< < <

_ . 6.43

Mg =  Mayp = dPMayp — dPMa—qypsMyis (6.43)

Now fix the sequence (m;) and denote 7; = y,,,. Next fix indices i, k €

N so that ¢ < k and denote for short a := a;, b := b, (hence we have

0 <a<b). It is easy to see that
supp (7 — 7:) € K1 U Ko,
where
Ky := (1 UJ3) x J; Ky :=J x (J1UJs),
and

Jp:=[-2b,—a); Jo:=][a,20]; J:=[—2b,2b].
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o a\ (B o
s = (7) (6)’ dys = || (e — 7)Y Lo,

for0 <y <a,0<9 <3, we have
S HERQ @G, —m)w) = Y. N e fd,s(h+ 1) (6.44)

Putting

a<ag a<ag v<a
p; <B<py p;<B<pp O<B
where
hi= /K (Fa ® Gup) (g7 7079) 2] (6.45)
fori=1,2.

Assume first that p = v, ie., v < p, p > 0. In this case, Peetre’s
inequality yields

)7t — )™ < Al ) e T < Al

for arbitrary z,t € R and thus

h= [ (] e ap e 0] ) ds
J1UJs Jz
< 4M / |Fo(2)Gp(t — ) ()~ P79 (1) da dt
JLUds JJ!
where
Jy={teR:t—xeJ}
and
J' = (J1 U Jy) + J = [—4b,2b — a] U [-2b + a, 4b].

Now, assume that p = pu, ie.,, u < v, v > 0. We have, by Peetre’s
inequality,

{y — )~ (y) ™ < Al e < 4y =

for arbitrary y,t € R; and, since J x JY = (J; U Ja) x J,;, we have

n-f ( [ 1l = 0Guswpte+#00) dt) dy
< 4lul /leg (/J |Fo(2)Ga(t — ) (t) ~Rap@tB=r=0) ()| dt) dx

< 4l /J ] E@Gs et ) drat,
1UJ2 ’
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where JY :={teR:y—t e Jy UJo}.

Hence, putting C' := 47l Daﬂ () =Papl@tB=7=9)||, . .-y and de-
noting by F! the function Wthh equals to 0 on the interval [—a,a] and
coincides with F, otherwise, we get in both cases

—poplatB=7=08) 3 _
nee [ jwre )| ( L R rc)ldw> 0

<c / 1y~ B==0) ()| (|2 |Gl (8) dit

< ODSFINEL |Gl llze < C D5 || Fhllze | Gllry (6.46)

in view of Holder’s and Young’s 1nequahtles Analogously, we prove that
I, < CD ||F e ||G Iz, (6.47)

where G7; are functions equal to O on [—a,a] and to G otherwise. Com-
bining (6.44) - (6.47) and taking into account that
sup LAHﬂ)W < 00 sup 7(dAHﬁ)a < 00
poyeN, My ’ a,BeN, Mo ’
we get

> HES @ GU, (e — i)™

a<ag
p;<B<py

<C Z anﬁd

a<ag ~v<a
pi<B<pp 606

Mg
55 (IFallzayj-a,a) 1Gsllr + 1 Fallze IGall e @\[-a,a1)) -

If now 4,5 with j > i vary so that i — oo, then a = a; — oo and the
above estimate, in view of (6.42), shows that ((A(m;,p:));cy is a Cauchy
sequence. It is easy to see that its limit does not depend on subsequences
(7). Consequently,

(f*g.9) = lim (f ® g, i)
= lim Y (F @G miw?®) = Y (FL) «GU) ).

i— 00
a<ag a<ag
BENg BENg

Hence (see [119]) f and g are convolvable, f x g = f x g and
(Fr0,0) = > (Fua + G50, 0)

a€Ng
BENg
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for each ¢ € D(Af/”(z y which finishes the proof of the first step.

2° Let us prove that under the assumptions of (ii), we have f+xg = f*g.
According to (6.36), there exist a sequence (F,), of elements of L9, a
sequence (Gg)g of elements of L"(R) and h > 0 such that

f= 3 F g= 3 G
a€Np BENy
where the two series converge in the weak sense, and that
M Mg
D e lFaller <00 Y 5 lIGsllLe < oo
aeNg BENo
It follows that

Jeg=13 > Fledl

aE€Ng BeNg
where the series on the right side converges weakly in D’ (MP)(]R?).
Conditions (2.1) and (2.3) imply that
AHP M, Mg A(dH)**tP  M,M;g
< <
Ma+5 Ma—’y+ﬂ—5M’Y+5 dadﬁ
for each d > 0, a, 6 € N and 7,9 € N such that v < «a, § < 3. Applying the

above estimate instead of (6.43) and repeating the arguments used in 1°,
one can conclude that f and g are convolvable and

(Fr0,0) = 3 Y (FuaxGig )

aeNy BeNg

for v € DY),
The next part of the proof is similar to the proof of Proposition 9 in
[107].
3° Suppose that condition (M.2’) holds. If f € D'rq,, is fixed , then the
mapping
D’(Lj\fﬁ) > g fxg € D’(Lsp),

has the closed graph. Indeed, if (g;) converges to zero in D'(LT ») and (f*gi)

converges to h in D’ (L ») then
(hy @) = lim (fxg;, &) = lim (fi(@x0), 1)

for each ¢ € D) (see [107], Proposition 6). Note that fx¢ € Dyy»).
(M) ¢ (M)

ap nto

Moreover, the multiplication, as a mapping from D



172 Boundary Values and Convolution in Ultradistribution Spaces

1 (Mp)
D LYu+tv?

ded into D’ (L]\f[”). This implies that g;(f*$) converges to zero in D’ (L]\f”) as
i — oo. Therefore (h,¢) = 0 for each ¢ € D»). Consequently, the linear
mapping in question has the closed graph.

IfgeDy

. . : J(My) . .
is separately continuous, and D Ll:; 'y, 1s continuously embed-

is fixed, then the mapping

M,
Dy 2 frogxf € D’(Lsy,‘;)

has the closed graph. Indeed, if (f;) converges to zero in D’rq,, and (f;*g)
converges to h in D’ (ng), then
(h, @) = lim (fixg, ¢) = lim (f(5+), 1)

for each ¢ € DMr) (see [119], Proposition 6, or [70]). We have g*¢ € Dz,
and, moreover, the multiplication, as a mapping from Drq, X D'rr, to
D' 11,40, is separately continuous, and D’f1 4, is continuously embedded
into D'1. Therefore f;(g+¢) converges to zero in D'p1 as i — oo and
thus (h, ¢) = 0 for each ¢ € DM»). Consequently, the linear mapping in
question has a closed graph.

4° Similarly, one can prove that if condition (M.2) is satisfied and g €
D’ (Lj\ff;) is fixed, then the mapping

DY > fofrg € DY,

has the closed graph.

5° Note that

(a) the space D’ (Lﬂfz) is the strong dual of a Fréchet space;

(b) the space D'Lqy,q € [1,00], is an inductive limit of Banach spaces
(see [107], Theorem 9).

As we have noted, since D’(LI\([") = (B(CMP))’ and the space B(CMP) is

semireflexive (see [119]), it follows that D’ (Ll\l/[p) is barrelled. Therefore the

space D’ (Lj\fl’j ), which is isomorphic to D’ (Lj\f”), is barrelled. It follows that the
(M,)

spaces D, are distinguished Fréchet spaces (see [59], p. 228, Proposition

1). Thus D'(Lj\ff;) is a bornological space (see [59], p. 289, Theorem 1) and
hence, being complete, is an inductive limit of Banach spaces.

It follows from statements given in [123] (Appendix, p. 159, Theorem 3,
and p. 164) that if F is an inductive limit of Banach spaces (which implies
that E is ultrabornological), F' is a strong dual of a Fréchet space and if
T : E — F is a sequentially closed linear mapping, then 7T is continuous.
Consequently, the convolution mappings (6.40) and (6.41) are partially con-
tinuous by the closed graph theorem. But then they are continuous (see
[59], p. 364, Exercise 10). O



Chapter 7

Integral Transforms of Tempered
Ultradistributions

7.1 Introductory remarks

Various integral transforms on the spaces S’ M) and 8} of tempered
Beurling and Roumieu type ultradistributions will be defined and analyzed
in this chapter (see [74] and [75]). Also the Hermite expansions of elements
of the basic spaces and their duals will be considered; the Hermite ex-
pansions can be regarded as generalized integral transforms in the sense of
[157], Chapter IX. The use of Hermite expansions will enable us to obtain in
Sections 7.3-7.4 , in a similar manner as was done in [118], results about the
Wigner distribution, the Fourier, Bargmann and Laplace transforms and
the boundary value representation of elements of S’ Mp) and &/ {Me} (see
[75]). In particular, in Sections 7.3 and 7.4 we characterize basic spaces by
Fourier and Laplace transforms.

Janssen and van Eijndhoven (see [64]) studied the Gel’fand-Shilov in-
ductive limit type spaces W%X (see [52]), where M * is the Young conjugate
of a suitable function M. They characterized elements of these spaces by
expansions in Hermite series, Fourier transform, Wigner distribution and
Bargmann transform. In the special case where M(z) = ax'/®, = > 0,
1/2 < a < 1,and M, = p*?, p € Ny, both of the spaces W%X and S{M»}
are equal to the Gel’fand-Shilov space S&. But, in the general case, the
spaces WM™ and the space S* are different. In the case of W™ the func-
tion M tends to infinity faster than z and slower than 22. For S* the role
of M is taken by the function associated with the sequence (Mp), which is
increasing and tends to infinity slower than z. For example, if M, = p!®,
a> 1, p €Ny, then M(z) ~ Cx'/*, and Young’s conjugate for such a func-
tion does not exist at all. Using a technique which is quite different from
Janssen and van Eijndhoven’s method, we prove that results analogous to

173
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theirs hold also for the spaces S* .

For the sake of simplicity we give most of the definitions, theorems and
their proofs in the one-dimensional case in this chapter, although all of
the obtained results can be generalized to the multi-dimensional case. In
particular, the study of the Hilbert transform in Section 7.6 is presented
in both the one-dimensional case and the multi-dimensional case. Further,
Section 7.7 is obtained in the multi-dimensional case.

In Section 7.2 the basic definitions of test function spaces are recalled
and structural theorems are stated. The main assertion of the section
is Theorem 7.2.2, which essentially describes the properties of S(M») and
SIMp} via Hermite expansions and which is the basis for the results of
Section 7.3. The proof of Theorem 7.2.2 is given in Section 7.5.

In Sections 7.6 and 7.7 we will study the Hilbert transform and, more
generally, singular integral operators on the spaces of tempered ultradistri-
butions of Beurling and Roumieu type.

Note that in this chapter we will use other versions, which we denote
Fo and Fy ', of the Fourier and inverse Fourier transforms instead of the
versions F and F~! previously defined in (1.7) and (1.8), respectively. The
Fourier transform Fy and inverse Fourier transform F, ! are defined in the
n-dimensional case by

Foll(x) = / o) 0t pe Ll (7.1)
Rn
and
Follol(z) := ﬁ / o(t)e! ™ dt, pe L. (7.2)
]Rn

This does not cause any misinterpretation of results that have been
obtained previously in this book. We do this in order to coordinate our
notation in this chapter of this book with the notation of the existing lit-
erature concerning the results of this chapter. Consequently, the Laplace
transform considered in Section 7.4 will be defined using the Fourier trans-
form Fy and will be denoted by Ly.

7.2 Definitions

In the one-dimensional case, Hermite functions h, are defined by
holz) = (—1)*(¥mV2oal) e /2 (e )@ qeN, zeR. (7.3)



Integral Transforms of Tempered Ultradistributions 175

In the n-dimensional case, we have a multi-indexed sequence of Hermite
functions:

ha(2) := hay (1) hay (X2) - .. - ha, (T0),
where a = (aq,...,0p) € N", 1= (21,...,2,) € R™ and hq,(z;) are
defined by (7.3). We will use the fact that the set of Hermite functions
forms an orthonormal base of the space L2(R™).

The Wigner distribution and the Bargmann transform are defined, re-
spectively, by the formulas:

1 . _—
Wi f) = = / exp(—iyt)f(x + t/2)F(y — 1/2) d,
z,y €R, felL?
(AS)(C) =14 / exp(—1/2(¢ + #2) + V) f(x) dr,
CeC,fel’

For the properties of the Wigner distribution and the Bargmann transform

we refer to [13], [62] and [63]. We will assume in this section that conditions
(M.1) and (M.3') are satisfied and My = 1.

The basic spaces and ultrapolynomials are defined (see the cited papers
and [110]) in the n-dimensional case via the multi-indexed sequence M,,
a = (ai,...,a,) € Nj. Notice that under (M.2) this multi-indexed se-
quence and the sequence M, = [T, M,,, a € N§, define the same spaces
of ultradistributions and ultrapolynomials (see [110]).

The Wigner distribution and the Bargmann transform are investigated
only in the one-dimensional case in [13], [62], and [63]. Their n-dimensional
analogues may be similarly examined.

Let m > 0 and r € [1,00] be given. In Section 2.5, the definitions of
the norms oy, Tm,cos Tpy s Ty for m > 0,7 € [1,00] and 04,1, (),
UE%)7(bp)7r(<p), T(ay),(by) fOT (ap), (bp) € R and r € [1, oo] have been given for
the spaces SM») and ST1Mr} (see Definitions 2.5.1 - 2.5.3). We will consider
now additional norms in these spaces.

2
Definition 7.2.1. Fix a ¢ € SMp) with %) L ZkeNO cphi. We define the
following norms:

o ()= Y
a,B€Ny

Tm(9) = D | ex [* exp[2M (mv/2k + 1)]
keNg

meth
M. M,

Iz - ;
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for m >0, r € [1,00).
2
Fix ¢ € SIMp} with ¢ L > ken, Ckhk. We define the following norms:

y _ EEI
U(a,,),(bp)7r(90) = Z Mo Ao MsBg

a,BeEN
Tap) (@) = Y | [* exp[2N(a,) (V2 +1)]
keNy

for fixed (ap), (bp) € R and r € [1,00), where

a B
Ay = H ap, Bg:= H by
p=1 p=1

if , € N and Ay := 1 =: By, according to the notation introduced in
(2.57).

Definition 7.2.2. Denote
S/ :={al . m >0}, S .= {JE/IJ’P)7(bP)lT : (ap), (bp) € R},

m,r

T:= {7r,: m>0}, T := {T(a,,) : (ap) € R}
for r € [1, o0].

Recall the following structural theorem (Theorem 2.5.1 in Section 2.5)
for S{Mr}.

Theorem 7.2.1. Let (ap), (by) € R and let S((;\Z‘)’)(bp) be the space of smooth
functions @ on R such that o(4,),v,),00(¢) < 00, equipped with the topology
induced by the norm o(,,) (b,),00- We have

(Myp)

StMe} —  proj lim S(ap)’(bp).

(ap), (bp) €ER

Various norms defined above (recall Definitions 2.5.4 and 7.2.2) lead to

different characterizations of test spaces with ultrapolynomial decrease. We
prove the following in Section 7.5 below.

Theorem 7.2.2. The above defined families of norms have the following
properties:

(1) the families Soo and S’ (respectively, So and S') of norms in the
space SMr) (respectively, SIMr}) are equivalent;
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(2) if condition (M.2') holds, then for every r € [1,00] the families ST,
S! and S (respectively, S, S and S) of norms in the space S(M
(respectively, SIMr}) are equivalent;

(3) if condition (M.2) holds, the families Sz, S, and T
(respectively, S,, §’2 and T) of norms in the space SMp)
(respectively, SIMr}) are equivalent;

(4) if condition (M.2) holds and a given smooth function ¢ on R satisfies
for every (respectively, for some) £ > 0 the inequalities:

2P o
peate) = sup L2 o (7.4
« 0 [e3%
for all o € Ny and
tal\Pp) : BeNo fﬁ Mﬁ ) .
for all 8 € Ny, then for every (respectively, for some) £ >0,
25| 2
=y ea+6MJ\L4 < 0. (7.6)
a,B€Ny B

Remark 7.2.1. Notice that a) if condition (M.2') is satisfied , the space
SéM”)’m in the definition of S* can be replaced by S{M»)™ 1 ¢ 1, 00];
b) part (3) of Theorem 7.2.2 is a characterization of Hermite expansions of
elements of test function spaces for the space of tempered distributions;
¢) part (4) of Theorem 7.2.2 is an analogue of the following Kashpirovski’s
result: 8§ = S8* NS, (see [78] and [46]).

Let us recall from [92] that SM») and S Mol are (FS) spaces, that S{M»}
and &’ M) are (LS) spaces and if (M.2') is satisfied then

D* [N S* N S*; S* N S; g/* [N S/* [N D/*; S/ [N S/*.

The following theorem is a characterization of Hermite expansions of

tempered ultradistributions.

Theorem 7.2.3. If condition (M.2) is satisfied, then the spaces SMr)
and S'™M?) gre (FN)—spaces; and the spaces SMe} and S’ M) e
(LN)—spaces, respectively.

Proof. If condition (M.2) is satisfied, the spaces S(M») and SM»} are iso-
morphic to the spaces of projective and inductive limits of K&the spaces
£%(by) and £2(c) (see [50]), respectively, where

b = (bl,k,bg)k,...), bi k = exp []\4(1{}\/2]4:4—1)}7
ek = (C1ksCoky- )y  Che = exp [M((1/k)V2Ek + 1)],
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respectively, for n,k € N. The isomorphism is given by the mapping:
¢ — (ay), where ¢ = 377 arhy (see Theorem 7.2.2). In order to prove
the assertion it is enough to show that the inequalities:

Z bhk/bk’g < 00, Z Ck,k/ck7é < 00 (77)
keNg keNg

are satisfied for some ¢ > k (see for example [50], p. 112, 4.3). It follows
from the inequalities

M(kp) + M(p) <2M((k+1)p),  2M(p) < M(Hp) +log A,
which are true for k € Ny and p > 0, that
b
Z kk<Zexp M(V2k+1)) < o0
keNy keNy

for £ > H(k + 1); thus the first of the inequalities in (7.7) holds true. The
proof of the second inequality is similar. [J

We now present another structural theorem for the spaces S’*.

Theorem 7.2.4. Assume that condition (M.2) is satisfied and let f €
M) (respectively, [ € D'{M”}). Then f € S/ (M) (respectively, f €
S'{M”}) if and only if
f=> axhi  inS”
keNp
and, for some (respectively, for every) § >0,

Z | ax |? exp [-2M (6v/2k +1)] < 0

keNp

Remark 7.2.2. All of the definitions given in this section can be easily
generalized to the n-dimensional case. For example sV PR, > 0,
and m > 0, is the space of smooth functions ¢ on R™ which satisfy the
inequality

Om,r(p) = Z

a,BeNs JR?

1/r
mots

| TP <z >P @ (z)|" dx < 00,

equipped with the topology induced by the norm o, ,. Similarly, it is easy
to verify that the proofs of the theorems of this section still hold in the n-
dimensional case. The proofs can be written in the same way if we use the
fact that the multi-indexed sequences M, and M,, ac N§, where M, was
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defined in the third paragraph preceding Definition 7.2.1, determine the
same spaces of ultradistributions under the assumption that (M.2) holds,
and that the operator R, a € Nj, is defined by

R = (of = Ll - L= L 0= (ar,an) €1
= (22 o2 3 52" z2 o2 ca= (o, .., 0p .
Notice that o denotes a;1”'...a,"", where a = (a1,...,a,) € N& and

B=(B1,---,8) € N} as defined in Section 1.1.

7.3 Characterizations of some integral transforms

Suppose that conditions (M.1), (M.2) and (M.3’) are satisfied . The Fourier
transform is an isomorphism of §* onto itself. In the next theorem we give
the characterizations which are similar to the ones given in [64].

Theorem 7.3.1. Functions of the class SMv) (respectively, SIMr}) can be
characterized in terms of certain integral transforms in the following way:

1. [CHARACTERIZATION VIA THE FOURIER TRANSFORM| A function ¢
belongs to SM») (respectively, to S{MP}) if and only if it is square integrable
and for every (respectively, for some) h > 0,

p(x) = O(exp[=M(h |z |)]) and (Fop) (z) = O (exp[-M(h |z [)]).

2. [CHARACTERIZATION VIA THE WIGNER DISTRIBUTION]| A function
0 € SMp) (respectively, ¢ € SIMr}) if and only if for every (respectively,
for some) A >0

W (z,y;0) = Olexp [-M (A2 +17)"/?))).

3. [CHARACTERIZATION VIA THE BARGMANN TRANSFORM| A function
0 € SMp) (respectively, ¢ € SWMr}) if and only if for every (respectively,
for some) A > 0 there exists a C > 0 such that

(A)(Q)| < Coxp [l - MO, CeC.

Proof. Parts (1) and (3) of Theorem 7.2.2 imply that our assertion 1
holds. Hence, according to parts (2) and (4) of Theorem 7.2.2 and a cal-
culation based on the properties of the function M, parts 2 and 3 of our
assertion follow. [J
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7.4 Laplace transform

Assume that (M.1), (M.2) and (M.3) are satisfied.

Denote by &’ j_ the subspace of S’* consisting of elements supported
by [0,00). Let g € &'%. For fixed y < 0 we define the ultradistribution
gexp [y-] as an element of S’* such that

(gexp[y-], ) == (g, cexp[y-Jp), ¢ €S,
where g is a function in £* such that, for somee > 0, p(z) = lifx € (—¢,0)
and o(z) = 0 if z € (—o0,—2¢). As an example of such a p we may take
0:= f*w, where w € D*, [w =1, suppw C [—¢/2,¢/2] and f(z) =1 if
x> —=3¢/2, f(x) =0if v < —3¢/2. (For the existence of a function w with
the mentioned properties we refer to [82], Theorem 4.2.) It is easy to see
that the definition does not depend on the choice of p. As in the case of
S’ (see for example [149]) we define the Laplace transform of g € 8"} by

(Log)(C) := Folgexp ly-])(z), (=z+iyeC_.
Clearly, Log is an element of S'*for every fixed y < 0.

Let
G(¢) := (g,nexp[—iC]), (=z+iyeC_, (7.8)
where 7 is as above. The function G is analytic on C_ and does not depend
on 7).

The next two theorems were proved in [118] for the spaces of Beurling-
Gevrey tempered ultradistributions ¥/, = SP) o> 1/2, on the real line,
supported by [0, 00). Their proofs in the general case are quite analogous.

Theorem 7.4.1. Let g € S'iM") (respectively, g € S'iMp}) and let G be
defined by (7.8). Then

1. for every € > 0 there are a k > 0 and a C > 0 (respectively, for every
€ >0 and k > 0 there exists a C > 0) such that

GO < Cexp (=y+ (M(klal) + N (kly| ")), ¢ =w+iyeC

2. (Log)(xz + ty) = G(z +1iy), for every fized y < 0 and for all z € R;

3. there is a G(- +10) in S’SFM") (respectively, in S’iMp}) such that

G(z +iy) — G(x +0) as y — 0—
in the sense of convergence in S’(Mp)(respectively, in S"Mr}) and
G(z +i0) = (Fog)(z), = €R;

4. if Gp(Q) = (Lgr)(C) for ¢ € C_ and k = 1,2 and Gy1(z + i0) =

Ga(x +1i0) for v € R, then g1 = ga.
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Applying the above theorem, as in [118], one can obtain a representation
of elements of the space &’ (MP), M, = p°?, of tempered ultradistributions as
boundary values of appropriate harmonic functions in the lower half-plane,
which are expanded into series of Hermite functions of second type.

Let b > 0 (respectively, (by,) € R) be given and let P, (respectively,
P(bp)) be an entire function such that, for some constants L > 0 and C,

[PL(O)] < Cexp[M(LIC|)] (respectively, [Py, ()] < CexplNe, ) (LIC)))
(7.9)
for all ( = x + iy € C and

exp[M (b[¢])] < Py(¢ )(respectively, exp[N(bp)(|C|)] < P(bp)(C)), (7.10)

for ¢ = x + iy € C such that |z| > |y|. If conditions (M.1), (M.2) and
(M.3) are satisfied, an example of such an entire function is

PO =T[0+ )

a=1 @
) CQ
(respectlvely, P(bp)(C) = };[1(1 + m)) ,C e C.

From [82] , p. 91, it follows that this entire function satisfies (7.9). Notice
that (7.10) holds, because for ¢ = z + iy € C and |z| > |y|, we have

1 1
01;[1( + bgmg) - + b2m?2,

= exp[2N5, (I¢])]-

5€N

Theorem 7.4.2. [CHARACTERIZATION VIA THE LAPLACE TRANSFORM]
Let G be an analytic function on C_. Then G is the Laplace transform
of some g € S’SFM”) (respectively, S’iMp}) if and only if for every e > 0
there are a constant k > 0, an ultradifferential operator P, and constant C
(respectively, for every e > 0 there is an ultradifferential operator Py, such
that for every k > 0 there exists a constant C) for which

G(- +1iy) ~ -1

—_— < Cexp(ey + M(k , <0,

P xin)l,. p(ey + M(kly|™)) y

. G(- +1iy) - .
respectively, || ——~ < Cexpley + M(k ,y<0].
( i y ’Pb,,(-+zy) , p(ey + M(kly| ™)), y
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Moreover,

(Fog)(x) = lim G(z+iy),  zeR,
Yy—U—

in S’(MP)(respectively, in S’{MP}).

Remark 7.4.1. The proofs of the theorems of this section are valid in the
n-dimensional case; they can be written in the same way if we use the
conventions mentioned in Remark 7.2.2.

7.5 Proof of equivalence of families of norms

In order to prove the assertion of Theorem 7.2.2 we need the following two
lemmas concerning Hermite functions proved in [78] (see also [3]).

Lemma 7.5.1. Let m,k € N. Then
™ hy(z) = 27™/? Z ) hiomioj(z),  zER, (7.11)

where
il < (70 ikt 7 ), (112)
with the convention hy_my2; = 0 in case k —m + 25 < 0.

Let RO be the identity operator, %/ = (22 — d?/dxz?)? for j € N and
denote R := RL.

Lemma 7.5.2. The operator R is self-adjoint in S, R hy, = (2k + 1)hy for
k € N and % is of the form

= Y COarel?(x), (7.13)

p+a=2k
0<k<j

where the coefficients Cp, 4 satisfy the estimate
IC@)| <107 ji— 55 (7.14)

foroeS, xeR and j € N.
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We now give the

Proof of Theorem 7.2.2.
Recall that Parts (1) and (2) already have been proved in Theorem
2.5.2. We give here the proofs of Parts (3) and (4).

Proof of Part (3). Let us prove the equivalence of systems {b,, 2: m >
0} and {7,,: m > 0} of norms, which together with the fact that

1 *
Sin,Q(gp) = \/Ebmﬁ(]:@(p)v 284S S )
and

Tm(Fop) = Tm(9), p€eST,
implies the equivalence of the systems {5, 2, m > 0} and {5, 6 > 0} of
norms. It is enough to prove that if (7.6) holds then the estimation

Z lax|? exp[2M (6v/2k + 1)] < oo, (7.15)
keNp
holds for 6 = (v/20e (1 + H)*¢)~1, and conversely that (7.15) implies (7.6)

with ¢ = H+/8/6.

Proof of Part (4). Suppose that (7.6) holds. In the estimates which are
to follow we shall use the fact that for every k € Ny and L > 0,

4 it M,
L= % ﬁ’; —~0  asj— oo, (7.16)
which follows from (M.3’) since, for j > k,
L*(j*k)i!%: J_ g+l ...j_k+1—>0 as j — oo
k! Mk Lmj Lmj+1 Lmj_k+1 ’

where my, := My /Mi_1, k=1,2,... (see [82], (4.5)).
By Theorem 7.2.4 and Lemma 7.5.2, we have, for every j € Ny,
%jgp = Z ak%jhk = Z ak(2k—|— I)thk,
keNy keNg
so, by (7.13), (7.14), (7.4) and (7.5), there exists a constant C > 0 such
that

1/2
<Z|ak|2(2k’+1)2j> = Wl > CY)llare @]

keNg p+g=2k

0<k<j
s
<caojy Y <]%> (PHaN, M.
p+q=2k

0<k<j
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Hence, by formula (2.3) obtained due to condition (M.1), by the two in-
equalities following from Stirling’s formula and by condition (M.2), we get

1/2
<Z |ak|2(2k+1)2j> <C(105)7 Y kTR My,
keNy 0<k<j
J! My, My,

< 22\
< C(20eH=t?) RI2F (HI20-F M,

0<k<j
< C(20eH?(*) My;.

ng

Moreover, from the above and condition (M.2"), it follows, for some C, that

1/2
<Z Jar | (2k + 1)2j1> < C(20eH ?) Moj 1.

keNy

Thus there exists a constant C such that, for every j and k € Ny,
lak|?(2k + 1)7 < C (V20e (1 + H)* 0)* M?.

By putting j + 2 instead of j in the above inequality and by using (M.2")
it follows that for every j, k € Ng and 6 = (v/20e (1 + H)*¢)~! there exists
a C > 0 such that
lag|?6%7 (2k + 1)7 < C
M? - (2k+1)%

which implies

6% (2k + 1)7 C
2 OIM(6v2k + 1)] = |agl? < )
el? exp2M (V2R +T)] = laul? sup === < Ty

Therefore,
Z lax|? exp[2M (6v/2k + 1)] < oo.
keNy

Suppose that (7.15) holds for some § > 0 and fix an m € Ny. Apply-
ing inequalities (7.11) and (7.12) in Lemma 7.5.1 and the Cauchy-Schwarz
inequality we have

MWW%Z%MMKWWZMIZ@M
k€Ng kEeNp j<m J
1/2 1/2
< vt (Smret) (o)
keNy k€eNg
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where
Cy = exp[M(6(2k +1))],  Ck:= 2k +1)™2 +m™/2

Hence there exists a constant C such that

1/2
Izl > < C2/? [Z cm]
keNg
1/2
<co2m?2¢C lz exp[—M (86(2k +1))]

keNp

m/2 m/2,,m/2
2 = 0"™Em
< - M,, 6™/? _
<o (2) aarrie
where
_ 1
C := sup [(2k + 1)™/2 + m™/?] exp[—§M(5(2k +1))]
keNy
and
- (2k + 1)™/2 exp[— 2 M (5(2k + 1))]
C := sup .
keNy Mm

Notice that
5m/2mm/2 mlem5m/2

<
M,, - M,

1 < 5™ (2k +1)™ >1/2
sup
Mm keNy eXp[M((S(Qk =+ 1))]

mlemym/2 . v M,,
im ———— = lim ——— =0,
m—0oQ m m—o m

which follows from [82], (3.3), we conclude that
lae™llee <€ (V273) " M. (7.17)

Applying the Fourier transform, we get

and

om0 =

for all m € N. Since

1 1
¥z = —=IFole® e = —= " Folgl 1

1 1
= =llet 3 aihsllie = —= et gllse

Jj€No

k
SC( %) Mj, (7.18)
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for every k € Ng.
Fix a, f € Ny and denote v := min{«, 25}. We have

2
(o @l12)" = @, ) 12 = (), )

Z (Z) (222€);)' (x2ﬁfnsp(2a7m)7(p)ll2

k=0

- @ 2ﬂ 1 1,:28—~K (2a—k)
<> L )l el e L.
k=0

Hence, by (7.17), (7.18) and conditions (M.1), (M.3') and (M.2), we obtain

(a2 < Z( ) ()i G M

K

B
k=0 K

< ¢ HXo+0) pp2 M3 i (a) (25) (2/8)+P
K

K
k=0
< cgth et gt N2 r3, (7.19)

which imply that (7.6) holds for £ = 4H//3.
Applying analogous reasoning as in (7.19) one can prove the last part
of the theorem. OJ

7.6 Hilbert transform

The Hilbert transform on distribution and ultradistribution spaces has
been studied by many mathematicians, see e.g. Tillmann [142], Beltrami
and Wohlers [4], Vladimirov [149], Singh and Pandey [136], Ishikawa [61],
Ziemian [159] and Pilipovié¢ [112]. In all of these papers the Hilbert trans-
form is defined by one of two methods: by the method of adjoints or by
considering a generalized function on the kernel which belongs to the cor-
responding test function space.

Ziemian [159] defined the right and left Hilbert transform of a tempered
distribution T' € §'(R) as an element of S'(R), using the kernel

/19 v ldz,  zeC\ {0},

where ¥ € C§°(R) and ¥ = 1 in a neighborhood of zero.
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Koizumi in [80] and [81] considered the generalized Hilbert transform
H for f € W2(R) defined by

i, T flz—1t)
Af(@):= lim — /|t>s fo—t+0) ™

where W2(R) is the space of functions f such that g € L?(R), where g(z) :=
f(x)/(1+|z|) for x € R. A generalization of the same type was given by
Ishikawa [61] who extended the Hilbert transform to the space of tempered
distributions.

We follow this latter method and extend Ishikawa’s generalized Hilbert
transform to the spaces of tempered ultradistributions first in the one-
dimensional and then in the n-dimensional case. Our generalization of
the Hilbert transform is defined as the composition of the classical Hilbert
transform with the operators ¢ — Py and ¢ — (1/P)yp, where P is an
elliptic ultradifferential operator.

Subsection 7.6.1 below is devoted to the generalized Hilbert transform
defined on the spaces S’ (M”)(]R) and &'1Mr} (R). Structural properties of
the basic spaces imply that the Hilbert transform of a tempered ultradis-
tribution is defined uniquely in the sense of hyperfunctions.

In Subsection 7.6.2 we define the Hilbert transform on the spaces
S’ (R™). The simple structure of the kernel enables us to define this trans-
form as the iterations of the one-dimensional Hilbert transform.

7.6.1 One-dimensional case

In order to define the Hilbert transform on S’ we follow Ishikawa’s ideas of
introducing this transform for tempered distributions (see [61]) and repre-
sent SM») (respectively, STMr}) as the projective limit of the spaces Dl(lMp),

a > 0 (respectively, Dgéf;’} , (ap) € RY). We follow here Ishikawa’s method

of notation using the symbols D((ZM”), a > 0 (respectively, Dg\/[f } , (ap) € RY)
instead of the symbol S with respective indices to avoid £00 many spaces
denoted by the symbol S in the book. Consequently, it should be remem-
bered that members of the space pMr) (respectively, Dgw;’} ) do not have
compact support in general. !

In contrast to the case of tempered distributions, the space S(M») (re-
spectively, S{M»}) is not dense in the space DgMp) (respectively, Dgw;}) in
general. We overcome this difficulty because of parts 4 and 5 of Theorem

7.6.3 below.
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Let us now give definitions and a structural characterization of basic
spaces which will be used in our investigation of the Hilbert transform.

As in Section 2.2, R will denote the family of all sequences of positive
numbers increasing to oo. Recall (see (7.9)-(7.10)) that, for a given b >
0 (respectively, (by) € R), we denote by P, (respectively, by P,)) an
arbitrary entire function such that there exist positive constants C and L
for which the following inequalities are satisfied:

|P5(C)] < Cexp [M(L|C])]
(respectively, [P, (¢)] < Cexp [N, (LI¢])])
for all ( € C and

exp [M(b]¢])] < Py(C) (respectively, exp [N, ()] < P, (<))

for all ¢ € C such that |Re ¢| > [Im (|. We recall that M means here the so-
called associated function for the sequence (M),) and N3, is the associated
function for the corresponding sequence (N,), given by N, := M, H?:l b;
for p € N; that is,
M(t) := sup log, (t"/My), Ng,)(t) := sup log, (tF/N,)
pENo pENg

for t > 0, where log, t := max (logt,0). Since we assume that the sequence
(M,,) satisfies conditions (M.1) and (M.3") (clearly, (N,) also fulfills these
conditions), it is easy to see that the associated function M (and so N, )
is a nondecreasing function on [0, c0), equal to 0 in a right neighborhood
of 0.

In case conditions (M.1), (M.2) and (M.3) are satisfied, an example of
such an entire function is given by

2

Py(Q) == ﬁ (1 + b2<m§) (respectively, Py, () == ﬁ(1 + C_z))

2,02
bp“m;

for ¢ € C, where m, := M,/M,_, for p € N. It follows from (7.9) (see
Proposition 4.5 in [82]) that Py(D) (respectively, P,,)(D)) is an ultradif-
ferential operator of the class (M,) (respectively, {M,}). It is easy to see
that

RO < Pl (respectively, [Po,) ()] < Po, (<)) (7.20)

and the functions P, and F;,) are non-decreasing on the positive half-line
of the real axis.

In the sequel, we shall need some estimates of the derivatives of both
Py (respectively, P, )) and 1/P, (respectively, 1/P,)). We will formulate
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and prove these estimates in the lemma below for the functions P,) and
1/Pg,), but the corresponding inequalities hold for P, and 1/P, and can
be proved in a similar way.

Lemma 7.6.1. If P, ) satisfies (7.9) and (7.10), we have
(a) for every r > 0 there is a positive constant C (depending on r) such
that

[ (Po,y(©) 1< %P(bp/2)(|é|), ¢ €C, v €Ny, (7.21)
and in particular,
(P @) 1 <C LRy (@) €eRyeNy (722
(b) there exist an r >0 and a C > 0 such that
1 Q0] 1
<W> S CZexp[=Na,) (€D, £eR yeNo.  (7.23)

The corresponding inequalities hold for Py.

Proof. (a) Fix r > 0. Applying Cauchy’s formula and (7.20), we get

| _ | P, (2)dz
‘(P(bp)(o) ‘ ~ o /|z—<|_r (z — )+t
~! ~!
< SPe(CH+7) < Cr D P, /2)(IC)

for ¢ € C, where C;. := P, /2)(r); and (7.21) is proved. To obtain (7.22) it
is enough to notice that

0 < Pu,/2)(€]) = P, /2)(&)

for every ¢ € R.
(b) Since Py,)(0) # 0, there exist positive r and Cp such that
[P, ()| > C for [¢| < (1+ v2)r. By the Cauchy formula,

( 1 >(v) _ l‘ d¢

P, (&) 27 Jie—g)=r [P,y (O] - [¢ =€+
< <
- Cir T

7! 7!

Ca exp [=Nea,) (I€])] (7.24)
for £ € R such that [£] < v2r, where Co := C; " exp [N, (V2r)]. Now
let £ € R, [¢] > v2r and let K¢ be the circle with radius |¢|/v/2 and center
at . Evidently, every point ¢ of K¢ satisfies the inequality |Re ¢| > [Im(].
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Applying the Cauchy formula for the circle K¢ and the estimate (7.10), we

obtain
1\ _ 4! d¢
(P(bp)(f)) =% /KE [P,y (Q)] - 1¢ =&+t

<2267 sup  exp [N, (1€ + [€]€®7|/V2)]
0¢€[0,27]

< A exp [~ Nip,) (1€1/2)] < 7177 exp [~ Niay,. (1€])]

for every v € Ny and € € R, [¢] > v/2r. This and (7.24) imply (7.23) and
the proof is finished. O

For the sake of convenience, we will use in the sequel the following
notation for given (a,), (b,) € R :

o B
A, = Hap7 BB = pr7 O[,ﬂEN, Ag = By :=1. (725)
p=1 p=1

Definition 7.6.1. Let a,b > 0 and let (ay), (by,) € R. The spaces D((ZM”)7b,
Dl(l]’\gp), Dgfi}’(b"), and D({;\Z;);pr) are defined to be the sets of all smooth

functions ¢ on R such that

a® o
Pas(p) = sup —[|(Pyp) ||~ < o0,
aE€Np MOt

das(9) = sup T [P 1= < o,

aEeNp «a
(P, 9) (]| oo
p(ap)7(bp)(</’) = ;ggg W < 00,

| P,y 0 || Los
Q(ap),(bp)(@) ‘= sup W < 00,

aEeNp

respectively, where A,, B, are defined in (7.25), equipped with the topolo-
gies induced by the norms pa b, Ga,by P(a,),(b,) a0d G(a,),(b,), TeSPeCtively.
Further, we define
DMp) .= proj lim DMr)b, DMe} . oo lim DM ),
P (@) 1?bp)Je r (o)

DM = proj lim DMP, DIME) = proj lim DY)
a>0 (ap) ER P
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Theorem 7.6.1. If condition (M.2") is satisfied, we have

SMe) = projlim DM») = projlim DMt
a>0 b>0
and
SWMp} = proj lim D({;VI;} = projlim DM)bs),
(ap) €R ’ (bp) €ER

Proof. We shall prove the assertion only in the case * = {M,}, which
is more complicated than for * = (M,), but the ideas of the proof in both
cases are similar.

First recall that every sequence (M) satisfying conditions (M.1) and
(M.3") tends very quickly to infinity. More precisely, it follows from these
conditions that pM,_1/M, — 0 as p — oo (see [82], (4.6)) and this implies
that

ap! —0 as p — 0o (7.26)
M, '
for an arbitrary a > 0.
Define

)10 (1)]

a = su su s
7( p)7(bp)(<p) a,ﬂEI?\Tg zeg MaAaMBBB

where (t) := (14 t2)1/2 for t € R. Since (t)? < 2%/2(1 + |t|?) for t € R,
we get from (7.26) and the definition of the functions N, ) the following
estimate:

@ < sp 22U e PP
’Y(G«p%(bp) Y= a,ﬂEI?\TO MaAaMﬁBB 01,561?\]0 teﬂg MOtAaMBBB
(@) poo exp [V, (@] oo
<o sup 18P o 12 No, vl |
a&Np MaAa €Ny MaAa
1P, /vy Nl
<C su i —C
B ael{;{) MozAa q(ap)ﬂ(bp/\/i) (90)

for each ¢ € C°°, where the constants A,, B, are defined in (7.25). On the
other hand, inequality (7.9) yields

exp[N(p, ) (LIt)]1 ) ()]
A(ay),(by)(P) < C sup sup ( 2\4 1
aENg teR alla

()Pl (1)
< C sup sup sup
a€Ng BeNy teR MaAaMB(Bﬁ/Lﬁ

) < CY(ay),(bp/L) (P)
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for every ¢ € C*°. The two estimates just proved show that the families
{9(ap),,) 0 (ap), (bp) € R} and {Y(a,),,): (ap),(bp) € R} of seminorms
are equivalent.

Let us prove now the equivalence of the families {p(a,) b,): (ap), (bp)
€ R} and {q(a,),v,) : (ap),(bp) € R}. First notice that for an arbitrary
(ap) € R we have ApA; < A,44 and, because of condition (M.1), MM, <
Myyq for p,q € N. Therefore, applying (7.22) for a fixed r > 0 and (7.26),
we have

()
| (Po,ye) " Iz
Plap), (o) () = $Up 7

1 a5t (-
<s pY (p(a M| oo
s v 2 (3R
“ il (a=7)
<C s P 5 N
- 52150 Za (7) My Aq—n My A 1P, /2)% Iz

1 A P, 20 | e a
< C sup — sup L
a€eNy 2« y<a M’YAiy Ma*VA:Jz—'y Z 0

7<a

< Cq(a,/2),(b,/2) (P)s

where Aq, B, are defined in (7.25) and
2l
A =T ap/2, 7eN;  Ap:=1. (7.27)
p=1

Let (ap) and (b,) be given sequences in R and choose (b)) € R such that
b, < b,/(2L) for p € N, where L is the constant from (7.9). This implies
that

N(t) := exp [N, (L[t]) = Ny ) (IE)] < 1, teR. (7.28)

Inequalities (7.9), (7.23), (7.28) and the properties of the sequences (Mp)
and (A,) mentioned above imply that there exist constants C > 0 and r > 0
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such that, for every ¢ € C'"*°, we have

1
- (o)
Q(ap),(by) (¥ sup Py, ¢ Loo
(ap),(5,) (%) ety MaAq 1P, |

1 « (=)
= sup | Py > (7> (1/P<b;,)) (P )™

<« oo
a\ (a—7)!
<C sup (>7p GOl
s 2 )i, (o) e

1 —)! 1
<esp Y (4) 5y 1Py )Pl

a€eNg 2 ~<a Y Maf'yAIa_»y MVA%/
< C sup ! ; H(P(b/)sﬁ)(ﬁ)HLoo = CP(a,/2),6,)(¥),
geN, MpAj v v

where A, and A’, are defined in (7.25) and (7.27). O

Remark 7.6.1. From the preceding proof it follows that for every a > 0
(respectively, (ap) € R) there exists a b > 0 (respectively, (bp) € R) with
a < b (respectively, (ap) = (bp), i-e., ap < b, for sufficiently large p € N)

such that ’DIEM") C DgMp) (respectively, D({;\/I)p} - D({;Vlf }) and the inclusion
mapping is continuous.

Definition 7.6.2. For given a > 0 and (a,) € R, we define the Hilbert

transforms H, and H(q,) on D,(IM” ) and Dgf;’ ' , respectively, in the following

way:

1 % Po(z —t)p(x — 1)
(Mop)(w) = v [ 2Py
Y€ D((ZMP),x eR,
and
1 > P, (@ —t)p(z —1)
(H(a,yp) () := W pv /_OO . dt,
0 e DM} 4 e R

(ap) 7
Theorem 7.6.2. For given a > 0 and (ap,) € R, the Hilbert transforms
Ha: D,(IM") — DgMp) and H(ap): D&{i\g} — D({;\S’} are linear continuous
surjections such that

HoHap = —p, ¢ € DM,

_ (M}
HapHayp=—v 9D, ]
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Proof. We give the proof only in the case * = {M,}; the proof in the
case ¥ = (M) is analogous. The linearity and the continuity of M, follow
immediately from the fact that H,,) is a composition of the three linear

and continuous mappings 7(q,) Dgﬁ;’} — Dgz)w”} , H: D%M”} — D%M”}

and T, DI — DM, defined by the formulas:
M,
Tay) (0)(@) = Pla)(@)p(z), @D, (7.29)
1 [ (t)dt M,

— MP
TL(9) = 9(@)/Pay (@), ¢ eDEM, (7.31)
for x € R. Note that the Hilbert transform is considered in [112] only on
D(L]\fp), i. e. in the Beurling case, but it can be examined in a similar way

in the Roumieu case.
From the definition of H(,,) and the properties of the classical Hilbert

transform on D%M”} , it follows that
Hay) (Ha)®) = Tioby (HTa,) (T (H(T(a,)9)))
=T, (H(H(T(a,)0)) = T (~T(ap)9) = —¢

for every (ap) € R and ¢ € D&{i\g}. This completes the proof. O

Definition 7.6.3. The generalized Hilbert transforms H, and H,,) are
defined for f € D’ ((IM”) and f € D’ 8\3} by

(Hof,9) = =(f Haw), @€ DM,
and

MP
(Heo,) [, 0) == —(fi Hian),  ©E D({%)},

respectively.

In the theorem below, we list several properties of the Hilbert transforms
H, and H,,) defined above. In particular, we shall prove that

_ _Z<'7:0fa (P>7 if supp ¢ C (0700)7
(Fo(. ), o) = {i(]—"of, @), if supp ¢ C (—00,0), (7.32)

for every ¢ € DM) if f D' M) and for every p € DIMp} if f € p/ Mo}
where the symbol H. means H,,) and Hyjy,) in the respective cases.
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Theorem 7.6.3. The above defined Hilbert transforms H, : D’l(lMp) —

D’gM”) and Hg,): D’({;\/I)} D’g\g’} have the following properties:

1. H, and H,,) are linear continuous surjections;

H,(H.f) = —f for f € D' and Ho)(Ha,)f) = —f for [ €
HAMp} .
(ap) ’

8. If f € ’D’ , formula (7.82) holds for all ¢ € DM»);: and if f €
D'g\z)}, formula (75’2) holds for all o € DiMp};

4. Under conditions (M.2) and (M.3), if f € D’((lM”) (respectively,

I € D/({;\;f;’}) with 0 < a < b (respectively, (ap) = (bp)) such that

f|D(Mp) € D’(M”) (respectively, f| {IVIP} S D’§lfwf}) (see Remark 2.1), we
bp)

have that Ho f — Hy f| | (tp) (respectwely, He,)f—Hp,) fl ({Ag,}) is an ul-
trapolynomial of the class (M) (respectively, {My,});

5 If f,g € ’D’I(IM”) (respectively, f,g € D’({;\;f;’}) and flpon) = glpon)
(respectively, f|pivyy = glpiamyy), we have that Hy f — Hag (respectively,
He,)f — H,)g) is an ultrapolynomial of the class (M) (respectively,

{Mp}).

Proof. We shall prove the assertion only in the case * = {M,}. Parts 1
and 2 follow immediately from Theorem 7.6.2.

Let us prove part 3. Let ¢ € DM} and supp ¢ C (0,00). From the
properties of the classical Fourier and Hilbert transforms of functions in
L2, we have

(Fo((a,) /), ) = (Ha,) f. For) = ([, T, HTa,) Fop)
= ([, Tuly HFo(Pla,)(D)9)) = {f, T(; 1\ Fo(—iFa,)(D)p))
= _7'<f7 T(;i)T(ap)]:O(p> = _7'<f7 fo(ﬂ> = _7'<‘7:0f7 <P>
In a similar way we can prove part 3 in the case p € DIMr} and supp ¢ C
(—00,0).
Let us now prove part 4. For each ¢ € DM») with supp ¢ C (0,00),
we have

(FoMH o) f —Hpf)p) = (Fo(Ha,) f), 0) — (Fo(Hp,) f), »)
—i{Fof, ) — (=i)(Fof,¢) = 0.

Analogously, we have

(FoHa,)f —Hp, f), ) =0
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for ¢ € DIMe} with supp ¢ C (—00,0). Therefore supp Fo(Ha,)f —
H, ) f) € {0}. Theorem 3.1 in [82] implies the existence of an ultradiffer-
ential operator P(D) such that

Fo(Ha,)f —Hgp,) f) = P(D)6. (7.33)
Applying the inverse Fourier transform on (7.33), we obtain

(H,)f —Hp,)f)(z) =P(x), z€R,
which proves property 4.
Assertion 5 follows from the fact that

supp Fo(Ha,)f — Ha,)9) € {0},
which can be proved analogously as in part 4. [

Definition 7.6.4. Since for every f € S'(M”)(respectively, f e SMply
there is an a > 0 (respectively, (a,) € R) such that f has a linear and con-

tinuous extension F on DgM”) (respectively, Dé‘i‘f;’ }), we define the Hilbert
transform HMa) f (respectively, H{Ma} ) of f € '™ (respectively, f €
S/{MP}) by

HM) f.—H,F (respectively, H{Mp}f.— H(ap)F) .

Theorem 7.6.3 shows that the Hilbert transform of an element of the
space S'* is defined uniquely up to an ultrapolynomial of class *.

7.6.2 Multi-dimensional case

We now extend the definition of the Hilbert transform given in the preceding
subsection to the n-dimensional case. We shall show that all of the results
of Subsection 7.6.1, namely Lemma 7.6.1, Theorem 7.6.1, Theorem 7.6.2
and Theorem 7.6.3, remain true in the n-dimensional case.
If a=(a',...,a") € R" and a = (a1, ...,a,) € Ng", we denote
a® = (ah - ... (a™)Om My = Mo+ +a,-

By R"™ we denote the family of all sequences (a,) of elements of R™ of the
form

ap:(azlj,...,a;}), (aZ)) ER, j=1,...,n. (7.34)

For a given sequence (ap) € R™ of the form (7.34) and o =

(at,...,a™) € No", we shall use the following extension of the notation
(7.25): Ay = Ap1 - ... Ay, where Ap :=1 and

ol
Ay = H aj, whenever o/ € N
p=1
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forj=1,...,n.
Let a = (a',...,a") € R}, ie, a? > 0for j =1,...,n, and let (a,) €
R™ with elements of the form (7.34). We define

Pa(C) i= Puy (CY) -+ Pa (€ Play)(€) i= Plary(¢h) -+ Pramy (€M)
for ¢ = (¢1,...,¢") e Cn.

Remark 7.6.2. The n-dimensional version of Lemma 7.6.1 is valid and the
estimates (7.21) and (7.23) in the multi-dimensional case follow easily from
the one-dimensional case.

Now the definitions of the seminorms p,p and gqp, for
a = (a',...,a") € R? and b = (b*,...,b") € R, and the definitions
) and g, v,), for (ap) € R™ and (b,) € R™, are
obtained by modifications of the ones given in Definition 7.6.1 with all of
the least upper bounds being taken over a € Nfj. The definitions of all
spaces given in Definition 7.6.1 are modified accordingly.

of the seminorms p(,,,),

Remark 7.6.3. With the above conventions, the n—dimensional analogue
of Theorem 7.6.1 is true and its proof is obtained in the same way as in the
one-dimensional case.

Definition 7.6.5. For given a € R"} and (a,) € R", we define the Hilbert

transforms H, and H,,) on the spaces DgM”) and Dify”} , respectively, by
the formulas:

(Hap) () = Wn%a(m) pv/_z.../_o; P“(xﬁzlpg gt

for p € D((ZM” ) and
(H(ap) ) (@ )

P, (x — t)gp(m —t) 1
= L . dt . ..dt"
7TnPa ) pv/ / tj

({a;’},wherex—(m,.. ")t = (t, t") e R™.

Remark 7.6.4. The above defined Hilbert transforms H, and H,,) have
the same properties as those mentioned in Theorem 7.6.2 and their proofs

for p € D

are analogous. In particular, H(,,) is the composition of the mappings given
by formulas (7.29), (7.31) and the following extension of formula (7.30):

tn) dtl Ldtm
(He)(z) = —pV/ / =)
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for z = (2!,...,2") € R". Though in [112] only the one-dimensional
Hilbert transform is considered on Diﬁ“, we can easily extend it to the
n-dimensional case and prove that this is an isomorphism of the space
Dg@}(w), because there is a constant C' > 0 such that

IHE )2 < Clle@ 2, aeN?,  peDB

Definition 7.6.6. For given a € R"} and (a,) € R", we define the n-dim-
ensional Hilbert transforms H, and H(,,) on the dual spaces D’ ((IM”) and

D) oY

(Hof,¢) = —(f,Ha), @€ DM,
for f € D’gMP), and

<H(U«p)f? (P> = _<faH(ap)(p>’ ¥ E 'Dzii\:’[;’}’

1{Mp}
for feD (ap)
Remark 7.6.5. Theorem 7.6.3 remains valid in the n-dimensional case and
the proof of parts 1-3 and 5 can be easily transferred to this case. We shall
give below the proof of part 4 for the Hilbert transform H, f of an arbitrary

fepM.

For given a = (a',...,a") € R® and b = (b',...,b") € R", we have

Haf - Hbf = Z(Hajf - Ha]‘_lf)7

j=1
where ag :=band a; := (a',...,a?, 67T ... b") for j = 1,...,n. Moreover
H(ljf = H&j (Haj f)7 (735)

where a; := (a',...,a’ 1,/ .. b") € R" for j =1,...,n. By part 4
of Theorem 7.5.3, it follows from (7.35) that H,, f — H,,_, f is equal to

Haj(lwl Q@11 ® P(HfJ) X 1Ij+1 e ® lzn), (736)

where P(z7) is an ultrapolynomial in 7. Since we have

1 1
H_—)(@) < Ol(=)()
(B 5) @ 22 < Cl () e
for some constant C' > 0, Lemma 7.6.1 implies that (7.36) is an entire
function.
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7.7 Singular integral operators

In this section we consider general singular integrals with odd and even ker-
nels of tempered ultradistributions. For the L? theory of singular integrals
we refer to [137]. We use the classical results of Pandey [108] and follow his
ideas in our definition of singular integral operators on the spaces of tem-
pered ultradistributions with values in certain spaces of ultradistributions
which contain S'(M”)(R") and S’{M”}(R”), respectively.

Let Q be an arbitrary function on R"™, homogeneous of degree zero,
such that Q € C°(R™\ {0}). Clearly, this function is integrable and square
integrable on X" "1 = {z: |z| = 1}. Put

k()= 502,

teR", t#£0, t' =t/|t. (7.37)

If the mapping ¢’ +— Q(t') is an odd function on ¥"~!, we say that K is an
odd kernel. If [, , Q(t') dt’ = 0, we say that K is an even kernel. Clearly,
an odd kernel is also an even kernel (see [137], Chapters IV and VI).

Let the symbol pvK denote the principal value of K; clearly, it is a
tempered distribution. Let

K := Fo(pvK), (7.38)

where Fy is understood as the Fourier transform of a tempered distribution.

The convolution p*(pvK), where p € LP, 1 < p < 00, yields the singular
integral operator K with the kernel K. More precisely, the singular integral
operator K on LP with the kernel K is defined by

(Kp)(z) := lim plx —t)K(t) dt, p e LP. (7.39)
£79 Js>1t[>e>0

If the dimension of the space is n = 1 and Q(t) = sgnt/7 then the
singular integral operator K defined by (7.39) is the Hilbert transform.

The operator K defined on LP, 1 < p < oo, by (7.39), where K is an
even kernel, is called an integral operator with even kernel.

We denote by S*(R™) the set of all elements of S*(R™) whose supports
are contained in R™ \ {0} with the topology induced by the space S*(R™)
and let

S5, ®") = Fo (S" &™)

where Fy denotes the classical Fourier transform of a function as given in
(7.1).
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Theorem 7.7.1. Let K be of the form (7.87) with the corresponding K
and Ky, given by (7.38) and (7.39), respectively. We have
1. K is homogeneous of order zero on R™ and K € C*>°(R™\ {0});
2. Kp € 8*(R™) for every ¢ € S;:_O (R™) and K¢ € S*(R™) for every
P € S*(R”); moreover, the mappings
S (R") 3¢ — Ky € S*(R");  S*(R") 3¢ — K¢y € S*(R")
are continuous;

3. The space 8;3‘0 (R™) s dense in S*(R™).

Proof.

1. For this assertion we refer to Corollary 9.5 in [109], p. 108.

2. Ifpe 8;3‘0 (R™), we have

Ko = (0vK) x ¢ = Fy  (Fo (oK) - Fole)) = Fo (K - Folg));

hence Ky € S*(R™).

Now, if ¢ € S*(R™), then ¢ := F () € Sy (R"); and Ky € S*(R"),
as we have just shown. Hence

Fo(Kp) = Fo((pvK) +¢) = K -9 € S*(R™).

The above facts and the continuity of the Fourier transform and its inverse
imply the assertion.
3. Let ¥ be an arbitrary function in £* such that

YeCTRY), v >0, [ Y(x)de =1;
R

and let ¢y (x) := ¢ (k) for € R™. Fix § € S*(R") and put x := F, ' ().
Then Ky € S*(HOQ”) for k € N and (ki) — K as k — oo in S*(]]o%") This
implies that Fo(kiy) € S}O (R™) for k € N and Fo(ktop) — 0 as k — oo in
S*(R™), which completes the proof of Theorem 7.7.1. O

We define now the singular integral with an even kernel of a given tem-
pered ultradistribution f € 8’ as an element of (8%, (R™))" by
(Kf,0) :=(f,K0), 0 c S}O(]R"). (7.40)
It is easy to prove the following theorem.

Theorem 7.7.2. Suppose that K is an even kernel of the form (7.87) with
the mentioned properties. Then the mapping K : 8" (R") — (S;_O (R™))’
defined by (7.40) is linear, continuous and injective.
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Now consider the operator K on Dj,(R"™).

Theorem 7.7.3. If K is an even kernel, then the mapping
IDE2 9(,0'—>]C<,OEDE2
18 continuous.
Proof. By [137], Chapter VI, Theorem 3.1, the mapping
L3 ¢p— Ky e L?

is well defined and there exists a constant C' > 0, depending on the dimen-
sion n but not on ¢, such that

1Kellrz < Cllol| e
If ¢ € D}, then for each a € Nj we have
(K@) @ = ((pvE) # 9) @) = (pvEK) x (@) = K('©),

in the sense of distributions. Since the functions ((pvK)*)(®) and (pvK)*
@(a) are smooth, they are equal in the space L?. Therefore there exists a
constant C' > 0, which does not depend on « or on ¢, such that

1K) | L2 < Clle || 2

This implies that
IKel
and this completes the proof. [J

o+, < Cll¢l

L2 —

*
Dy,

Using relations (7.29) -(7.31) in the n-dimensional version (see Remark
7.6.4) and Theorem 7.6.2, we define, for a = (a',...,a") € R} and (a,) €
R™ with a), = (ap',...,a,") for p € N (where (a}) € R for j = 1,...,n),
the transforms K, and K(,,) which act from the spaces &’ (Mp)(R™) and
S"tMp}(R™) into themselves, respectively, by the formulas:

<Kaf7 90> = <fa ICaQO>a Kap = P(;l’CPaSOa
for f € S'(M”)(R") and ¢ € SM»)(R™), and

<K(ap)f7 <P> = <fv ’C(ap)(p>7 K:(ap)(p = P(;i)lcp(ap)(pv
for f € S'"™Mr}(R") and p € SIM}H(RN).
Theorem 7.7.2 implies the following property.

Corollary 7.7.1. The transform K, (respectively, the transform
K(a,)) is a continuous linear mapping of the space SMp)(R™)
(respectively, the space S™M»}(R™)) onto itself.
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Let us remark that, in general, we do not have a uniqueness type result
(up to ultrapolynomials) as in the case of Hilbert transform for different a,
b € R} and (ap), (by) € R", respectively.

Remark 7.7.1. If n = 1 and Q(¢) = sgnt/t, then formula (7.40) defines
the Hilbert transform on 8’*. Notice that for every a > 0 and (a,) € R,
we have

=K/,

Haf|S<FA04p>(H§n) =K/, H(ap)f|3;24p}(§n)

for f € &"*(R™), where K is defined via K(t) := 1/7t.
Remark 7.7.2. An important class of singular integral operators with

odd kernels is the one consisting of the Riesz transforms. In n dimensions
these are n singular integral operators Ri, Ro, ..., R, defined by the kernels

_ ((n+1)/2) x;
Kj(x) := A D2 gt

for j =1,2,...,n, where x = (z1,...,2,) € R™
It is well known that 37, R? = —I on L*(R"). We can apply Corollary
7.7.1 to

-1 —1
Kaj =T, RiTa,  Ka,)g =T, RiT(a,),
with @ € R} and (a,) € R", respectively, for j = 1,2,...,n. Put

2 2
K2, =K, 0Ka;, Kb =K

ap),j : © K(ap)

aP)7j 2o
forj=1,2,...,n. If f € S'Me) and 0 € SMp) with supp ¢ € R™\ {0},

we have
n

> (FoKE f.0) = D (LT RPATG) = —(£,0) = (fo).
j=1 Jj=1
Thus if a,b € R?} and a # b, then

Z(Kig - Kl%,j)f =P

j=1
where P is an ultrapolynomial of the class (M),). Analogously if (a,), (by) €
R™ and (ap) # (bp), we have

n

2 2 _
> (Kl — Kb, )f =P

j=1

where P is an ultrapolynomial of the class {M,,}.
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Remark 7.7.3. Let

m

Qx/]) : Z (/]]),

where the Y are spherical harmonics of degree k. The kernel K(z) :=
Q(2")/|x| is an example of a singular integral with an even kernel.

Other examples can be deduced on the basis of Theorem 4.7 in [155], Chap-
ter IV.
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Cauchy integral, 61, 90
Fourier, 3, 26, 174
Fourier-Laplace integrals, 83, 88
Hilbert, 186, 193, 194, 196-198
inverse Fourier, 3, 27, 174, 200
Laplace, 40, 180
of tempered ultradistributions, 173
Poisson integral, 76
Riesz, 202
Wigner distribution, 175
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Intersection property of n-rant cones,
112

Inverse Fourier transform
F1, 3,27, 72, 76, 88, 108
Fyt, 174, 200

Ishikawa generalized Hilbert
transform, 187

Jensen’s inequality, 79

Kernel
Cauchy, 7
even, 199, 200, 203
Ker T, 126, 129
odd, 199, 202
Poisson, 7
Koizumi generalized Hilbert
transform, 187
Kolmogorov’s theorem, 35, 36

Laplace transform, 40, 180, 181

Lebesgue dominated convergence
theorem, 72, 107, 109

Leibniz rule, 59

Minkowski inequality, 73, 118, 123,
126
Mittag-Leffler lemma, 38, 39

Norm (see semi-norm), 26, 28, 30, 31,
175, 176, 190
Notation, 1-3
Numbers
real R, 1
complex C, 1
integers N, 1

Parseval
equality, 66, 67, 107
inequality, 66, 67
Peetre inequality, 165, 169
Permitted ultradistributions of class
(Mp), 137
Plancherel theory, 3, 64
Poisson integral of ultradistibution,
76
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Poisson kernel, 7
approximate identity, 11
element of D'(x, L*), 59
Polygonal cone, 112
Power function, 2
Principal value, 199
Projective limit, 22, 29, 42
strict, 156
Property (Ca,))
space of ultradistributions, 137

Quasi-barrelled, 43

Real numbers R, 1
Regular cone, 4
Relatively compact, 35
Representations
Cauchy integral, 90, 109
Fourier-Laplace, 88, 89, 114, 115

Schwarz inequality, 162

Semi-norm (norm)
0571')‘<bf)’2’ 30
ap),(by),r 176

!

Tlap),(bp),00° 31

T ap),(bp),r SL

Om,o0s 30

Trnrs 30

T (ap),(bp),r> 31

Om,r, 28

Om,o0, 28

p(ap)7(bp)7 190

Da,b; 190

Q(ap),(bp)» 190

Ga,b, 190

T, 26

T(ap), 176

T(ap).(bp).000 31

T(ap),(bp),r> 31

Tm o0, 30

Tm,ry 30

Tm, 175
Sequence conditions

(M.1"),(M.2"),(M.3"), 13, 14

(M.1), (M.2), (M.3), 13
(Mp)-delta-sequence
(delta-sequence), 136
(Mp)-unit-sequence
(unit-sequence), 136
M, 92
m?, 92, 131
mp, 91
np, 129
R, 17
exact, 43
strong approximate unit, 161, 162,
167, 168
strong( M, )-unit-sequence (strong
unit-sequence), 136, 146
Singular integral operator, 199
with an even kernel, 199, 200, 203
with an odd kernel, 199, 202
Sobolev lemma, 120
Space of ultradistributions, 136
Spaces of type
(FG), 163
(FN), 36, 39, 177
(FS), 36, 163
(FS), 36, 177
(LN), 36, 39, 177
(LS), 36, 177
Hardy, 81
Montel, 48
Spherical harmonics of degree k, 203
Stirling’s formula, 64, 184
Stokes’ theorem, 124
Subharmonic function, 88
Summation symbols, 1
Support
compatability conditions, 157
function, 3, 85, 89
ultradistribution, 3

Tempered ultradistributions
of Beurling type '), 29, 38
of Roumieu type S'tM7} 29, 38
Transform
Bargmann, 175
Cauchy integral, 61
Fourier, 3, 26, 174
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Fourier-Laplace integral, 83, 88, 7, 180
114, 115 D'(x,L%), 23, 130
Hilbert, 186, 193, 194, 196-198 S'S_M”), 180, 181
inverse Fourier, 3, 29, 88, 108, 174, S/{+Mp}7 180, 181
200 ’
D'rs, 21
Laplace, 40, 180 M) 69
of tempered ultradistributions, 173 Lo
Poisson integral, 76 M* » 41
Riesz, 202 S 40, 180
. . SP 29,180
Wigner distribution, 175 MY
Tube, 5 S/* , 29, 180
., 40, 180, 181
M,
Ultradifferentiable function D;f[Mp)}’ 21
of Roumieu type, 20 D, P21
of ultrapolynomial growth, 28 Dl((Mp)7 L?), 23
of Beurling type, 20 D/({MP}7 L*), 23
Ultradifferentiable operator F'D(x,L") , 27

of class (M,), 17, 38, 141, 181, 188 Ultrapolynomial of class (Mp), 143
of class {M,}, 17, 38, 130, 133,

181, 188 Weakly compact sequence, 43
Ultradistribution spaces
D'((M,),Q) = D'M)(Q), 21 Young conjugate, 173
D'({M,},Q) = D'Me}(Q), 21 Young inequality, 165, 170

K{M,} 135
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